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Thermodynamic Method for Measuring the B/A Nonlinear
Parameter Under High Pressure
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The nonlinearity parameter B/A is a measure of the nonlinearity of the equation of state
for a fluid. The nonlinearity parameter B/A is a physical parameter often used in acoustics,
from underwater acoustics to biology and medicine. It can provide information about structural
properties of the medium, internal pressure and inter-molecular spacing. The thermodynamic
method has been applied for determination of B/A parameter in diacylglycerol (DAG) oil as
a function of pressure at various temperatures. Isotherms of the density and phase velocity of
longitudinal ultrasonic wave as a function of pressure have been measured. Using the thermo-
dynamic method along with measured isotherms of sound speed and density, the nonlinearity
parameter B/A (for DAG oil) was evaluated as a function of pressure (up to 220 MPa) at
various temperatures ranging from 20 to 50◦C.

Key words: nonlinearity parameterB/A, thermodynamic method, high pressure, longitudinal
ultrasonic wave velocity.

1. Introduction

The nonlinearity parameter B/A is a measure of the nonlinearity of the equa-
tion of state for a fluid. It plays a significant role in acoustics, from underwater
acoustics to biology and medicine. The nonlinearity parameter is important be-
cause it determines distortion of a finite amplitude wave propagating in the fluid.
The parameter B/A determines the nonlinear correction to the velocity due to
the influence of nonlinear effects caused by the propagation of finite amplitude
wave. Moreover, it can be related to the molecular dynamics of the medium
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and it can provide information about structural properties of medium, internal
pressures, clustering, and inter-molecular spacing, etc. Importance of the B/A
parameter increases with the development of high-pressure technologies of food
processing and preservation.
The parameter B/A is very important in medical applications of ultrasound,

both in diagnosis and therapy. In diagnostic applications knowledge of B/A
is necessary in design and optimization of the ultrasound imaging devices. In
therapy it enables to predict the temperature in the tissue during ultrasonic
hyperthermia treatment. During nonlinear wave propagation the harmonic fre-
quencies are generated and they are absorbed more quickly than the fundamental
one [1, 2].
The experimental techniques for the B/A parameter measurement can be

classified by the two basic approaches: thermodynamic method and finite-ampli-
tude method. In the first method, B/A is evaluated from the definition using
measurements of the sound velocity as a function of pressure and temperature
[3–8]. The second method is based on the analysis of waveform distortion due
to harmonics generation during wave propagation [9]. Thermodynamic method
is more reliable method for measuring the nonlinearity parameter B/A [10].
The aim of this work is to determine the nonlinearity parameter B/A for

DAG (diacylglycerol) oil as a function of hydrostatic pressure and temperature
by applying the thermodynamic method [3–8], that uses the measured isotherms
of the density and sound velocity in DAG oil.
The authors applied thermodynamic method to determine B/A parameter

in diacylglycerol (DAG) oil composed of 82% of DAGs and 18% of triacylglyc-
erols (TAGs), with a vestigial amount of monoacylglycerols (MAGs) and free
fatty acids. The fractions were determined by means of the gas chromatogra-
phy method. DAG oil is an important compound of fatty food products, e.g.
vegetable oils [11] and solid animal fats. DAG oil is also applied in the phar-
maceutical industry. The consumption of DAG oil is claimed to have beneficial
effects on obesity and weight related disorders [12].
In the thermodynamic method to evaluate the nonlinearity parameter B/A

one must know (from experiment) the dependence of the longitudinal ultrasonic
wave phase velocity on hydrostatic pressure at various temperatures (isotherms).
Moreover, one should measure isotherms of the density of a liquid versus pres-
sure. The measurement of sound speed can be performed relatively easily with
high accuracy. This is an advantage of the employed thermodynamic method to
evaluate the nonlinearity parameter B/A.
The authors have carried out the measurement of isotherms of the longitudi-

nal ultrasonic wave velocity as a function of pressure employing the established
laboratory measuring setup. To evaluate the sound velocity in DAG oil, an ultra-
sonic method that uses cross-correlation method to determine the time-of-flight
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between successive impulses was employed. The density of DAG oil was deter-
mined from changes of DAG oil sample volume evaluated by measuring the pis-
ton displacement in the high-pressure chamber. Consequently, we evaluated the
dependence of the nonlinearity parameter B/A on pressure (from atmospheric
up to 220 MPa) and temperature (from 20 to 50◦C).

2. Theoretical background

Expanding the equation of state P = P (ρ, s), (which links pressure P , den-
sity ρ and entropy s) of a liquid into a Taylor series along the isentrope s = s0,
yields [3]:

(2.1) P − P0 = A

(
ρ′

ρ0

)
+
B

2!

(
ρ′

ρ0

)2

+
C

3!

(
ρ′

ρ0

)3

+ . . . ,

where ρ′ = ρ− ρ0 is the excess density, P and ρ are instantaneous pressure and
density of the liquid disturbed by the ultrasonic wave propagation, P0 and ρ0
are their unperturbed (ambient) values, and

A = ρ0

(
∂P

∂ρ

)

s

]

ρ=ρ0

≡ ρ0c
2
0,(2.2)

B = ρ20

(
∂2P

∂ρ2

)

s

]

ρ=ρ0

,(2.3)

C = ρ30

(
∂3P

∂ρ3

)

s

]

ρ=ρ0

,(2.4)

where s is specific entropy, c0 is the isentropic small-signal sound speed, the
partial derivatives are evaluated at the unperturbed state (ρ0, s0), what is indi-
cated by the subscript 0. Subscript “s” refers to a constant entropy process, to
which the phenomenon of ultrasound propagation can be attributed.
According to the definitions in Eqs. (2.2) and (2.3), the nonlinearity pa-

rameter B/A (that is the ratio of quadratic to linear term in the Taylor series
expansion) can be expressed as:

(2.5)
B

A
=
ρ0
c20

(
∂2P

∂ρ2

)

s

]

ρ=ρ0

.

Using the definition of the sound speed c2 =

(
∂P

∂ρ

)

s

, the formula (2.5) can be

rewritten as:

(2.6)
B

A
= 2ρ0c0

(
∂c

∂P

)

s

]

ρ=ρ0

.
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Upon expanding the derivative
(
∂c

∂P

)

s

]

ρ=ρ0

we arrive at the following for-

mula [3]:

(2.7) B/A = 2ρ0c0

(
∂c

∂P

)

T

]

ρ=ρ0

+ 2c0Tαpc
−1
p

(
∂c

∂T

)

P

]

ρ=ρ0

,

where ρ0 is the density of undisturbed medium, c0 is the sound velocity for
acoustic waves of infinitesimal amplitude, c is the measured sound velocity at
given temperature and pressure, P is the pressure, T is the temperature in
Kelvin, αp is the isobaric thermal expansion coefficient, cp is the isobaric specific
heat capacity.
The contribution to B/A parameter from temperature changes is always

smaller than that from pressures changes [3].

3. Measuring method and setup

As can be seen from Eq. (2.7), to determine B/A parameter it is necessary
to measure accurately sound velocity in the investigated liquid medium as a
function of pressure and temperature.
The measuring setup is presented in Fig. 1 and described in [13, 14]. High

pressure was generated in a thick-walled cylinder chamber with a simple piston
and Bridgman II sealing system. The piston-cylinder assembly was working with
a hydraulic press, driven by a hand-operated pump. The piston displacement
was controlled by a digital caliper.

Fig. 1. Experimental ultrasonic setup for measuring the sound velocity in liquids at high
pressure and various values of temperature. Temperature of water is stabilized by refriger-

ated/heating circulator (not presented in the graph).

For pressure measurements a typical 100 Ω manganin transducer was used.
Its resistance was measured with a linear unbalanced resistance bridge. The tem-
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perature in the chamber was measured using T-type thermocouple (Cu-constan-
tan). A thermostatic bath was circulating in a thermostatic jacket around the
chamber. The thermostatic jacket was connected to a precision thermostat.
The applied measuring setup and method provided high measurement accu-
racy.
The accuracy of measurements of ultrasonic wave phase velocity depends on

the level of parasitic ultrasonic signals. For measurements of the phase velocity
of longitudinal ultrasonic waves, the authors have developed and constructed
the computerized setup especially designed to obtain a low level of parasitic
ultrasonic signals. A special mounting of transducers in the high-pressure cham-
ber was fabricated. The transducers were operating in the through transmission
mode. The transmitting transducer was driven by the TB-1000 pulser – receiver
computer card. Ultrasonic pulses (5 MHz sine-wave trains) were generated by
the transmitting transducer and detected by the receiving transducer. The PDA-
1000 digitizer card sampled and digitized the signals received by the transducer
and amplified by the receiver. The stored signals were then analyzed by com-
puter software.
The transducers were separated by the distance L. The time of flight of

the ultrasonic pulses was evaluated by applying the cross-correlation method.
Measurement of the time of flight of the ultrasonic pulses is difficult and uncer-
tain applying classical methods. Therefore, it is more favorable to use methods
based on digital signal processing, e.g. cross-correlation method [15]. The cross-
correlation function h(t), of two functions of time, f(t) and g(t), is defined as
follows:

(3.1) h(t) =

+∞∫

−∞

f(τ)g(t+ τ)dτ.

The function f(t) corresponds to the first signal detected by the receiving
transducer. This is the ultrasound pulse that travels once across the distance
L between the transmitting and receiving transducers. Part of the ultrasonic
energy of the first signal is reflected at the receiving transducer back to the
transmitting transducer, which in turn reflects part of the incident energy back
to the receiving transducer. As a result, the next impulse detected by the re-
ceiving transducer (function g(t)) will travel an extra distance 2L between the
transducers. Hence, this signal travels the distance 3L. The correlation analysis
gives a measure of the similarity between two considered pulses f(t) and g(t)
shifted in time. These two pulses have a similar shape but a different amplitude
and delay. Therefore, the cross-correlation function reaches a maximum for t
equal to the evaluated time difference corresponding to the distance 2L. The
time of flight was measured with a nanosecond resolution. For each measure-
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ment, the ultrasonic signal was averaged 1024 times in order to improve the
signal-to-noise ratio.
The sound velocity was measured with the expanded relative uncertainty

equal to ±0.3% at 95% confidence level. The expanded relative uncertainty of
the density measurements amounts to ±0.05%.

4. Results

4.1. Experimental results and discussion

4.1.1. Sound velocity. In the DAG oil high-pressure phase transitions oc-
cur [16]. As the temperature raises, the pressure at which the phase transition
begins increases. At 20◦C phase transition starts at a pressure of 220 MPa, at
a temperature of 30◦C the phase transition starts at a pressure of 300 MPa,
etc. For this reason, the calculation of nonlinearity parameter value B/A was
performed only for the low-pressure phase of DAG oil, in the pressure range
from atmospheric pressure up to a pressure of 220 MPa. Determination of the
parameter of nonlinearity required to carry out measurements of velocity and
density isotherms in the DAG oil.
Figure 2 shows the results of longitudinal ultrasonic wave velocity measure-

ments (frequency 5 MHz) at temperatures: 20, 30, 40, 50◦C. Pressure was ap-
plied in increments of 10 MPa up to 220 MPa. Each increase in pressure was
followed by an interval of time (5 min), which allowed the DAG oil to achieve
the thermodynamic equilibrium conditions.

Sound Speed in DAG oil

Fig. 2. Plots of sound speed in DAG oil as a function of pressure along various isotherms
(T = 20, 30, 40, and 50◦C), f = 5 MHz.
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4.1.2. Density. Figure 3 shows the dependence of the density of DAG oil
versus pressure and temperature in the case of low-pressure phase. During ex-
periments, DAG oil volume changes were measured by observation of piston
displacement inside the high-pressure chamber. It was measured by a digital
caliper gauge. Corrections related to the expansion of the chamber were con-
sidered during data analysis. Density values of DAG oil under high pressure
were evaluated from the measurements of the DAG oil sample volume, i.e.,
ρ(p, T ) = m/V (p, T ), where m is the mass of the sample, and V (p, T ) is the
sample volume at pressure p and temperature T .

Density of DAG oil

Fig. 3. Density of DAG oil as a function of pressure and temperature.

4.2. Numerical evaluation of the B/A parameter

Empirical relationships c(p, T ) and ρ(p, T ) have been approximated by the
appropriate functions of two variables (p, T ), i.e., the pressure p and the temper-
ature T . Computer software package Table Curve 3D (Systat, USA) was used
to perform the curve fittings. Sound velocity was approximated by using a third
order polynomial of two independent variables (p, T ):

(4.1) c(p, T ) = a+ bp+ cT + dp2 + eT 2 + fpT + gp3 + hT 3 + ipT 2 + jpT 2,

where a = 1556.1007, b = 3.5558133, c = −5.2591231, d = −0.0046743392,
e = 0.070266476, f = 0.0082758464, g = 3.8777839e−6, h = −0.0005704745,
i = −3.0256387e−5, j = −9.7492135e−6.
Similar approximation was also performed for the density ρ(p, T ) of DAG

oil.
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4.2.1. Pressure-dependent term B/A′ of the nonlinearity parameter B/A.

(4.2) B/A′ = 2ρ0c0

(
∂c

∂P

)

T

]

ρ=ρ0

,

where ρ0 = 930.17 kg/m3, c0 = 1473.30 m/s.
In order to calculate the dependence of the B/A′ on the pressure and tem-

perature, one should calculate the derivative of the speed of sound with respect
to the pressure at a constant temperature.

4.2.2. The temperature-dependent term B/A′′.

(4.3) B/A′′ = 2c0Tαpc
−1
p

(
∂c

∂T

)

P

]

ρ=ρ0

.

