ENGINEERING TRANSACTIONS • Engng. Trans. • 63, 3, 329–339, 2015
Polish Academy of Sciences • Institute of Fundamental Technological Research (IPPT PAN)
National Engineering School of Metz (ENIM) • Poznan University of Technology

Analysis of Non-stationary Heat Transfer in a Hollow
Cylinder with Functionally Graded Material Properties
Performed by Different Research Methods
Martyna RABENDA
Lodz University of Technology
Department of Structural Mechanics
Al. Politechniki 6, 90-924 Łódź, Poland
e-mail: martyna.rabenda@gmail.com
A unidirectional non-stationary heat conduction in two-phase hollow cylinder is considered. The conductor is made of two-phase composites and has a smooth gradation of eﬀective
properties in the radial direction. Thus, we deal with a special case of functionally graded
materials, FGM [1, 3, 4, 11, 12]. The mathematical model of the conductor is based on a tolerance averaging approach (TAA) [12]. Comparison of the results of tolerance model published
in the article [7] with ﬁnite element method (FEM) calculated by Autodesk Simulation Multiphysics program is shown. The eﬀect of geometry and material properties of conductor on the
temperature ﬁeld as well as diﬀerent boundary conditions is examined.
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1. Introduction
The analysis of heat conduction in a hollow cylinder with functionally graded
material properties is a very important problem taking into account the possibility of its use in a wide range of industries starting from civil engineering and
ﬁnishing on heat shields, that are used in the aviation and aerospace industry.
The analysis mentioned above has been researched in many diﬀerent ways so
far. An analytical approach is presented in papers [1, 7, 13]. The numerical approach can be divided into meshfree methods [9] and mesh methods [2, 3]. The
innovative approach of this paper is the comparison between analytical analysis made by tolerance averaging technique published in work [7] and numerical
analysis in which ﬁnite element method was used.
The main aim of this paper is an analysis of the inﬂuence of geometry and
material properties of a conductor and initial-boundary conditions on the temperature ﬁeld for non-stationary heat transfer. The thermal stress behaviour of
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functionally graded hollow circular cylinders is shown in paper [6], where there
are given results for a homogenous cylinder. The composite conductor that is
under consideration has a deterministic microstructure and is λ-periodic along
its angular axis and has smooth and slow gradation of eﬀective properties in the
radial direction (Fig. 1). Accordingly, we cope with a special case of functionally
graded materials, (FGM) [1, 3, 4, 10, 11].
a)

b)

Fig. 1. Structure of two-phase functionally graded composites on a) micro- and b) macro-scale.

The heat conduction phenomenon is described by well known Fourier equation:
(1.1)

cΘ̇ − ∇(K · ∇Θ) = Qv ,

where K – heat conduction tensor, c – speciﬁc heat and Qv – internal heat
sources. The selection of diﬀerent materials gives diﬀerent values of speciﬁc heat
and heat conduction. The coeﬃcients can have radically diﬀerent values, for instance the material that represents insulating functions as polystyrene performs
W
J
, k = 0.045 m·K
while the material that is typical conductor perc = 1460 kg·K
W
J
forms c = 440 kg·K , k = 58 m·K . The temperature ﬁeld Θ(ϕ, ρ, t) depends on the
geometry of the composite and on the time where ρ(R0 , Rk ) and t ≥ 0 [s]. The
above-mentioned equation, which contains highly oscillating and discontinuous
coeﬃcients caused by micro-heterogeneous composite structure, is of little use
to solve engineering problems. Hence, there is a need to create mathematical
models described by averaged equations which contain continuous and smooth
coeﬃcients. In this paper certain averaged heat transfer equations obtained in
the article [7] are analysied by tolerance averaging technique.
In this paper heat transfer is analysed through an analytical method described in the article [7] and numerical method calculated by Autodesk Simulation Multiphysics program [14]. A similar comparison is presented in paper [2],
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where the ﬁnite element in conjunction with ﬁnite diﬀerence method is shown
for heat conduction problems in non-homogeneous materials.
2. Calculation method
2.1. Tolerance averaging method
For the tolerance averaging method, let us build macroscopic models of heat
transfer in micro-heterogeneous environment. These models are described by
partial diﬀerential equations for averaged temperature and ordinary diﬀerential
equations that contains the time derivative of some additional unknown called
thermal internal variables. Those unknowns describe a disturbance of temperature caused by micro-heterogeneous structure of composite. Thereby, in average
models the boundary conditions can be deﬁned only for the average temperature
ﬁeld.
In the paper [7] the model presented in Fig. 1 is considered. Orthogonal
curvilinear coordinate system O in the physical space Ω is established. Where
λ = 2π/N diameter of the unit cell, N – number of cells in considered composite,
g – ﬁbers width which is constant along radial axis. Let us deﬁne volume fractions
of homogeneous layers: v ′ (ρ) = δ(ρ)/λ and v ′′ (ρ) = g/λρ. The distribution of
heterogeneity is denoted as dimensionless function.