Evaluation of the parameter B/A′′ required the calculation of the temperature
derivative of the speed of sound. Furthermore, the thermal expansion coefficient
αp and specific heat capacity at constant pressure cp had to be calculated,
namely:

(4.4) αp(p, T ) =
−1

ρ(p, T )

(
∂ρ

∂T

)

p

.

Specific heat capacity at constant pressure cp has been calculated using the
following equation:

(4.5) cp(p, T ) =
Tα2

p(p, T )

ρ(p, T )(kT − ks)
,

where T is the temperature in Kelvin, kT is the isothermal compressibility, ks
is the adiabatic compressibility.
Isothermal compressibility has been determined from the following formula:

(4.6) kT (p, T ) =
1

ρ(p, T )

(
∂ρ

∂p

)

T

.

Adiabatic compressibility was determined from the expression:

(4.7) ks(p, T ) =
1

ρ(p, T )c2(p, T )
.
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4.2.3. Nonlinearity parameter B/A. Using the results of numerical calcula-
tions of the pressure-dependent part B/A′ (from Eq. (4.2)), the temperature-
dependent part B/A′′ (from Eq. (4.3)) and the Eq. (2.7), the nonlinearity pa-
rameter B/A values were evaluated as a function of pressure and temperature.
The plots of calculated values of B/A nonlinear parameter as a function of

pressure, at temperatures: 20, 30, 40, 50◦C are shown in Fig. 4. The deriva-
tives of sound velocity on pressure and temperature were evaluated numerically.
B/A nonlinearity parameter has been evaluated in the pressure range before the
beginning of the phase transition, for low-pressure phase of DAG oil. The non-
linear parameter B/A depends slightly on the temperature. On the contrary, the
pressure dependence of B/A is pronounced. These results are consistent with
Beyer’s paper [3]. The B/A parameter diminishes quasi-linearly with increasing
pressure, see Fig. 4.

Fig. 4. Nonlinearity parameter B/A as a function of pressure at various temperatures evaluated
for the low-pressure phase of DAG oil, (T = 20, 30, 40, and 50◦C).

The second term B/A′′ in the formula for the parameter of nonlinearity B/A
is negative and gives a smaller contribution to the formula for the overall ratio
B/A than the pressure-dependent term B/A′.
To the authors knowledge, evaluation of the B/A nonlinearity parameter in

a such broad range of pressures (up to 220 MPa) is a novelty.



14 P. KIEŁCZYNSKI et al.

5. Conclusions

Usefulness of ultrasonic thermodynamic method to evaluate the nonlinear
parameter B/A that employs the measured velocity and density isotherms versus
pressure in the investigated liquid was stated. The performed analysis shows
a large monotonic decrease of B/A nonlinearity parameter for DAG oil, with
increasing pressure. For example, at temperature t = 50◦C, B/A nonlinearity
parameter decreases from 9.7 at atmospheric pressure, to about 5.6 at 210 MPa.
The measuring ultrasonic high-pressure setup and applied procedure have

been employed successfully to evaluate the nonlinear parameter B/A for a wide
range of pressures and temperatures. The results obtained in this paper can be
useful in acoustics, biology, medicine and investigations of materials. Presented
in this study method, can also be applied to investigate other liquids, e.g. fuels
and biofuels, lubricants, polymers, etc.
Measurements of sound velocity are relatively easy therefore determination

of B/A nonlinearity parameter offers a simple way to evaluate the molecular
properties of liquids under high pressures at various temperatures. Acoustic
nonlinearity is related to the internal pressure, free energy of binding, the ef-
fective van der Waals’ constants, the translational diffusion coefficient, and the
rotational correlation time [17]. This method can be used not only for pure
liquids but also for mixtures [18], emulsions and solutions [19].
A number of important thermodynamic parameters of the liquid can be es-

tablished from measurements of sound speed isotherms as a function of pressure.
This will be the subject of future work of the authors.
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The paper presents an experimental assessment of defects in a layered plate made of
a polyesteric resin (plastic material). Two non-destructive methods were used: X-ray com-
puted tomography and ultrasonic imaging. The main purpose of this work was to establish the
position, shape and size of the defects that appeared during the manufacturing process. A three
– dimensional model was obtained from the X-ray tomography using specific software for data
processing. The model was used in order to evaluate the effect of defects on the integrity of
the analyzed structure, by comparing the numerical results with the ones for a similar plate
without defects. Some considerations on the efficiency of the two used experimental methods
are also presented.
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1. Introduction

Nowadays, polyesters (plastic materials) tend to replace classic materials in
many fields, either due to functional or to economic reasons. In order to pro-
duce high performance structures made of plastic materials, it is very important
to manufacture them without defects that could affect the behavior in service,
otherwise the quality conditions may not be fulfilled. A quantitative evaluation
of the possible defects that may appear during the manufacturing process or in
service should be performed periodically. Usually, such a check is done by non-
destructive methods. The non-destructive control represents a type of control in
which dismantling or destruction of the structure is not necessary. Nowadays, it
plays a very important role in the structural integrity assessment of industrial
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parts or assemblies, mainly due to the possibility of detection and measurement
of defects. Periodic control avoids premature failure of components with bad or
even catastrophic consequences, emphasizing the state of integrity of structures
both during the manufacturing process and in service. A very important fea-
ture of such methods is the possibility of obtaining information regarding the
existence, dimensions and shape of defects. This can be used as input data in
numerical calculations regarding the structural integrity or lifetime in service of
a component.
Non-destructive methods based on ultrasound properties have seen a spec-

tacular development in the last years. Ultrasonic imaging is a non-invasive tech-
nique based on the principles of spectral analysis, allowing the user to capture
images that can emphasize microstructural details at a scale comparable with
the one of metallographic analysis [1, 2]. Ultrasounds propagate on large dis-
tances in metallic materials, reflect and/or refract at the interface between two
environments with different acoustic impedance. The propagation speed depends
on the mass density and Young’s modulus of the propagation environment. The
most important property of ultrasounds is reflection at the interface of two envi-
ronments, and in particular, on the surface of a defect. Ultrasound examination
is used nowadays for metallic components as laminated semi products, plates,
metal sheets, rails, casted, forged or welded products, pipes, tanks, etc. It is
used also for measurements of thickness in parts that are accessible only on one
side.
The X-ray computed tomography is a non-destructive technique that uses X-

rays to obtain 2D images taken around an axis of rotation and digital processing
to generate a 3D image of the inside of an object from the 2D images. The 3D
reconstruction of the structure can be converted into input data for subsequent
numerical analyses using proper software [3].
Several researchers have used these non-destructive methods to assess the

structural integrity of machine parts and especially to investigate the initiation
and development of cracks.
The automatic detection of internal defects in composite materials using non-

destructive techniques is described in [4]. The authors propose two steps for in-
terpreting ultrasonic data: the pre-processing technique necessary to normalize
the signals of composite structures with different thicknesses and the classifi-
cation techniques used to compare the ultrasonic signals and detect classes of
similar points. The efficiency of the ultrasonic technique was evaluated by Gar-
nier et al. [5], in the case of detection of in site defects resulting from impact
or in-service damages in complex aeronautical structures such as wings or rods.
The authors evaluated also two other techniques (InfraRed Thermography and
Speckle Shearing Interferometry) in order to find the most suitable one from
the point of view of precision and quickness and reported that ultrasonic testing



THE USE OF COMPUTED TOMOGRAPHY AND ULTRASONIC IMAGING. . . 19

enables the depth of a defect to be determined while the other two techniques
offered a shorter detection time. For improved detection of defects in plastic
pipes, and especially when such flaws are close to the interfaces, a new approach
in ultrasonic inspection, based on a combined application of non-linear decon-
volution and the Hilbert–Huang transform was proposed by Kazys et al. [6].
Pau et al. [7], proposed a technique, based on the analysis of the reflection of
high frequency ultrasonic waves from the wheel-rail interface, which was used to
obtain graphic maps used to determine the shape of the contact area, to measure
its size, and also to collect qualitative information about the distribution of the
wheel-rail contact pressure.
Microtomography was used in order to evaluate the evolution of cracks in

structures made of aluminum alloys casted under pressure [8, 9]. The obtained
experimental information was further processed to obtain numerical models aim-
ing at characterizing the initiation of cracks starting from the voids. Scott
et al. [10], used High Resolution Synchrotron Radiation Computed Tomography
to detect fiber damage progression in a carbon-epoxy notched laminate loaded
to failure. Sharma et al. obtained effective tensile moduli of 3D carbon/carbon
composites using image-based finite element simulations and experiments [11].
The non-destructive evaluations were conducted using X-ray tomography in or-
der to explore cracks, voids, and fiber bundles distortion and to reconstruct 3D
finite element meshes containing most of these defects. Investigation of defects
in fiber-reinforced polymers, textile composites or layered foams using X-ray
tomography were described also by other researchers [12–14].
The techniques of ultrasonic imaging and X-ray computed tomography were

compared and evaluated to investigate artificial defects made using very small
drill bits in aluminum castings [15]. The authors showed that defects smaller
than 0.3 mm could not be detected by ultrasonic tests, but could be emphasized
using X-ray tomography, without obtaining precise dimensions.
When non-destructive testing is to be used, it is very important to properly

establish the most adequate method. The choice is based on several factors, as:
type of material, presumed dimensions of the investigated structures, type of
defects (surface or embedded), costs, etc.
This paper presents the non-destructive evaluation of a layered plate made of

polyesteric resin. Both X-ray computed tomography and ultrasonic imaging were
employed in order to establish the position, shape and size of the defects that
appeared during manufacturing of the plate. A numerical model was obtained
further to the experimental investigations and proper processing of the collected
data. The model is presented as an example of how 3D models obtained using
non-destructive techniques can be used to evaluate the effect of defects on the
integrity of the analyzed structure, by comparing the numerical results with the
ones for a similar plate without defects.
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2. Experimental work

2.1. The specimen

The analyzed plate was obtained by successive casting of two layers of
polyesteric resin and has a rectangular shape (Fig. 1). Each layer has a thick-
ness of 1.3 mm. The purpose of the non-destructive evaluation was to detect
possible casting defects at the interface between the layers (lack of adherence,
voids, etc.) and to obtain a 3D model of the flawed plate in order to evaluate
the mechanical influence of defects using the finite element method.

Fig. 1. The specimen.

Two non-destructive methods were used for the assessment of defects, namely
X-ray computed tomography and ultrasonic imaging. The use of two procedures
was justified on one side by the possibility of validation of some results by
comparison between the data yielded from each method and, on the other side,
by the limitations of each method. Information obtained from each method
can lead to a more precise image of the shape, dimensions and location of the
detected defects [16].

2.2. Experimental investigations using X-ray computed tomography

X-ray computed tomography is based on the measurement of the degree of
attenuation of the electromagnetic radiation that travels through the examined
object and reconstruction of the 3D image of the object using the 2D projec-
tions of the cross sections. Through this non-destructive method, one can get
important information regarding the materials of the investigated structures and
the interior shape, and, last but not least, a 3D reconstruction of the analyzed
object can be obtained.
The studied specimen was investigated using a helical CT scan (Fig. 2). High

quality images can be very quickly achieved due to the state-of-the art detector
technology. The typical CT image is composed of 512 rows, each of 512 pixels.
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Fig. 2. Working principle of the CT scan.

Results of the scanning procedure were processed using the software eFilm
Workstation (trial version) [17], an application used for viewing and manipulat-
ing medical images, that works in two consecutive stages: i) the presence, shape,
position and dimensions of discontinuities were established first and ii) segmen-
tation of planes was then realized having as final result the 3D reconstruction
of the plate.
In the first stage, results were processed using the following steps:
• The 2D sections obtained using X-ray scanning were analyzed and the
section with the maximum size of a found defect was chosen;

• Two planes of interest were defined for this section: a horizontal (frontal)
and a vertical (sagittal) plane;

• Using the dedicated software and the defined planes, the chosen section is
reconstructed in each plane

• In the frontal plane, one can emphasize: the shape of the defect, the overall
dimensions of the plate, the dimensions of the defect and the position of
the defect in this plane.

• In the sagittal plane, the thickness of the specimen and the depth of the
defect are put in evidence.
A series of tomographic images were achieved for the studied plate, empha-

sizing several defects. The main one was a lack of adherence between the layers
with a maximum length Lmax = 37 mm, a maximum width Wmax = 5 mm and
a maximum depth hmax = 1.1 mm. Other defects with smaller dimensions could
be observed on the tomographic images (Fig. 3).
The second stage is dedicated to the processing of the 2D slices in order

to reconstruct the 3D image of the specimen. This model was further used in
the numerical simulations in order to establish the influence of defects on the
in-service behavior of the structure. Here, the following steps were undertaken:
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Fig. 3. Processing of the tomographic images.

• Calibration of the 2D images obtained following the X-ray scan;
• Definition of objects through the attenuation coefficient;
• Definition of regions of interest;
• Auto segmentation of the surfaces, based on the differences between the
mass densities (shades of grey from the images);

• Reconstruction of the 3D volume using segmented surfaces.
The reconstructed object is shown in Fig. 4.

Fig. 4. The reconstructed volume.
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2.3. Experimental investigations using ultrasonic imaging

The second step of this research is the analysis of the studied plate using
ultrasonic imaging. For this purpose, an equipment Nuclear MicroSonic-01 was
used. The experimental set-up, shown in Fig. 5, is a complex equipment for
automatic ultrasonic examination of rectangular or cylindrical samples in order
to detect and characterize flaws in the analyzed structure [18]. The equipment
allows ultrasonic examination with different incidence angles, both using lon-
gitudinal and transversal waves. The area under examination is automatically
scanned with a high resolution ultrasonic fascicle, using mechanical devices for
displacement and a data acquisition system for amplitude and flight time data,
measured on the echo signals, synchronous with the scanning of the investigated
domain. The obtained data, saved in amplitude and time of flight files depending
on the used coordinates (circumferential or radial) allow construction of C-scan
or B-scan ultrasonic images of the scanned area. From the pair of C-scan repre-
sentation in amplitude and time of flight corresponding to each incident angle, a
B-scan representation depth of defect – radial position can be achieved for a sec-
tion through the sample. Such images are extremely useful since they contain
all information regarding the found defects: shape, dimensions and orientation.

Fig. 5. The experimental set-up for ultrasonic imaging.

The considered plate was analyzed by ultrasonic imaging in the following
conditions: immersion in demineralized water through automatic scanning of
bottom echo and defect echo. A flaw detector USIP12-Krautkramer type A312
with the nominal frequency of 10MHz was used. The ultrasonic images of the
detected defects are presented as amplitude image (Fig. 6) and time of flight
image (Fig. 7).
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Fig. 6. Ultrasonic image in amplitude.

Fig. 7. Ultrasonic image in time of flight.

The image in amplitude was used to measure the position and dimensions of
defects while the image in time of flight was used to obtain the depth of defects.
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In this way, a characterization of all defects in the plate was achieved in terms
of position and dimensions. The results for the six defects emphasized in Fig. 6
are presented in Table 1.

Table 1. Position and dimensions of defects.

No.

Position Dimensions

X-coordinate
[mm]

Y -coordinate
[mm]

Length on X
[mm]

Length on Y
[mm]

Depth
[mm]

1 24.6–33.6 1.7–39.0 9.0 37.3 1.2–1.5

2 36.6–43.5 30.6–45.1 6.9 14.5 1.3–1.5

3 19.2–22.2 18.8–24.5 3.0 5.7 1.3–1.4

4 23.1–24.9 33.1–34.9 1.8 1.8 1.4–1.5

5 6.0–8.4 24.0–29.1 2.4 5.1 1.6–1.8

6 23.1–25.2 51.5–53.3 21 1.8 1.4–1.6

Analyzing the dimensions of the most important defect (No. 1) on can see
that its span on the OY axis, found using ultrasonic imaging (37.3 mm) is very
close to the length determined by X-ray computed tomography (37 mm). Also,
dimensions and position of other defects, with smaller importance were ob-
tained.

3. Numerical results

The 3D reconstruction of the studied plate using X-ray tomography was used
further in order to obtain a numerical model, analyzed with the finite element
method [16]. The two biggest defects (No. 1 and No. 2) were taken into account
and inserted in the 3D model (Fig. 8). Also, a calibration model (without defects)
was analyzed in order to compare the stresses in order to assess the influence of
the considered defects on the mechanical behavior of the plate.

Fig. 8. The 3D model obtained from reconstruction.
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Before the numerical analysis, a traction test was performed in order to
establish the stress-strain curve of the considered plastic material. A univer-
sal INSTRON 8801 testing machine was used for testing nine specimens with
rectangular cross section at room temperature and with a rate of 0.1 mm/min.
The results were averaged, resulting the stress-strain curve from Fig. 9. Al-
though in the studied literature referring to the CT-scans of samples made of
or containing polymers [10–14] it was not found any mention to the possible
modifications of the mechanical characteristics due to X-ray exposure, the au-
thors verified this hypothesis. For this, after the CT-scan tests, specimens made
of the material of the scanned plate were manufactured and tested in traction.
Differences from the stress-strain curve of the material between the non-exposed
and exposed specimens were insignificant, showing thus that the influence of the
X-ray exposure on the mechanical characteristics of the used material is negli-
gible.

Fig. 9. The average stress-strain curve of the polyesteric resin.

A Young’s modulus of 3482.2 MPa was obtained by drawing the tangent to
the curve in origin. Since a small non-linearity can be observed on the curve,
data obtained from the tensile test were inserted in the input file of the finite
element study in order to perform a non-linear analysis. A common loading
case was considered for the layered plate: bending load through a uniformly
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distributed force for the plate simply supported on the edges. For this loading
case, both the flawed and the calibration plate were analyzed using a model
with eight nodded isoparametric solid elements. Both plates contained the same
number of nodes and elements, the difference in the two meshes being only the
fact that, for the plate with defects, the nodes were decoupled in the area of
discontinuities in order to simulate two independent surfaces and to model thus
the lack of adherence between the layers. The finite element model is shown in
Fig. 10.

Fig. 10. The finite element model.

The most interesting results in terms of stresses are those for the middle
section that is at the bonded surfaces of the two plates, where the defects were
discovered at the non-destructive tests. The map of the von Mises equivalent
stress in the middle section is presented in Fig. 11 for both the flawed and
calibration plate. It should be mentioned that the contour maps are presented
with values of the stress in non-dimensional form σeq/p0 where p0 is the applied
uniform pressure, whose absolute value was chosen as to yield stresses lower
than the 0.2 offset yield limit found from the stress-strain curve.

a) b)

Fig. 11. Contour map of the non-dimensional von Mises equivalent stress: a) flawed plate,
b) calibration plate.
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A comparative graph of variation of the non-dimensional equivalent von
Mises stress σeq/p0 in the middle section, on a line passing through the most
important defect (line MN in Fig. 8) is presented in Fig. 12. The variation is
plotted as a function of the non-dimensional length x/L where x is the distance
from point M on the line MN and L is the total length of the plate.

Fig. 12. Comparative variation of the von Mises equivalent stress
in the middle section on line MN.

Analysis of the obtained results revealed that the discovered defects produced
an increase of the maximum stress in the plate with about 10% but the defect
is not dangerous in the sense that the increase does not affect the carrying
capacity of the structure. Also, the plot from Fig. 12 shows that in the area
of defect, the stresses in the flawed plate are about 10% bigger than those in
the calibration plate. This difference appears for the non-dimensional length
x/L between 0.3 ... 0.45 this means where the line MN intersects the defect.
Such stress concentration is small and, consequently, the growth of the flaw is
unlikely to appear.

4. Conclusions

The present paper describes an experimental evaluation of the manufactur-
ing defects in a casted two-layer plate made of a polyesteric resin. Two non-
destructive methods were used: X-ray computed tomography and ultrasonic
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imaging. Thus, the presence, shape and position of macro defects in the ana-
lyzed structure were established.
The first method allowed for a 3D reconstruction of the plate and detection

of some defects (lack of adherence between the layers). Also, the dimensions of
the bigger defects were obtained. The exact characterization of defects using this
method is not easy, but a good approximation of their position and dimensions is
achieved. The most important advantage of the X-ray computed tomography is
the possibility of 3D reconstruction of the studied structures, with all important
defects that appear during manufacturing or in service.
Using the ultrasonic imaging, position and dimensions of the most important

but also of other smaller defects were emphasized with greater precision. The
main dimension of the bigger defect was found in the ultrasonic amplitude image
with a difference of less than 0.1% compared to the dimension found with com-
puted tomography. Thus, the 3D model obtained through X-ray tomography
can be corrected.
In the paper, an example of use of the reconstructed volume through X-

ray tomography in a numerical analysis is also presented. The corrected re-
constructed 3D volume of the specimen with the major defects taken into ac-
count was used in a non-linear finite element analysis that is an example of
how such experimental results may be further used to predict the possible influ-
ences of the discovered defects on the carrying capacity of the analyzed struc-
ture.
Finally, it should be emphasized that, for a correct prediction of the in service

behavior and of the carrying capacity of a structure, the periodic non-destructive
evaluation is very important. In this way, defects that may appear in the manu-
facturing process or in service can be detected. Also, the use of X-ray computed
tomography enables the possibility of reconstruction of the volume which can
be further used as input data in a numerical analysis that can give a picture of
the influence of the defects on the behavior of the structure. Thus, the engineer
may take the decision to repair the structure or to continue to use it without
the possibility of failure.
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An initial stability of Kirchhoff plates is analysed in the paper. Proposed approach avoids
Kirchhoff forces at the plate corner and equivalent shear forces at a plate boundary. Two
unknown variables are considered at the boundary element node. The governing integral equa-
tions are derived using Betti theorem. The integral equations have the form of boundary and
domain integral equations. The constant type of boundary element are used. The singular and
non-singular formulation of the boundary-domain integral equations with one and two collo-
cation points associated with a single boundary element located at a plate edge are presented.
To establish a plate curvature by double differentiation of basic boundary-domain integral
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located in close proximity to each other along line pararel to one of the two axes of global
coordinate system and establishment of appropriate differential operators.
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1. Introduction

The Boundary Element Method (BEM) is one of many tools applied to the
numerical analysis of structures. The main advantage of BEM is its relative sim-
plicity of formulating and solving problems of the potential theory and the theory
of elasticity. Many authors applied the boundary element method in wide aspects
to static, dynamic and stability analysis of plates. Burczyński [1] described in
a comprehensive manner the boundary element method and its application in a
variety of fields, the theory of elasticity together with the appropriate solutions
and a discussion of the basic types of boundary elements. The BEM found a wide
application in the analysis of plates too. There are well known works of Altiero
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and Sikarskie [2], Bèzine and Gamby [3] and Stern [4] applied the bound-
ary element method to solve the plate bending problem. The direct boundary
element method in plate bending was applied by Hartmann and Zoteman-
tel [5]. Comparisaon of the effectiveness of the boundary element method with
the finite element method and application of the BEM in the analysis of thick
plates was done by Debbih [6, 7]. The evaluation of boundary integrals for
thin plate bending analysis was proposed by Abdel-Akher and Hartley [8].
Hartley [9] also proposed the plate bending theory for frame structures analy-
sis. Beskos [10] andWen, Aliabadi and Young [11] applied the BEM in the
dynamic analysis of plates. Aliabadi and Wrobel [12] described an applica-
tion of BEM in the thick plate analysis together with procedures for calculating
singular and hypersingular integrals. A number of contributions devoted to the
analysis of plates were presented by: Katsikadelis [13, 14], Katsikadelis and
Yotis [15], Katsikadelis, Sapountzakis and Zorba [16], Katsikadelis
and Kandilas [17], Katsikadelis and Sapountzakis [18]. Shi [19] applied
BEM formulation for vibration and initial stability problem of orthotropic thin
plates. In order to simplify the calculation procedures Guminiak, Okupniak
and Sygulski [20] proposed a modified formulation of the boundary integral
equation for a thin plate. This approach was extended for static, dynamic and
stability analysis of thin plates and it is presented together with several nu-
merical examples in many papers, e.g. [21–25]. Myślecki [26, 27] proposed
BEM to static analysis of plane girders and BEM combined with approximate
fundamental solutions for problem of plate bending resting on elastic founda-
tion. Author used non-singular approach of boundary integral equations wherein
the derivation of the second boundary integral equation was executed for addi-
tional collocation points located outside of a plate domain. The same approach
of derivation of boundary integral equation was proposed by Myślecki and
Oleńkiewicz [28, 29] to free vibration analysis of thin plates. Authors also
used isoparametric, three-node boundary elemnt and applied dual reciprocity
principle to dermine the inertia forces inside a plate domain. Very interesting
approach was presented by Litewka and Sygulski [30, 31] who applied the
Ganowicz [32] fundamental solutions for Reissner plates to static analysis of
plates.Katsikadelis [33] applied BEM in a wide aspects of engineering analysis
of plates.
In classic form the BEM is limited to linear problems with known fundamen-

tal solutions. To fully overcomes this drawback the conception of the Analog
Equation Method (AEM) was created and introduced by Katsikadelis [34].
This version of BEM is basing on formulation of boundary-domain integral equa-
tion method and can treat efficiently not only linear problems, whose funda-
mental solution can not be established or it is difficult to treat numerically, but
also nonlinear differential equations and systems of them as well. The method
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is based on the principle of the analog equation of Katsikadelis for differen-
tial equations. This conception was established to analysis of plate buckling by
Nerantzaki and Katsikadelis [35] and Chinnaboon, Chucheepsakul and
Katsikadelis [36]. Similarly Babouskos and Katsikadelis [37, 38] solved
problem of flutter instability of dumped plate subjected by conservative and
non-conservative loading. A wide review of literature devoted to application of
BEM in plate analysis takes place in work of Guminiak and Litewka [39].
Authors compared thin [20, 21] and thick (Reissner) [30, 31] plate theory in
therms of the modified BEM formulation and application of Ganowicz funda-
mental solutions [32]. Additionally, in the paper [39] the analysis of plate resting
on internal flexible supports and plate with variable thickness in terms of AEM
were presented.
In present paper, an analysis of plate initial stability the BEM will be

presented. The analysis will focus on the modified [23] formulation of thin
plate bending. The Bèzine [3] technique will be established to directly derive
boundary-domain integral equation.

2. Integral formulation of plate bending

and initial stability problem

The differential equation qoverning of plate initial stability has the form
[40, 41]:

(2.1) D · ∇4w = −p,

where p is the substitute load, which has the form:

(2.2) p = Nx ·
∂2w

∂x2
+ 2Nxy ·

∂2w

∂x∂y
+Ny ·

∂2w

∂y2
.