Fig. 2. Deterministic microstructure of composite.

The fundamental assumption of averaging tolerance technique is the temperature ﬁeld decomposition
(2.1)

Θ(ϕ, ρ, t) = θ(ϕ, ρ, t) + h(ϕ, ρ) · ψ(ϕ, ρ, t),

where ϕ ∈ [0, 2π), ρ ∈ [R0 , Rk ] and t ≥ 0 [s]. Equation (2.1) shows temperature
ﬁeld as the sum of averaged temperature and an oscillating part caused by microheterogeneous structure of composite. The functions θ and ψ are unknown while
h function is given a priori. It is assumed that average temperature function θ
and oscillation amplitude of the temperature ψ are slowly varying function, i.e.
θ(·, ρ, t), ψ(·, ρ, t) ∈ SVd1 (Ω, ∆), whereas h function caused by discontinuity of
the coeﬃcients in (1.1) is provided by ‘saw-type’ locally periodic function, i.e.,
h ∈ HOd1 (Ω, ∆) which would be called the ﬂuctuation shape function (Fig. 3).
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Fig. 3. Fluctuation shape function.

The averaging procedure of Eq. (1.1) is based on tolerance averaging technique which foundations and examples of applications can be found in papers
[5, 7–9].
2.2. Numerical method
To compare the results obtained by tolerance averaging method [7] Autodesk
Simulation Multiphysics program [14] is used. The program contains modules
needed for i.a. thermal calculations and calculations of ﬂuid and solid mechanics.
Furthermore, this allows us to make analysis of the ﬂow, heat transfer, analysis
of steady and transition state, and analysis of transfer with heat exchange. In
the present paper the problem of planar non-stationary heat transfer is a hollow
cylinder. The analysis is limited to polarsymmetric issues. The boundary conditions are established as for constant or periodic function of heat ﬂux density and
temperature for any time t, and initial temperature distribution in the conductor in the time t = 0. The program mentioned above does the calculations by
ﬁnite element method. The assumed mesh of considered model varies depending
on examined cases from 25×10 to 12×10 elements for every part of the matrix
and rib.
3. Numerical examples
3.1. Assumptions
The main aim of this paper is to compare the results from the analysis made
by tolerance averaging method and numerical method of the model showed in
Fig. 1. Here, two cases are considered, each of which has diﬀerent geometric parameters as presented in Table 2. In both cases transient heat transfer dependent
on the time t is considered.
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The Eq. (3.1) describes thermal conductivity tensor of anisotropic material
(3.1)

K=k




1 b
,
b a

√
where a ∈ (0, 1], b ∈ [0, a). For numerical calculations there is assumed a = 1
and b = 0. Material properties are described in Table 1.
Table 1. Material properties.
Type of the material

Conductivity
 W 
k m·K

Phase No. 1 (matrix – steel)

58

Phase No. 2 (ribs – polystyrene)

0.045

Massdensity

kg
ρ m
3

Speciﬁc
heat
h
i
J
c kg·K

7800

440

10

1460

There are presented adopted geometric parameters in Table 2.
Table 2. Geometric parameters for considered cases.
A type
of the analysis Case

Inner radius
R0 [m]

External radius
Rk [m]

Width
of the ribs
g [m]
0.5 λR0

The number
of the cells
N [–]
60
100
60

Case I

1

3

Case II.I

5

6

Case II.II

10

11

π
R0
g

Case A,B

1

3

0.5 λR0

200

In the comparative analysis of tolerance and FEM model (case No. I, II) it
is assumed:
– initial condition:
(3.2)

θ(ρ, 0) = ψ(ρ, 0) = 0 [◦ C],

– boundary condition for every t ≥ 0 [s]:
(3.3)

θ(R0 , t) = 100 [◦ C],
θ(Rk , t) = ψ(R0 , t) = ψ(Rk , t) = 0 [◦ C].