In the majority of contributions devoted to the application of BEM to the
thin (Kirchhoff) plate theory, the derivation of the boundary integral equation
involves the known boundary variables of the classic plate theory, i.e. the shear
force and the concentrated corner forces. Thus, on the plate boundary there are
considered the two physical quantities: the equivalent shear force Vn, reaction
at the plate k-th corner Rk, the bending moment Mn, the corner concentrated
forces and two geometric variables: the displacement wb and the angle of rotation
in the normal direction ϕn. The boundary integral equation can be derived
using the Betti’s theorem. Two plates are considered: an infinite plate, subjected
to the unit concentrated force and a real one, subjected to the real in plane
loadings Nx, Nxy and Ny. The plate bending problem is described in a unique
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way by two boundary-domain integral equations. The first equation has the
form:

(2.3) c(x)·w(x)+
∫

Γ

[V ∗

n (y,x)·wb(y)−M
∗

n(y,x)·ϕn(y)]·dΓ (y)−
K∑

k=1

R∗(k,x)·w(k)

=

∫

Γ

[Vn(y) · w
∗(y,x)−Mn(y,x) · ϕ

∗

n(y,x)] · dΓ (y)−
K∑

k=1

Rk · w
∗(k,x)

+

∫

Ω

(
Nx ·

∂2w

∂x2
+ 2Nxy ·

∂2w

∂x∂y
+Ny ·

∂2w

∂y2

)
· w∗(y,x) · dΩ(y),

where the fundamental solution of this biharmonic equation

(2.4) ∇4w∗(y,x) =
1

D
· δ(y,x)

which is the free space Green function given as

(2.5) w∗(y,x) =
1

8πD
· r2 · ln(r)

for a thin isotropic plate, r = |y − x|, δ is the Dirac delta, D =
E h3

12(1 − v2)
is

the plate stiffness, x is the source point and y is a field point. The coefficient
c(x) is taken as:

c(x) = 1, when x is located inside the plate domain,
c(x) = 0.5, when x is located on the smooth boundary,
c(x) = 0, when x is located outside the plate domain.

The second boundary-domain integral equation can be obtained replacing
the unit concentrated force P ∗ = 1 by the unit concentrated moment M∗

n = 1.
Such a replacement is equivalent to the differentiation of the first boundary
integral equation (2.3) with respect to the co-ordinate n at a point x belonging
to the plate domain and letting this point approach the boundary and taking n
coincide with the normal to it. The resulting equation has the form:

(2.6) c(x)·ϕn(x)+

∫

Γ

[
V

∗

n(y,x)·wb(y)−M
∗

n(y,x)·ϕn(y)
]
·dΓ(y)−

K∑

k=1

R
∗

(k,x)·w(k)

=

∫

Γ

[Vn(y) · w
∗(y,x)−Mn(y) · ϕ

∗

n(y,x)] · dΓ (y)−
K∑

k=1

Rk · w
∗(k,x)

+

∫

Ω

(
Nx ·

∂2w

∂x2
+ 2Nxy ·

∂2w

∂x∂y
+Ny ·

∂2w

∂y2

)
· w∗(y,x) · dΩ(y),
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where{
V

∗

n(y,x),M
∗

n(y,x), R
∗

(y,x), w∗(y,x), w∗(y,x), ϕ∗

n(y,x)
}

=
∂

∂n(x)
{V ∗

n (y,x),M
∗

n(y,x), R
∗(k,x), w∗(k,x), w∗(y,x), ϕ∗

n(y,x)} .

The second boundary-domain integral equation can be also derived by in-
troducing additional collocation point, which is located in the same normal line
outside the plate edge. According this approach, the second equation has the
same mathematical form as the first one (2.3). This double collocation point
approach was presented in publication [27–29].
The detailed procedure for the derivation of the fundamental solution, the

integral representation of the solution and the two boundary-domain integral
equations is presented by Katsikadelis in [33]. The issues related to the assembly
of the algebraic equations in terms of the classical boundary element method
are discussed in many papers, including [33].
The plate bending problem can also be formulated in a modified, simplified

way using an integral representation of the plate biharmonic equation. Because
the concentrated force at the corner is used only to satisfy the differential bihar-
monic equation of the thin plate, one can assume, that it could be distributed
along a plate edge segment close to the corner. Hence, the terms in the bound-
ary integral Eqs. (2.5) and (2.6) which correspond to the corner force R can be
substituted in the following way:

−

K∑

k=1

Rk · w
∗(k,x) =

∫

Γk

Rn(y) · w
∗(y,x) · dΓk(y),(2.7)

−
K∑

k=1

Rk · w
∗(k,x) =

∫

Γk

Rn(y) · w
∗(y,x) · dΓk(y),(2.8)

where the subscript k denotes an unknown segment of the plate edge near the
corner. In the Eqs. (2.7) and (2.8) the fundamental twisting moment M∗

ns(y)
must be considered, too. Hence, the boundary integral equations will take the
form:

(2.9) c(x)·w(x)+

∫

Γ

[T ∗

n(y,x)·w(y)−M
∗

n(y,x)·ϕn(y)−M
∗

ns(y,x)·ϕs(y)]· dΓ (y)

=

∫

Γ

[Tn(y)·w
∗(y,x)−Mn(y)·ϕ

∗

n(y,x)]·dΓ (y)+
∫

Γk

Rn(y)·w
∗(y,x)·dΓk(y)

+

∫

Ω

(
Nx ·

∂2w

∂x2
+ 2Nxy ·

∂2w

∂x∂y
+Ny ·

∂2w

∂y2

)
·w∗(y,x)·dΩ(y),
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(2.10) c(x)·ϕn(x)+

∫

Γ

[
T
∗

n(y,x)·w(y)−M
∗

n(y,x)·ϕn(y)−M
∗

ns(y,x)·ϕs(y)
]
·dΓ (y)

=

∫

Γ

[Tn(y) · w
∗(y,x)−Mn(y) · ϕ

∗

n(y,x)] · dΓ (y)

+

∫

Γk

Rn(y) · w
∗(y,x) · dΓk(y) +

∫

Ω

(
Nx ·

∂2w

∂x2
+ 2Nxy ·

∂2w

∂x∂y
+Ny ·

∂2w

∂y2

)

· w∗(y,x) · dΩ(y).

Because the length k of the plate edge segment is unknown, the selected com-
ponents of the Eqs. (2.9) and (2.10) can form a common integral:

(2.11) c(x)·w(x)+
∫

Γ

[T ∗

n(y,x)·w(y)−M
∗

n(y,x)·ϕn(y)−M
∗

ns(y,x)·ϕs(y)]·dΓ (y)

=

∫

Γ

[Tn(y) · w
∗(y,x) +Rn(y) · w

∗(y,x)−Mn(y) · ϕ
∗

n(y,x)] · dΓ (y)

+

∫

Ω

(
Nx ·

∂2w

∂x2
+ 2Nxy ·

∂2w

∂x∂y
+Ny ·

∂2w

∂y2

)
· w∗(y,x) · dΩ(y),

(2.12) c(x)·ϕn(x)+

∫

Γ

[
T
∗

n(y,x)·w(y)−M
∗

n(y,x)·ϕn(y)−M
∗

ns(y,x)·ϕs(y)
]
·dΓ (y)

=

∫

Γ

[Tn(y) · w
∗(y,x) +Rn(y) · w

∗(y,x)−Mn(y) · ϕ
∗

n(y,x)] · dΓ (y)

+

∫

Ω

(
Nx ·

∂2w

∂x2
+ 2Nxy ·

∂2w

∂x∂y
+Ny ·

∂2w

∂y2

)
· w∗(y,x) · dΩ(y).

Then, the common factor w∗ can be separated:

(2.13) c(x)·w(x)+
∫

Γ

[T ∗

n(y,x)·w(y)−M
∗

n(y,x) · ϕn(y)−M
∗

ns(y,x)·ϕs(y)]·dΓ (y)

=

∫

Γ

[(Tn(y) +Rn(y)) · w
∗(y,x)−Mn(y) · ϕ

∗

n(y,x)] · dΓ (y)

+

∫

Ω

(
Nx ·

∂2w

∂x2
+ 2Nxy ·

∂2w

∂x∂y
+Ny ·

∂2w

∂y2

)
· w∗(y,x) · dΩ(y),
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(2.14) c(x)·ϕn(x)+

∫

Γ

[
T
∗

n(y,x)·w(y)−M
∗

n(y,x)·ϕn(y)−M
∗

ns(y,x)·ϕs(y)
]
·dΓ (y)

=

∫

Γ

[(Tn(y) +Rn(y)) · w
∗(y,x)−Mn(y) · ϕ

∗

n(y,x)] · dΓ (y)

+

∫

Ω

(
Nx ·

∂2w

∂x2
+ 2Nxy ·

∂2w

∂x∂y
+Ny ·

∂2w

∂y2

)
· w∗(y,x) · dΩ(y).

Now, the new notation is introduced:

(2.15) T̃n(y) = Tn(y) +Rn(y).

Hence, the boundary integral equations will have the form:

(2.16) c(x)·w(x)+
∫

Γ

[T ∗

n(y,x)·w(y)−M
∗

n(y,x) · ϕn(y)−M
∗

ns(y,x)·ϕs(y)]·dΓ (y)

=

∫

Γ

[
T̃n(y) · w

∗(y,x)−Mn(y) · ϕ
∗

n(y,x)
]
· dΓ (y)

+

∫

Ω

(
Nx ·

∂2w

∂x2
+ 2Nxy ·

∂2w

∂x∂y
+Ny ·

∂2w

∂y2

)
· w∗(y,x) · dΩ(y),

(2.17) c(x)·ϕn(x)+

∫

Γ

[
T
∗

n(y,x)·w(y)−M
∗

n(y,x)·ϕn(y)−M
∗

ns(y,x)·ϕs(y)
]
·dΓ (y)

=

∫

Γ

[
T̃n(y) · w

∗(y,x)−Mn(y) · ϕ
∗

n(y,x)
]
· dΓ (y)

+

∫

Ω

(
Nx ·

∂2w

∂x2
+ 2Nxy ·

∂2w

∂x∂y
+Ny ·

∂2w

∂y2

)
· w∗(y,x) · dΩ(y).

The expression (2.15) denotes shear force for clamped and for simply-supported
edges:

T̃n(y) =

{
Vn(y),

Rn(y).

Because in all the cases (Eqs. (2.3), (2.6) and (2.11), (2.12)) the forces on the
real plate: Vn(y) and Tn(y) are multiplied by the same fundamental functions
w∗(y,x) and w∗(y,x), the force T̃n(y) can be treated as an equivalent shear
force Vn(y) on a fragment of the boundary which is located far from the cor-
ner. In the case of the free edge we must combine the angle of rotation in the
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tangent direction ϕs(y) with the fundamental function M∗

ns(y). Because the re-

lation between ϕs(y) and the deflection is known: ϕs(y) =
dw(y)
ds
, the angle of

rotation ϕs(y) can be evaluated using a finite difference scheme of the deflection
with two or more adjacent nodal values. In this analysis, the employed finite
difference scheme includes the deflections of three adjacent nodes. As a result,
the boundary integral Eqs. (2.16) and (2.17) will take the form:

(2.18) c(x)·w(x)+
∫

Γ

[
T ∗

n(y,x)·w(y)−M
∗

ns(y,x)·
dw(y)
ds

−M∗

n(y,x)·ϕn(y)

]
·dΓ (y)

=

∫

Γ

[
T̃n(y) · w

∗(y,x)−Mn(y) · ϕ
∗

n(y,x)
]
· dΓ (y)

+

∫

Ω

(
Nx ·

∂2w

∂x2
+ 2Nxy ·

∂2w

∂x∂y
+Ny ·

∂2w

∂y2

)
· w∗(y,x) · dΩ(y),

(2.19) c(x)·ϕn(x)+

∫

Γ

[
T
∗

n(y,x)·w(y)−M
∗

ns(y,x)·
dw(y)
ds

−M
∗

n(y,x)·ϕn(y)

]
·dΓ (y)

=

∫

Γ

[
T̃n(y) · w

∗(y,x)−Mn(y) · ϕ
∗

n(y,x)
]
· dΓ (y)

+

∫

Ω

(
Nx ·

∂2w

∂x2
+ 2Nxy ·

∂2w

∂x∂y
+Ny ·

∂2w

∂y2

)
· w∗(y,x) · dΩ(y).

3. Construction of set of algebraic equations

The plate boundary is discretized by elements of the constant type. Three
approaches of constructing the boundary integral equations are considered. Ac-
cording to the first one, singular approach, the collocation points are located
exactly on the plate boundary (Fig. 1).
According to the second, non-singular approach, the boundary integral equa-

tions can be formulated using one collocation point (Fig. 2a) or two collocation
points (Fig. 2b) located outside of the plate boundary on the line normal to the
plate edge.
It is assumed that a rectangular plate is compressed only by Nx forces.

Then, in the boundary integral Eqs. (2.16) and (2.17) takes a stand only the
part Nx ·

(
∂2w

/
∂x2

)
. The unknown variable in internal collocation points is the

parameter κ = ∂2w
/
∂x2, the plate curvature in x direction [19, 23]. It is also

assumed, that a plate has a regular shape without any holes. According to these
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Fig. 1. Collocation point assigned to the boundary element of the constant type.

a) b)

Fig. 2. One collocation point a) and two collocation points b) assigned to the boundary element
of the constant type.

assumptions it is possible to accept an arbitrary linear distribution of the normal
loading along plate edge perpendicular to the x direction. The plate domain Ω
is divided into finite number of sub-domains just to define a plate curvature in
selected internal collocation points associated with these sub-domains Ωm. The
normal loading Nx is constant on the length of the single internal sub-domain
side which shows Fig. 3.

Fig. 3. Distribution of in plane loading.
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The set ofN (i)
x forces is expressed by the comparative normal loadingN=Ncr.

Hence, the set of algebraic equation can be written in the form [23]:

(3.1)




GBB GBS −λ ·GBκ

∆ −I 0

GκB GκS −λ ·Gκκ+ I


 ·





B

ϕS

κ





=





0

0

0




,

where λ = Ncr and GBB and GBS are the matrices of the dimensions of the
dimension (2N × 2N) and of the dimension (2N × S) grouping boundary in-
tegrals and depend on type of boundary, where N is the number of bound-
ary nodes (or the number of the elements of the constant type) and S is the
number of boundary elements along free edge; GBκ is the matrix of the di-
mension (2N × 2N) grouping integrals over the internal sub-domains Ωm; ∆ is
the matrix grouping difference operators connecting angle of rotations in tan-
gent direction with deflections of suitable boundary nodes if a plate has a free
edge.
The third matrix equation (3.1)3 in the set of equation (3.1) is obtained

by construction the boundary integral equations for internal collocation points
associated with internal sub-domains Ωm. According the typical approach, in
this equation, the plate curvature can be derived by double differentiation of
boundary integral Eq. (2.16) and by constructing one integral equation with
respect to central collocation point “1” belonging to each internal sub-surface.
Therefore GκB is the matrix of the dimension (M × 2N) grouping the bound-
ary integrals of the second derivatives with respect to the co-ordinate x of the
appropriate fundamental functions, where M is the number of the internal col-
location points and N is the number of the boundary nodes; GκS is the matrix
of the dimension (M ×S) grouping the boundary integrals of the second deriva-
tives with respect to the co-ordinate x of the appropriate fundamental functions;
Gκκ is the matrix of the dimension (M ×M) grouping the integrals of the sec-
ond derivatives with respect to the co-ordinate x over the internal sub-surfaces
Ωm ∈ Ω.
In accordance with the simplified approach, the plate curvature can be also

establish by addition two internal collocation points (“2” and “3”). Due to this
conception it is necessary to construct three integral equation considering three
collocation points (“1”, “2” and “3”) and using Eq. (2.18) in unchanged form.
These two approaches are illustrated in Fig. 4.
According the second approach the plate curvature at central point “1” is

calculated by constructing difference quotient:

(3.2) κ = κx =
∆2w

∆x2
=
w2 − 2 ·w1 +w3

(∆x)2
.
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a) b)

Fig. 4. Definition of the curvature in central collocation point.

Hence elements of the matrices GκB,GκS andGκκ can be evaluated using three
boundary integral equations based only on the boundary integral Eq. (2.18).
Elimination of boundary variables B and ϕS from matrix Eq. (3.2) leads to
standard eigenvalue problem:

(3.3)
{
A− λ̃ · I

}
· κ = 0,

where λ̃ = 1/λ and

(3.4) A =
{
Gκκ− (GκB −GκS ·∆) · [GBB +GBS]

−1 ·GBκ

}
.

The same problem of plate stability can also be formulated in terms of
the Analog Equation Method. The plate bending is expressed by differential
Eq. (2.1). It is assumed, that plate is compressed only by Nx forces, the govern-
ing equation will take the form

(3.5) D · ∇4w +Nx ·
∂2w

∂x2
= 0.

The real problem can be replaced by the analogous issue, which is described
by the following differential equation

(3.6) ∇4w = b(x, y).

In this issue, the boundary conditions are the same as in the real one and
b(x, y) is the unknown function of a fictitious loading. The solution of Eq. (3.6)
can be expressed using integral representation by two equations:
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(3.7) c(x)·w(x)+
∫

Γ

[
T ∗

n(y,x)·w(y)−M
∗

ns(y,x)·
dw(y)
ds

−M∗

n(y,x)·ϕn(y)

]
·dΓ (y)

=

∫

Γ

[
T̃n(y) · w

∗(y,x)−Mn(y) · ϕ
∗

n(y,x)
]
· dΓ (y)

+

∫

Ω

b(y) · w∗(y,x) · dΩ(y),

(3.8) c(x)·ϕn(x)+

∫

Γ

[
T
∗

n(y,x)·w(y)−M
∗

ns(y,x)·
dw(y)
ds

−M
∗

n(y,x)·ϕn(y)

]
·dΓ (y)

=

∫

Γ

[
T̃n(y) · w

∗(y,x)−Mn(y) · ϕ
∗

n(y,x)
]
· dΓ (y)

+

∫

Ω

b(y) · w∗(y,x) · dΩ(y),

where the fundamental solution is known and expressed by Eq. (2.5).
The plate domain may be discretized using internal sub-surfaces acting as

constant domain elements Ωm ∈ Ω or linear elements [33, 35]. In each internal
collocation point the fictitious loading vector b is introduced. The boundary-
domain integral Eqs. (3.7) and (3.8) allow to specify the boundary conditions
on each plate edges and the second derivetives of the plate displacement in each
of the internal collocation points. Substitution of Eq. (3.6), Eqs. (3.7) and (3.8)
which express the boundary conditions and double-differentiated Eq. (3.7) which
describes second derivatives with respect to the x global coordinate into govern-
ing Eq. (3.5) leads to the standard eigenvalue problem where the eigen multiplier
is equal λ̃ = 1/Ncr. If the plate domain is divided into rectangular sub-surfaces
of the constant type (each sub-surface is associated with one central collocation
point in which the plate curvature is established) the AEM approach becomes
special case equivalent to the direct Bèzine technique.

4. Modes of buckling

The elements of the eigenvector κ obtained after solution of the standard
eigenvalue problem (3.3) present the plate curvatures. The set of the algebraic
equation indispensable to calculate the eigenvector w elements has a form:

(4.1)




GBB GBS 0

∆ −I 0

GκB GκS I


 ·





B

ϕs

w





=





λ ·GBκ · κ

0

λ ·Gκκ · κ




.
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In the set of the Eq. (4.1) the first and second Eqs. (4.1)1 and (4.1)2 are obtained
from the first and second equations of (3.1) and the third Eq. (4.1)3 is gotten by
construction the boundary integral equations for calculating the plate deflection
in internal collocation points. Elimination of the boundary variables B and ϕS
from Eq. (4.1) gives the elements of the wanted displacement vector:

(4.2) w = λ ·
[
Gκκ− (GκB −GκS ·∆) · [GBB +GBS]

−1 ·GBκ

]
· κ.

5. Numerical examples

The initial stability problem of a square and rectangular plates, simply-
supported on each edge and a square plate simply- supported on two opposite
edges with two remaining free edges is considered. For each of them the critical
value of the normal loading is investigated. Each of plate edge is divided by the
boundary elements of the constant type with the same length. The set of the
internal collocation points is regular. The plate properties are: Young modulus
E = 205 GPa, Poisson ratio v = 0.3. The following notations are assumed:
BEM I – singular formulation of governing boundary-domain integral Eqs. (2.18)

and (2.19) with second equation obtained by single differentiation of
Eq. (2.18), the vector of curvatures is established by double differenti-
ation of the first governing boundary-domain integral Eq. (2.18);

BEM II – non-singular formulation of governing boundary-domain integral
Eqs. (2.18) and (2.19), with second Eq. (2.19) obtained by differentiation
of Eq. (2.18), the vector of curvatures is established by double differen-
tiation of the first governing boundary-domain integral Eq. (2.18). The
collocation point of single boundary element is located outside, near the
plate edge. For one collocation point: ε1 = δ̃1/d = 0.001 [23] where δ̃1 is
distance of collocation point from the plate edge and d is the boundary
element length;

BEM III – non-singular formulation of governing boundary-domain integral
Eqs. (2.18) and (2.19), with second Eq. (2.19) obtained for the set of
additional collocation points with the same fundamental solution w∗,
the vector of curvatures is established by constructing difference quo-
tient (3.2) and fundamental solution w∗. Localization of two collocation
points for single boundary element is determined by: ε1 = 0.001 and
ε2 = δ̃2/d = 0.01. For three collocation point belonging for each internal
sub-domain element: ε∆ = ∆x/a = 0.001.

FEM – regular finite element mesh 0.5 m × 0.5 m and element type of S4R
(four node with three degree of freedom per node) of ABAQUS program
with reduced integration were assumed into comparative analysis.
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The critical force Ncr is expressed using non-dimensional term:

(5.1) Ñcr =
Ncr
D

· lx · ly.

5.1. A simply-supported rectangular plate under uniformly
constant normal loading

Static and loading scheme is shown in the Fig. 5.

Fig. 5. A simply-supported rectangular plate under uniformly constant normal loading.

Two plates are considered: a) square and b) rectangular. In case a) the
plate boundary was discretized using 256 number of boundary elements. The
number of internal sub-surfaces used to describe the plate curvature is equal: 256.
The plate geometry is defined as: lx = ly = l = 2.0 m. In case b) the plate
boundary was discretized using 128 number of boundary elements. The number
of internal sub-surfaces used to describe the plate curvature is equal: 512. The
plate geometry is defined as: lx = 0.5 · ly = 2.0 m. In both cases the following the
plate thickness is equal h = 0.05 m. Each plate edge is divided into number of
64 in case a) and 32 in case b) boundary elements of the same length. The set of
internal square sub-domains is reagular. The results of calculation are presented
in Tables 1–3. The influence of localization of internal collocation points on
critical force values for square plate a) using BEM III approach is presented in
Table 2.

Table 1. Critical force values: lx/ly = 1.0.

Ñcr
Analytical

solution [40, 41]
BEM I
solution

BEM II
solution

BEM III
solution

1 39.4784 39.6198 39.6228 39.6350

2 61.6850 62.1887 62.1916 62.1996

3 109.6623 111.3933 111.3962 111.4057
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Table 2. Critical force values: lx/ly = 0.5.

Ñcr
Analytical

solution [40, 41]
BEM I
solution

BEM II
solution

BEM III
solution

1 30.8425 30.9227 30.9230 30.9253

Table 3. Critical force values: lx/ly = 1.0. Solution BEM III for different value of ε∆ = ∆x/a.

Ñcr
ε∆ = ∆x/a

0.0001 0.001 0.01 0.1 0.2

1 39.6350 39.6350 39.6351 39.6362 39.6398

2 62.1993 62.1996 62.1996 62.2073 62.2311

3 111.4057 111.4057 111.4057 111.4385 111.5362

Fig. 6. The first buckling mode, lx/ly = 1.0.

Fig. 7. The first buckling mode, lx/ly = 0.5.

5.2. A simply-supported rectangular plate under uniformly
linear normal loading

Static and loading scheme is shown in the Fig. 8.
Two plates are considered: a) square and b) rectangular. In case a) the plate

boundary was discretized using 256 number of boundary elements (64 elements
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Fig. 8. A simply-supported rectangular plate under uniformly linear normal loading.

on each edge). The number of internal sub-surfaces used to describe the plate
curvature is equal: 256. The plate geometry is defined as: lx = ly = l = 2.0 m.
In case b) the plate boundary was discretized using 128 number of boundary
elements (32 elements on each edge). The number of internal sub-surfaces used
to describe the plate curvature is equal: 384. The plate geometry is defined as:
lx = 1.5 · ly = 3.0 m. In both cases the plate properties were assumed identi-
cally as in Example 5.1. The results of calculation are presented in Tables 4–6.

Table 4. Critical force values lx/ly = 1.0.

Ñcr
Analytical
solution [41]

BEM I
solution

BEM II
solution

BEM III
solution

1 76.9829 77.3858 77.3918 77.4153

2 – 115.7346 115.7401 115.7566

3 – 194.3706 194.3797 194.4041

Table 5. Critical force values: lx/ly = 1.0. Solution BEM III for different value of ε∆ = ∆x/a.

Ñcr
ε∆ = ∆x/a

0.0001 0.001 0.01 0.1 0.2

1 77.4153 77.4153 77.4153 77.4175 77.4245

2 115.7566 115.7566 115.7566 115.7707 115.8148

3 194.4038 194.4041 194.4043 194.4599 194.6296

Table 6. Critical force values lx/ly = 1.5.

Ñcr
Analytical
solution [41]

BEM I
solution

BEM II
solution

BEM III
solution

1 124.3570 124.5210 124.5241 124.5283
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The influence of localization of internal collocation points on critical force values
for square plate a) using BEM III approach is presented in Table 5.

Fig. 9. The first buckling mode, lx/ly = 1.0.

Fig. 10. The first buckling mode, lx/ly = 1.5.

5.3. A simply-supported rectangular plate under uniformly
linear normal loadings

Static and loading scheme is shown in the Fig. 11.

Fig. 11. A simply-supported rectangular plate under uniformly linear normal loadings.
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Two plates are considered: a) square and b) rectangular. In both cases the
plate geometry, properties and discretization were assumed identically as in Ex-
ample 5.2. The results of calculation are presented in Tables 7–9. Number of real
critical force value is given in the first column. Number of computational value
is indicated beside by roman numerals. The influence of localization of inter-
nal collocation points on critical force values for square plate a) using BEM III
approach is presented in Table 8.

Table 7. Critical force values, lx/ly = 1.0.

Ñcr
Analytical
solution [41]

BEM I
solution

BEM II
solution

BEM III
solution

1 (I) 252.6619 254.8014 254.8211 254.8753

2 (III) – 269.1932 269.2128 269.2808

3 (V) – 340.3840 340.4153 340.4976

Table 8. Critical force values: lx/ly = 1.0. Solution BEM III for different value of ε∆ = ∆x/a.

Ñcr
ε∆ = ∆x/a

0.0001 0.001 0.01 0.1 0.2

1 (I) 254.8753 254.8753 254.8753 254.9058 254.9984

2 (III) 269.2813 269.2808 269.2808 269.2872 269.3072

3 (V) 340.4969 340.4976 340.4983 340.5935 340.8843

Table 9. Critical force values, lx/ly = 1.5.

Ñcr
Analytical
solution [41]

BEM I
solution

BEM II
solution

BEM III
solution

1 (I) 356.7861 359.7330 359.7432 359.7538

Fig. 12. The first buckling mode, lx/ly = 1.0.
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Fig. 13. The first buckling mode, lx/ly = 1.5.

5.4. A rectangular plate simply-supported on two opposite edges with two
remaining edges free under uniformly constant normal loading

Static and loading scheme is shown in the Fig. 14.

Fig. 14. A rectangular plate simply-supported on two opposite edges with two remaining free
edges under uniformly constant normal loading.

Two plates are considered: a) square and b) rectangular. In both cases the
plate geometry, properties and discretization were assumed identically as in Ex-
ample 5.2. The results of calculation are presented in Tables 10–12. The influence

Table 10. Critical force values, lx/ly = 1.0.

Ñcr
FEM
solution

BEM II
solution

BEM III
solution

1 9.4603 9.8082 9.5546

2 26.5097 25.7486 25.4393

3 39.4389 38.2109 38.1065
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Table 11. Critical force values: lx/ly = 1.0. Solution BEM III for different value of ε∆ = ∆x/a.

Ñcr
ε∆ = ∆x/a

0.0001 0.001 0.01 0.1 0.2

1 9.5546 9.5546 9.5527 9.5527 9.5477

2 25.4394 25.4393 25.4266 25.4266 25.3927

3 38.1064 38.1065 38.1014 38.1015 38.0892

Table 12. Critical force values, lx/ly = 1.5.

Ñcr
FEM
solution

BEM II
solution

BEM III
solution

1 6.1887 6.4995 6.4041

of localization of internal collocation points on critical force values for square
plate a) using BEM III approach is presented in Table 11.

Fig. 15. The first buckling mode, lx/ly = 1.0.

Fig. 16. The first buckling mode, lx/ly = 1.5.
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5.5. A rectangular plate simply-supported on two opposite edges with two
remaining free edges under uniformly linear normal loading

Static and loading scheme is shown in the Fig. 17.

Fig. 17. A rectangular plate simply-supported on two opposite edges with two remaining free
edges under uniformly linear normal loading.

Two plates are considered: a) square and b) rectangular. In both cases the
plate geometry, properties and discretization were assumed identically as in
Example 5.2. The results of calculation are presented in Tables 13–15. The
influence of localization of internal collocation points on critical force values for
square plate a) using BEM III approach is presented in Table 14.

Table 13. Critical force values, lx/ly = 1.0.

Ñcr
FEM
solution

BEM II
solution

BEM III
solution

1 16.7221 16.3165 16.3162

2 56.6365 54.5680 54.2951

3 83.2673 81.7806 81.0573

Table 14. Critical force values: lx/ly = 1.0. Solution BEM III for different value of ε∆ = ∆x/a.

Ñcr
ε∆ = ∆x/a

0.0001 0.001 0.01 0.1 0.2

1 16.3162 16.3162 16.3162 16.3112 16.2983

2 54.2953 54.2951 54.2951 54.2766 54.2288

3 81.0572 81.0573 81.0569 81.0345 80.9748
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Table 15. Critical force values, lx/ly = 1.5.

Ñcr
FEM
solution

BEM II
solution

BEM III
solution

1 11.4891 11.9982 11.8209

Fig. 18. The first buckling mode, lx/ly = 1.0.

Fig. 19. The first buckling mode, lx/ly = 1.5.

5.6. A rectangular plate simply-supported on two opposite edges with two
remaining free edges under uniformly linear normal loadings

Static and loading scheme is shown in the Fig. 20.

Fig. 20. A rectangular plate simply-supported on two opposite edges with two remaining free
edges under uniformly linear normal loadings.
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Two plates are considered: a) square and b) rectangular. In both cases the
plate geometry, properties and discretization were assumed identically as in Ex-
ample 5.2. The results of calculation are presented in Tables 16–18. Number
of real critical force value is given in the first column. Number of computa-
tional value is indicated beside by roman numerals. The influence of localization
of internal collocation points on critical force values for square plate a) using
BEM III approach is presented in Table 17.

Table 16. Critical force values, lx/ly = 1.0.

Ñcr
FEM
solution

BEM II
solution

BEM III
solution

1 (I) 25.9506 25.9804 25.4095

2 (III) 71.5806 68.6190 68.1714

3 (V) 150.0035 134.4278 133.1770

Table 17. Critical force values: lx/ly = 1.0. Solution BEM III for different value of ε∆ = ∆x/a.

Ñcr
ε∆ = ∆x/a

0.0001 0.001 0.01 0.1 0.2

1 (I) 25.4094 25.4095 25.4093 25.3956 25.3586

2 (III) 68.1714 68.1714 68.1709 68.1346 68.0386

3 (V) 133.1770 133.1770 133.1759 133.1156 132.9640

Table 18. Critical force values, lx/ly = 1.5.

Ñcr
FEM
solution

BEM II
solution

BEM III
solution

1 (I) 23.5430 23.9012 23.5336

Fig. 21. The first buckling mode, lx/ly = 1.0.
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Fig. 22. The first buckling mode, lx/ly = 1.5.

6. Conclusions

An initial stability of thin plates using the boundary element method is
presented. This problem was solved with the modified approach, in which the
boundary conditions are defined so that there is no need to introduce equivalent
boundary quantities dictated by the boundary value problem for the biharmonic
differential equation. The collocation version of boundary element method with
singular and non-singular calculations of integrals were employed and the con-
stant type of the boundary element is introduced. The Bèzine technique was used
to establish the vector of curvatures inside a plate domain which was divided into
rectangular sub-surfaces. A plate can be subjected in plane by loading which dis-
tribution can be arbitrary, constant along selected edge of the single sub-domain
element. The high number of boundary elements and internal sub-surfaces is not
required to obtain sufficient accuracy. The loaded plate edge must be supported.
This condition is required in proposed formulation of buckling analysis.
In case of normal conservative loading along the plate free edge, the boundary

integral equation must be expanded by additional part:
∫

Γ

−Nx ·
∂wb

∂x
· w∗(y,x) · dΓ (y).

Then, construction of set of algebraic equation in matrix notation and for-
mulation of the standard eigenvalue problem are much more complicated. To
solve this problem, the first and second derivatives of deflection inside the plate
area (∂2w/∂x2) and at the boundary (∂wb/∂x) can be establish and calcu-
lated for example approximately by constructing a differential expression us-
ing deflections of suitable neighbouring internal collocation points belonging to
different internal sub-domains and collocation points located at the plate free
edge.
The boundary element results obtained for presented conception of thin plate

bending issue demonstrate the sufficient effectiveness and efficiency of the pro-
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posed approach which can be useful in engineering analysis of the buckling
problem.
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Composite column as a key structural member can be subjected to a blast load as a result
of an accident or a terrorist threat. In this paper, a method for assessing the blast resistance
of a composite concrete-filled column is proposed. Moreover, different methods of enhancing
composite member resistance to explosions are investigated. The blast situation is modeled
in the FEM software using the CONWEP tool. This empirical formulation is relatively cheap
from the computational point of view, as well as precise enough, hence it was chosen for this
work purposes. Material models are based on well known elasto-plastic with linear hardening
concepts. Important phenomenons are also taken into account, such as: contact formulation
between the column components, strain rate dependence, damage initiation and evolution.
Simulations are conducted for the most common type of explosion – surface blast. Its main
feature is the effect of reflection of the ground surface and hence, amplification of the blast
wave after the charge ignition. Results are presented in terms of minimum TNT mass equivalent
required for a column member failure.

Key words: composite column, blast loading, failure assessment.

1. Introduction

Designing a building is a process where many goals such as functionality, aes-
thetic appearance, durability, bearing capacity have to be achieved. However,
the most important thing is to provide safety to the users. Recent years show,
that structural engineers have to bring more attention to accidental loading,
from which explosions seem to be the most dangerous, as they can significantly
damage the structure or even cause its total failure. The most fateful cases such
as World Trade Center collapse on 11th September 2001 [21] are very well de-
scribed explaining specific causes and effects. Hence, possible acts of terrorism
have to be taken into consideration all over the world, at the earliest build-
ings’ life phase during the design procedure. Also industrial buildings, where
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explosion risk exists due to explosive materials production or storage, should
be investigated for resistance to such events. In the literature a lot of examples
may be found to prove the necessity of assessment the structural response of a
building in a blast situation.
Apart from the structure strength some phenomena should not be neglected.

First, the difference has to be studied between detonation of charge in the air
and on the ground surface. The second situation is much more common and
unfortunately much more destructive. What is more complex, the enhancement
of damage depends on the type of ground. The more energy is dissipated in
producing a crater and groundshock, the less damage to the structure may be
observed. Another important issue is the “tunneling” effect in narrow city streets
[22]. Low distance between buildings results in confinement of the blast wave. It
is reflected and refracted repeatedly of the facades’ surfaces, hence the damages
occur higher than might be expected in open air conditions. Either the glazing
type of facades has its impact on the blast wave [23]. The shockwave front
penetrates through the openings and people are subjected to sudden pressures
and shattered particles of windows, doors, etc. If the external walls are not able
to resist the pressure peak they are fractured and moved by the wave following
the shock front causing much more serious damages.
Since aforementioned external conditions would distort this investigation

results, a separated fragment of the structure will be studied. A column member
can be fairly considered as a critical point of the building, hence it was chosen
as a subject of the simulations. Empirical tests of explosions are very expensive
and time consuming, what results in quite low accessibility of such experiments
in civil engineering field [24]. Fortunately, it is feasible, to conduct numerical
simulations at relatively low cost of both an explosion taking place in given
space and time, as well as the structure response to such action. Moreover,
there exist a need to provide to structural designers a reliable tools for assessing
structure resistance in terms of blast situation.
Any realistic simulation of a blast effect on the structure requires suitable

constitutive models of structural materials as steel, concrete, glass, etc. Mate-
rial models characterized by a standard and/or new testing methods in quasi-
static conditions (see e.g. [8, 9]) are applicable only in specific range of strain
rates. Popular material models of concrete, e.g. Drucker-Prager [7], Lubliner [19],
Lee-Fenves [18] can be successfully used in quasi static elasto-plastic-damage
analysis (see e.g. [10, 20]), however, they require slight modifications if one
wants to use them in dynamic analyzes. The same concerns traditional ma-
terial model of steel, e.g. Huber-Mises-Hencky, Johnson-Cook [26] or Gurson
[13]. Once constitutive models are enhanced by additional features as damage
evolution or fracturing in high strain rates the sophisticated test has to be per-
formed (e.g. Split Hopkinson Pressure Bar test also known as Kolsky bar test
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[11, 25]) for material characterization and hence more parameters need to be
involved in computations. These new parameters, ensuring they are properly
identified, lead to realistic computer simulations of the structure subjected to
impact loads.
In this work authors employed available in literature simplified modeling

of blast phenomenon as well as traditional constitutive models of structural
elements enhanced by damage definition and strain rate dependency. The main
goal is to predict the failure mechanism and provide possible reinforcing methods
of critical elements of a public buildings structure.

2. Blast model

By definition, an explosion is a rapid release of big amount of energy. It is
accompanied by a blast wave which is heat and pressure wave propagation in
space. The latter is subject to many research and investigation as its outcome
causes the most serious consequences to structures. The blast produces a shock
wave composed of a high-intensity shock front which expands outward from the
surface of the explosive into the surrounding air. Pressure immediately behind
the detonation front is in range from 19,000 MPa to 33,800 MPa (Unified Fa-
cilities Criteria 3-340-02, December 2008). Only about one-third of the total
chemical energy available in most high explosives is released in the detonation
process. The remaining two-thirds are released more slowly in explosions in air
as the detonation products mix with air and burn. This afterburning process
has only a slight effect on blast wave properties, because it is much slower than
detonation.
Throughout the pressure-time profile (Fig. 1), two main phases can be ob-

served – portion above ambient is called positive phase duration, whereas that
below ambient is called negative phase duration. The negative phase is of a
longer duration and a lower intensity than the positive duration. The shock
wave overpressure curve is important from the standpoint of civil engineer as it
a basis for determination of dynamic pressure. The dynamic pressure determines
the value of loading that is subjecting the structure. Generally blast loading on
a structure caused by a high-explosive detonation is dependent upon several
factors:

• the magnitude of the explosion,
• the location of the explosion relative to the structure of interest (confined
or unconfined),

• the geometrical configuration of the structure,
• the structure orientation with respect to the explosion and the ground
surface (above, flush with, or below the ground).
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Fig. 1. Relation between time and shock wave pressure.

2.1. Blast-loading classification

Two blast-loading categories can be distinguished. The division bases on
the confinement of the explosive charge, and so there are unconfined and con-
fined explosions. For this purposes only two most representative and commonly
encountered in practice types of unconfined explosions are presented.
First is called Air Blast and applies to events, where the charge is detonated

in free air, enabling unconstrained blast wave propagation.
The second type is known as Surface Blast, which refers to the situation

where source of the shock wave is located close to, or on the ground surface. The
initial wave of the explosion is reflected and reinforced by the ground surface
to produce a reflected wave. Unlike the air burst, the reflected wave merges
with the incident wave at the point of detonation to form a single wave, similar
in nature to the Mach wave of the air burst but essentially hemispherical in
shape.

2.2. Numerical model of blast event

The most considered effect of an explosion is blast overpressure wave. Various
methods of estimating the blast peak overpressure based on empirical formulas
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were collected in literature [3, 23], however all they base on a scaled distance,
which is denoted as:

(2.1) Z =
R

W 1/3
,

where R is distance to the charge and W is mass of the charge given in kg of
TNT.
Numerical methods of analyzing explosion problems and blast-loading mod-

eling can be divided into two stages. First, modeling of the shock wave. Second,
formulation of the interaction with a structure subjected to such load. Blast
wave modeling requires the determination of the charge weight given in TNT-
equivalent and charge localization coordinates. Also type of the explosion has to
be selected as the air or surface blast. Output data returns a pressure in given
space point, occurring at a given time.
One of the most commonly used numerical tool for blast modeling is Con-

Wep. It is mathematical model based on empirical data of experimental deto-
nations of explosives of masses from less than 1 kg to over 400 000 kg [17]. This
data was then scaled using Hopkinson and Sachs scaling laws to standard at-
mospheric sea level conditions. Formulas prepared by Kingery and Bulmash [17]
allow estimating shock wave parameters basing on TNT only. For other explo-
sives TNT-equivalent has to be used accordingly to its type. Once the parameters
of peak overpressure, time of arrival and time of duration are determined, the
value of the pressure in time is given by the modified Friedlander’s Equation
proposed in [3]:

(2.2) p = Ps

(
1−

t− ta
ts

)
e−b(t−ta)/ts ,

where Ps is the peak overpressure, ta is the time of arrival, ts is the positive
phase duration for the overpressure, and b denotes the decay coefficient.
The main advantage of this model is that the loading is applied directly

to the structure subjected to the blast. There is no need to include the fluid
medium in the computational domain. Since the considered time of blast is
relatively short, this model seems to be good approximation of the pressures
applied to the investigated surface. However, It does not account for the effects
of the soil over a buried bomb or the pressure wave that travels through the
surrounding air. Moreover, it does not take into account the wave reflection
effects. These drawbacks cause ConWep to underestimate damage and deforma-
tion. An alternative to ConWep is the Arbitrary Lagrangian Eulerian method
(ALE), which can simulate the compound effects of pressure, air, and soil [27].
While it is a more realistic modeling method, it is vastly more complex and
costly and not a feasible option for the scale of this investigation. Figures below



66 M.P. BUDZIAK, T. GARBOWSKI

(Fig. 2, Fig. 3) present research comparing experimental results and ConWep
estimations. ConWep estimations show excellent agreement with experimental
results. Since the scale of tested events in this paper is similar, ConWep is con-

Fig. 2. Peak overpressure and shock arrival time in relation to scaled distance [16].

Fig. 3. Shock arrival time in relation to scaled distance [16].
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sidered a very good tool for numerical modeling of the blast wave for this work
purposes.

3. Material model

Steel and concrete investigated in the composite column require different
material models to reflect their structural behavior both in static and dynamic
load case. Concepts presented below provide simulation of material response to
actions.

3.1. Steel

For both, structural and reinforcing steel the elasto-plastic model with linear
hardening was employed. Essential matter is the yield criterion choice. Among
many sophisticated concepts, that are available for FEM application, well proven
Huber-Mises-Hencky (HMH) yield criterion was used. The HMH criterion is
based on a definition of effective stress computed solely on the second deviatoric
stress invariant:

(3.1) σ =
√

3J2.

The yield surface function may be presented graphically, as an infinitely long
cylinder with geometric axis covering the zero hydrostatic stress axis in the
principal stress space for agreed value of the hardening value. Application of
equivalent stress and associated equivalent plastic strain, as internal variable of
the hardening function, derives the plastic load function in the form:

(3.2) f = σ (J2)−H
(
εpl

)
,

where σ is an equivalent stress, also known as q; H denotes the hardening
function (related to effective plastic strain) describing the yield surface.

3.2. Concrete

Commonly used concrete in civil structures presents tensile strength approxi-
mately ten times lower than compressive strength. Subjected to excessive tension
undergoes brittle fracture. As a result of this aforementioned HMH criterion is
no longer applicable. Therefore the Drucker-Prager yield criterion [7] was used
to describe concrete yield surface. It was derived as a smooth approximation
of the Mohr-Coulomb Law. It consists of a modified HMH criterion, in which
additional component is introduced defining pressure dependence. According
to Drucker-Prager criterion, yield stress occurs when the effective stress q and
hydrostatic stresses p reach their critical combination.
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The linear Drucker-Prager model (Fig. 4) is used herein. It is written in terms
of all three stress invariants and enables the possibility of obtaining noncircular
yield surface in the deviatoric plane. In general the criterion is denoted:

(3.3) F = t− p tan β − d = 0,

where d is the cohesion of the material, β is the friction angle and t is the
modified effective stress. In particular, when t is equal to the equivalent stress q
the yield surface is the HMH circle in the deviatoric principal stress plane. The
plastic flow is described by the flow rule [7] in the form:

(3.4) G = t− p tanψ,

where ψ is the dilation angle, which impacts the hardening function. Herein the
nonassociated flow in the p−t plane is expected. If 0 ≤ ψ < β the material
dilates.

Fig. 4. Linear Drucker-Prager model in meridional plane.

4. Strain rate dependence

Material constitutive relationships vary according to the rate of loading ap-
plied to the structure. It is necessary to foresee all types of loadings (Fig. 5), that
are likely to be encountered during the design lifetime. Material behavior can
be affected by the loading rate but, in most cases the difference only becomes

Fig. 5. Magintude of strain rates expected for different loading cases.
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significant when the rate changes by more than one order of magnitude [2]. Since
the blast situation is considered in this paper, strain rate dependency should not
be neglected.
Many experiments proved, that materials such as concrete and steel show

strength increase when the strain velocity increases. It can be noticed, that
the yield limit growth is significant according to strain velocity raise, however
the limit strain decreases respectively. Many methods of implementing this phe-
nomenon to constitutive relations have been developed [14]. In general the prob-
lem may be noted in the form:

(4.1) s = σ0

(
εpl, θ

)
R
(
εpl, θ

)
,

where s is the yield stress including the strain rate dependence, σ0 is the static
yield stress and R is the nonzero strain rate stress to static stress ratio, both
function of equivalent plastic strain

(
εpl

)
and temperature (θ).

Standard power law of Cowper-Symonds’ [5] was used for the R parameter
derivation:

(4.2) ε̇
pl
=M(R − 1)n,

where M(θ) and n(θ) are temperature-dependent material parameters.

5. Damage initiation and evolution

Damage in the context of an elastic-plastic material with isotropic harden-
ing is observed in two physical phenomena: softening of the yield stress and
degradation of the elasticity. Two main mechanisms can cause the fracture of a
ductile metal: ductile fracture due to the nucleation, growth, and coalescence of
voids; and shear fracture due to shear band localization. Based on phenomeno-
logical observations, these two mechanisms call for different forms of the cri-
teria.
The ductile criterion is a phenomenological model for predicting the onset of

damage due to nucleation, growth, and coalescence of voids. The model assumes
that the equivalent plastic strain at the onset of damage, εplD, is a function of

stress triaxiality η = −p/q and strain rate ε̇
pl
, where p is the pressure stress and

q is the equivalent stress. The criterion for damage initiation is met when the
following condition is satisfied:

(5.1) ωD =

∫
dεpl

εplD

(
η, ε̇
pl
) = 1,
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where ωD is a state variable that increases monotonically with plastic deforma-
tion. At each increment during the analysis the incremental increase in ωD is
computed as:

(5.2) ∆ωD =
∆εpl

εplD

(
η, ε̇
pl
) ≥ 0.

When the material exhibits strain-softening behavior, leading to strain local-
ization, formulation in terms of stress-strain relations results in a strong mesh
dependency of the FEM results. In particular, the dissipated energy decreases
with the mesh size. Some mitigation of this undesirable effect is achieved in
analysis introducing a characteristic length to the formulation [1, 15]. Since the
softening part of the constitutive law is expressed as a stress-displacement rela-
tion, the energy dissipated during the damage process is specified per unit area,
not per unit volume. This energy is treated as an additional material parame-
ter, and it is used to compute the displacement at which full material damage
occurs. This is consistent with the concept of critical energy release rate as a
material parameter for fracture mechanics. This formulation ensures that the
correct amount of energy is dissipated and greatly alleviates the mesh depen-
dency.

6. Column static design

Subject of this investigation is a composite column made of circular, steel
hollow section filled with reinforced concrete, which is presented in the Fig. 6.
Columns are considered the most critical members for public buildings such
as multi-storey car parking or an airport. Therefore in this paper a column is
isolated from its primary structure and tested under assumed boundary and
load conditions. The static design of such member was conducted based on the
Ultimate Limit State approach recommended in the European code for steel-
concrete composite structures design – Eurocode 4. As an arbitrary decision
input parameters such as: materials classes, axial load, eccentricity value, column
height, boundary conditions where agreed. Since the composite column static
design bases on a few independent variables (e.g. steel section radius, thickness,
reinforcement ratio, rebars number) there exists more than one feasible solution.
Therefore, an algorithm using Matlab scripting software [28] was developed for
this purpose. At first, a set of member configurations that fulfill Eurocode 4
requirements is found. Then, optimal arrangement is chosen. The decisive factor
in this simple optimization is the minimum structural steel mass. This is justified
by the fact, that in this sort of structural member, steel section is considered
the most expensive part.



FAILURE ASSESSMENT OF STEEL-CONCRETE COMPOSITE COLUMN. . . 71

Fig. 6. Model of the reference column.

The input data for column static design are given in Table 1. Bending mo-
ment at the column head was applied in the form of eccentricity of the axial
compressive force NEd. For the buckling problem analysis it is assumed, that
the effective length of the column is equal to its model length, which lies on the
safe side of the design. Section is designed for 90% of the load bearing capac-
ity usage. Stirrups are taken regarding to structural requirements as φ8 loops
spaced at 30 cm in the middle part of the column and 15 cm at base and head
regions.

Table 1. Input data for column static design.

Column height H = 6.0 m

Static load NEd = 1500 kN

Bending moment
Mx,Ed = 240 kNm

My,Ed = 150 kNm

Resultant load eccentricity e = 0.18868 m

Steel class S235

Concrete class C20/25

Reinforcing steel class BS500

Reinforcement cover c = 35 mm

Required reinforcement ratio ρs = 2%
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7. FEM numerical model

Composite column which is the subject of the analyzes consists of three
different materials: structural steel, concrete and reinforcing steel. Thus each
has to be defined using proper finite element type and material properties to
ensure most accurate simulation of the member behavior. Circular hollow section
is modeled by S4R shell elements (Abaqus elements library) with four nodes and
one Gauss integration point at the center of the element. For concrete C3D8R
elements (Abaqus elements library) are used. It has eight-node cubic element
with reduced Gauss integration at one point in the center of the element. In the
Drucker-Prager material plasticity model it has to be chosen whether damage
occurs due to exceeding the tension or compression stress limit. Tension criterion
is defined herein, as for concrete tensile strength is much smaller, hence it is
expected that damage will occur due to excessive tensile stresses. Longitudinal
rebars and stirrups are modeled in Abaqus [6] using B31 beam elements with two
nodes. Reinforcement is initially fully embedded in concrete, thus truss elements,
i.e. T3D2 would be accurate enough for analysis. However, it is expected, that
during blast situation, some parts of the reinforcement after concrete damage
will be exposed and hence, bending stiffness definition (included in B31 type)
of a rebar might be necessary.
Since the column is composite, proper interaction formulation is necessary.

Two contact problems take place in the considered member. First is surface-to-
surface contact between steel hollow section internal surface and concrete core
external surface. This contact formulation is based on finite-sliding algorithm
and the “hard” contact pressure-overclosure relationship [12]. Second is contact
between reinforcement and concrete, which is encasing rebars and stirrups. Such
contact definitions are most accurate, however the increase of computation time
is significant.
Boundary conditions are simplified to the conventional approach. The base is

a fixed connection as rigid joint with foundation pad, which is the most common
engineering solution. Head of the column is pinned imitating joint with roof
girders. It is reasonable to agree to such simplification, since the main purpose of
this work is investigation composite column behavior under explosion situation.
Introducing the phenomenon of joint flexibility would vastly complicate the
whole problem formulation and eventually distort the results.
The analyzes conducted on numerical models of the column consist of two

steps. First is static analysis applying boundary conditions, external static load
and gravity to the body, in order to obtain static stress distribution. This is
performed only once for each model, as it simulates the column state during
its usual exploitation as a structure member. Second step is dynamic analysis
in which static force and gravity is still applied to the column, however the
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Table 2. Material parameters for numerical model.

Section steel Concrete Reinforcement

Mass density [kg/m3] 7860 2400 7860

Isotropic Elasticity

Young’s modulus [GPa] 310 30 210

Poisson’s ratio [–] 0.3 0.2 0.3

Isotropic plastic hardening

H-M-H

Yield stress [MPa] 230 450 – 500 550

Plastic strain [–] 0.00 0.25 – 0.00 0.25

Isotropic plastic hardening

Drucker-Prager

Angle of friction φ [◦] – 65 –

Flow stress ratio K [–] – 0.8 –

Dilation angle ψ [◦] – 45 –

Strain rate dependence

Power Law

M [1/s] 40 10 40

n [–] 5.0 3.5 5.0

Ductile damage

Fracture strain [–] 10
−1

10
−2

10
−2

10
−3

10
−1

10
−2

Stress triaxiality [–] 0.0 0.0 0.0 0.0 0.0 0.0

Strain rate [1/s] 10
−4

10
4

10
−4

10
4

10
−4

10
4

Damage evolution

linear, displacement-type

Displacement at failure [m] 0.01 0.001 0.01

main load is defined as an Incident Wave using CONWEP tool. This step was
conducted repeatedly, importing as Predefined Field results from static step.
Parameters that were variable were the charge distance to the column and charge
mass given in TNT equivalent, in order to find the minimum value of TNT
needed to cause column failure.
For the dynamic step the explicit central-difference time integration rule is

used. The main advantage over the implicit integration is the fact, that there
is no need for finding a solution for a set of simultaneous equations, hence it
requires no iterations and no tangent stiffness matrix. The basic principle of ex-
plicit method is calculating displacement, velocity and acceleration of the next
increment directly, basing on previous increment data. This results in relatively
inexpensive computation of each increment. Such procedure is efficient for short-
time events. In this investigation the period tested was 50 ms. However there ex-
ists one important drawback. The method is conditionally stable, which means,
that the time increment has to be small enough to ensure convergence of the
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solution. An approximation to the stability limit is often written as the smallest
transit time of a dilatational wave across any of the elements in the mesh:

(7.1) ∆t ≈
Lmin

cd
,

where Lmin is the smallest element dimension in the mesh and cd is the dilata-
tional wave speed. This condition is often referred to as Courant-Friedrichs-Lewy
(CFL) condition [4], which describes the necessary condition for convergence
while solving certain partial differential equations numerically by the method of
finite differences, which are commonly used in explicit algorithms.

8. Results

8.1. Member failure criteria

Aim of the analyzes is to find TNT equivalent minimum value, for a particu-
lar designed column, which causes its failure. However, the term failure may be
interpreted in different ways. Therefore, it needs to be established, what is the
failure criterion. A few options are available: first is visual inspection of the dam-
age and take an arbitrary call, whether the column is considered destroyed or
not. Second approach is observation of energy existing in the column or control
column head displacement. Hence, the following criteria are available:

• strain energy,
• internal energy,
• kinetic energy,
• damage dissipation energy,
• equivalent plastic strain,
• displacement of selected column points,
• visual inspection.
Analyzes showed, that the best parameters for describing member failure

are column head vertical displacement, kinetic energy and damage dissipation
energy. Damaged column is still subjected to gravity and the structure dead
load. This causes further increase of displacements and velocity, which is directly
connected with kinetic energy. For a member that endured the blast event, one
can observe stabilization of the displacements on certain level. Moreover, the
kinetic energy decreases leading to the conclusion, that the member tends to
go back to its primary configuration. Analyzing the damage dissipation energy,
it can be estimated, what amount of the total energy caused material fracture
eliminating the most exhausted FEM elements.
Figures 7 and 8 below show comparison of undamaged and destroyed columns.

Energy and displacement plots show clearly the characteristics mentioned above.
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View of the steel section has been removed from these figures to visualize the
state of the concrete core, in which damage is much more greater and occurs
faster than in structural steel.

8.2. Reference column: results

The column designed as described before in chapter 6 was subjected to mul-
tiple analyzes with the TNT charge at three different distances: 0.5 m, 1.0 m
and 2.0 m from the external surface of the column. The CONWEP model was
set with properties modeling a surface blast, where the influence of blast wave
reflection and self-amplification is taken into account. The charge was modeled
at the level of 0.5 m above the column base, which is assumed to be the floor
level in a building. Conducted analyzes present the least TNT mass of what
would lead the member to failure according to criteria established before. Re-
sults printed in Table 3 show, that increasing the distance of charge placement,
reduces immensely the destructive effects of blast event. The scaled distance
parameter as per (1) proves, that the overpressure peak value of blast wave
decreases as the wave travels, even though the influence of the medium flow is
neglected in the analysis.

Table 3. Analysis results for the reference column.

Distance Charge mass Scaled distance Z
[m] [kg] [m/kg(1/3)]

0.5 27 0.1667

1.0 110 0.2087

1.5 227 0.2459

2.0 330 0.2894

The failure mechanism of investigated member presents interesting struc-
ture response. The most sharp and expressive effect is totally damaged slice of
concrete core of approximately 15–20 cm width. This means, that for these par-
ticular concrete finite elements the excessive tensile stress was reached. After the
local damage initiation, further strain increase leads to the damage evolution.
Eventually, ultimate strain limit is reached, at which full material damage oc-
curs. In that case the element is excluded from the analyzes, as it can no longer
sustain or transfer any stresses. On the other hand, the external steel section,
basing on visual inspection only, seems to be in good condition. Checking the
equivalent plastic strain one can notice, that few elements have exceeded the
value of 5%. This means, that probably the structural steel might serve still as
a part of the building structure.
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The explanation to such member behavior lies in the event nature. Abrupt
overpressure peak applied to the external member surface induces sophisticated
type of load. The pressure wave travels through the structure causing locally high
internal stress of both signs in very short time. Moreover, the phenomenon of
internal reflection appears on the connection between steel section and concrete
core. Since the concrete core is of approximately seven times lower stiffness, the
blast wave is reflected inwards repeatedly. Hence the concrete core having its
tensile strength ten times lower than compressive strength yields first due to
brittle fracture.

8.3. Strengthening solutions

The main aim of this work is to find solutions, how to increase the safety of
the column during an explosion. Below are proposed a few options of improving
composite column section strength in terms of resistance to blast load.
One of the ideas is to design the column assuming less usage ratio of load

bearing capacity. It is based on the assumption, that stronger section in terms of
static load resistance will be also more resistant to explosions. The static design
was conducted again as described in Sec. 6 with the same input data, but with
the usage parameter decreased by 30%. Table 4 presents output results for static

Table 4. Strengthened sections dimensions.
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Case
d t n φ δ fy fctk
[mm] [mm] [–] [mm] [–] [MPa] [MPa]

Reference column 406.4 8.0 12 16 0.4835 235 3.0

60% load capacity used 508.0 6.0 8 25 0.3541 235 3.0

30% load capacity used 610.0 8.8 8 30 0.4030 235 3.0

Double pipe thickness 16 mm 406.4 16.0 12 16 0.6067 235 3.0

Higher steel class S355 406.4 8.0 12 16 0.5532 355 3.0

Higher concrete class C40/50 406.4 8.0 12 16 0.3579 235 4.6

Increase of reinforcement 406.4 8.0 12 25 0.4277 235 3.0
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design with the load bearing capacity usage of 90%, 60%, 30% respectively and
the further proposals described below.
Next proposals are based on improving particular elements of the section.

First, very simple concept of thickening the steel section maintaining its design
diameter. The thickness of 16 mm is twice as big as the original value. This solu-
tion might be easily implemented in practice as it involves only choosing thicker
profile. Second, taking into the design higher steel grade – from S235 to S355
– results in increasing the steel yield stress limit by 50%. Next, increasing the
concrete class from C20/25 to C40/C50 in general doubles its most important
properties such as compressive and tensile strength. Also increase by 17% of the
previous value in concrete stiffness modulus is observed. The solution is easy to
implement, as it is not associated with any changes of dimensions of the member.
The last but not least proposal is increasing of the longitudinal reinforcement.
Conversion from 12ø16 to 12ø25 gives the effect of doubling the reinforcement
ratio in this particular design. It is assumed that stronger reinforcement can
overtake more destructive tensile stresses from the concrete core.
Results of analyzes performed on improved models are summarized in com-

parison with the reference column. Table 5 presents the increase in minimum
charge mass value causing failure referring to the results from Table 4.

Table 5. Results summary.

Increase of minimum charge mass

causing column failure

Distance between column surface 0.5 m 1.0 m 2.0 m
Average

and charge position
∆TNT

[–] [–] [–] [–]

Reference column 1.0000 1.0000 1.0000 1.0000

60% load capacity used 1.0000 0.9818 0.9091 0.9636

30% load capacity used 1.3333 1.4182 1.3333 1.3616

Double pipe thickness 16 mm 1.3333 1.5455 1.3152 1.3980

Higher steel class S355 1.0741 1.1091 1.1515 1.1116

Higher concrete class C40/50 1.0370 1.1273 1.1455 1.1033

Increase of reinforcement to 12ø25 1.1111 1.2727 1.1515 1.1785

The case of 60% load bearing capacity usage shows effect totally opposite to
the desired result. Instead of growth, a decrease in minimum damaging charge
mass is observed. The new section turns out to be more vulnerable than the
reference one in terms of blast resistance. This proves the fact, that resistance
to static loads is not directly related to dynamic load resistance. Although the
section is thicker by 25%, the steel pipe thickness is smaller than in previous
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Fig. 9. Breakdown of blast resistance increase for different strengthening solutions.

configuration by 2 mm. This might be explanation for poorer performance dur-
ing blast event. Steel can endure more severe dynamic actions due to its ductile
properties. On the other hand, concrete is a brittle material. Therefore, intro-
ducing more concrete to the section does not improve blast resistance. Designing
a case with 30% load capacity usage introduces significant increase in explosion
resistance, however member dimensions grow severely, what causes too big ex-
penses for the structure. Moreover, such big column diameter enlarge interferes
with architectural concept of a building, which can disqualify the solution as
well.
After doubling the steel profile thickness nearly 40% in average of blast re-

sistance increase is a promising result, therefore this solution may be seriously
taken into account in practice. The only drawback is twice as big the structural
steel mass and hence, the cost of member production grows significantly. The
case of introducing higher steel grade brings results, which are not very satis-
factory, as 11.16% in average is not very significant growth. The section with
higher concrete class, is not very advantageous for the member in terms of blast
resistance. This proves again, that concrete is the weakest component of the
member. Introducing double reinforcement ratio replacing the 12ø16 with 12ø25
returned results showing that this concept is justified to be used in practice.
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It was expected, that strength results would occur proportional to the value
of the distance of the charge ignition. Instead, the relative increases expressed
in % in Table 4 indicate lack of such relation. However, Table 3 presents linear
relation between the Scaled distance Z parameter for each case. This leads to
the conclusion, that the Z value enables comparing blast effects more objectively
than simple minimum charge mass value or simple relative increases expressed
in percentages.
Furthermore, the value of minimum charge mass causing the member failure

is not a sufficient parameter for comparing different members due to economical
reasons. For example, the case of design with 30% load capacity used signifi-
cantly enlarges mass of the member and such drawback needs to be properly
accounted for. The idea is to merge the advantage of higher blast resistance and
the disadvantage of higher concrete or steel mass (8.3, 8.3) into one coefficient
defined herein as the blast strengthen efficiency parameter given in equation
below:

η =
∆TNT

∆E
,(8.1)

∆E =
P (i)

P ref
,(8.2)

P (i) = M (i)
s P (i)

u,s + V (i)
c P (i)

u,c +M (i)
r P (i)

u,r,(8.3)

where ∆TNT is the relative charge mass increase and ∆E is the column material
price increase comparing to the reference member price. It is calculated using
average unit prices in Poland of steel, concrete and reinforcement P (i)

u,s, P
(i)
u,c, P

(i)
u,r

from the fourth quarter of 2012, gathered in pricing books the “Sekocenbud”
series.
The strengthening efficiency factor η values reveal the correlation between in-

creasing member blast resistance and the drawbacks of increasing its dimensions.
Higher material costs of improved members present the impact of the economi-
cal circumstances on the investigated problem. Nevertheless, due to variability
of prices caused by criteria such as location, transportation, etc., it has been
simplified to the shape in Eq. (8.1).
Table 6 shows clearly the drawbacks of enlarging the column in the concept

of higher static load capacity. The case of 30% member returned the second high-
est resistance increase of 36.16%. However, the steel and concrete usage would
consume the benefits of implementing this solution, which makes it inefficient.
On the other hand, the case of higher steel class seems to be the most reasonable
solution, though as it has been mentioned before, exact material prices may vary
according to specific location etc.
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Table 6. Strengthening efficiency factor for proposed members.

Estimated
column
price

Relative
price
increase

Charge
mass
increase

Strengthening
efficiency
factorCase

P ∆E ∆TNT η
[EUR] [–] [–] [–]

Reference column 466.01 1.0000 1.0000 1.0000

60% load capacity 567.62 1.2180 0.9636 0.7911

30% load capacity 899.24 1.9296 1.3616 0.7056

Double pipe thickness 728.27 1.5628 1.3980 0.8946

Higher steel class 477.48 1.0246 1.1116 1.0849

Higher concrete class 490.73 1.0530 1.1033 1.0477

Increase of reinforcement 667.48 1.4323 1.1785 0.8228

9. Conclusions

Although military facilities, skyscrapers, nuclear power plants and dams are
designed to resist explosive loads, the majority of public buildings is vulnerable
to terrorist attacks, least because of lack of estimation of explosion situation
effects. Even a small amount of charge placed in critical point can cause very
serious damage. There exists a need to provide solutions how to protect struc-
tures against blasts, both, newly designed objects, as well as improve the safety
of already existing ones.
The column failure mechanism occurs to be fairly complex. It is not pos-

sible to choose one criterion to determine whether the member is considered
destroyed or not. It is a combination of different energy types in the material,
its velocity, displacement and expected equilibrium state. Especially in the case
of composite columns there exists the threat of underestimating the damage.
Even though steel section may look stable, the concrete core may be subjected
to large fracture.
Among the proposed strengthening solutions the concepts of increasing static

load capacity turned out to be unsuccessful. Economical drawbacks of these
changes consume the benefits in blast resistance. Analyzes lead to the conclusion,
that the most promising ideas are connected with improving the steel section
performance, both increasing its thickness and the limit yield stress gave good
results.
As a final remark it may be noted, that more attention to explosion load has

to be brought during the design procedure of buildings. Design codes used in
Europe mention about taking into consideration possible explosions during load
collecting and instructs to treat it as an accidental situation. However, it does
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not provide the user with any guidance how to estimate and model the effects
of a blast event. This raises the need to address this deficiency.
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