Additionally, there is analysed heat transfer of following initial-boundary conditions for FEM model (case No. A, B):
– initial condition as in (3.2),
– boundary condition for every t ≥ 0 [s]:
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THE CASE NO. A

(3.4)

θ(R0 , t) = 100 [◦ C]

for

θ(R0 , t) = 0 [◦ C]

for

θ(Rk , t) = 0 [◦ C].
THE CASE NO. B

(3.5)

θ(R0 , t) = 100 [◦ C]

for

θ(R0 , t) = 0 [◦ C]

for

θ(Rk , t) = 100 [◦ C].

h π
ϕ ∈ 0,
,
2

hπ
, 2π ,
ϕ∈
2
h π
,
ϕ ∈ 0,
2
hπ

ϕ∈
, 2π ,
2

3.2. The comparative analysis
3.2.1. The case No. I. The results respectively for analytical and numerical methods for averaged temperature (Fig. 4) and for oscillation amplitude
(Fig. 5) according to the radial coordinate of hollow cylinder are presented below. It is assumed that the initial and boundary conditions are compatible with
the Eqs. (3.2), (3.3). In the Autodesk Simulation Multiphysics program, the
adopted mesh contains 25×10 to 12×10 elements for every part of matrix and
rib.

Fig. 4. The results of analytical and numerical method – Case No. I
after t = 1 [h]. A diagram of averaged temperature.
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Fig. 5. The results of numerical method – Case No. I after t = 1 [h].
A diagram of oscillation amplitude.

3.2.2. The case No. II. Figure 6 shows in which way averaged temperature
for non-stationary state approaches to averaged temperature for stationary state
for calculations made by tolerance averaging method and by numerical analysis
It is assumed that the mesh consists of 12×10 elements for every part of matrix
and rib.

Fig. 6. Results of analytical and numerical method – Case No. II.
The averaged temperature.
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It is presented below how oscillation temperature approaches to obtain steady
state in the case of diﬀerent geometrical parameters of the composite.

Fig. 7. Results of numerical method – Case No. II. The oscillation
amplitude.

For calculations for all the above showed ﬁgures, initial-boundary conditions
form the Eqs. (3.2), (3.3) are adopted.
3.3. Numerical analysis
3.3.1. The case No. A. Figure 8 presents heat transfer after time t = 4 [h] in
the case of initial-boundary conditions stated in Eqs. (3.2), (3.4). The assumed

Fig. 8. The results of numerical method –
a case No. A after t = 4 [h].
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mesh is made of 25×10 elements for every part of matrix and rib. Geometrical
and physical parameters are adopted as in the Table 1 and Table 2.
3.3.2. The case No. B. Figure 9 describes heat transfer after time t = 1 [h]
in the case of initial-boundary conditions stated in Eqs. (3.2), (3.5). Mesh of
ﬁnite elements and geometrical and physical parameters are assumed as above.

Fig. 9. The results of numerical method –
a case No. B after t = 1 [h].

4. Summary
This paper consists of an analysis of non-stationary heat conduction in twophase hollow cylinder. Concerning all of the experiments presented above there
has been reached following conclusions:
• In the cases No. I, II it was carried out the comparative analysis of the
unidirectional heat transfer.
– the results, for the averaged temperature, obtained from analytical
and numerical method (Figs. 4–6) present a similar character and
comparable values,
– a negligible diﬀerence can be the result of the density of the assumed
mesh,
– the denser mesh assumed more detail in the results,
– an analogous character of the graphs is also obtained in the case of
oscillation amplitude (Figs. 4, 5) but this time the values diﬀer more
signiﬁcantly from each other,
– in both methods the maximum values of the oscillation temperature
are next to the boundary of the conductor. This phenomenon indi-
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cates the presence of a boundary eﬀect. The boundary conditions
are determined only for the averaged temperature and as an eﬀect
of micro-heterogeneous structure of the conductor on the ribs and
matrix the rapid variation occurs, which is seen as the occurrence of
the maximum of oscillation amplitude of the temperature,
– the averaged equations of the heat conduction of the tolerance model
for conductor with functionally graded material properties contain
continuous and smooth coeﬃcients. Hence, they can be solved easily
by numerical methods due to their slowly varying coeﬃcients.
• In the cases no. A, B the problem of planar heat transfer was solved using
ﬁnite elements method (Figs. 8 and 9). Unfortunately, this requires a lot
of work regarding the creation of the mesh, separately for every rib and
every part of matrix. This additional eﬀort is not needed in the case of use
of tolerance averaging methods.
Further investigation is planned, in which diﬀerent kinds of mesh elements
will be proposed simultaneously with a denser mesh. Furthermore, various boundary conditions will be introduced to research whether in the other cases the
results would be as corresponding to each other as here.
Acknowledgment
Paper presented at the 1st National Student’s Conference BUDMIKA 2014,
Poznan, April 23–25, 2014.
References
1. Aboudi J., Pindera M.J., Arnold S.M., Higher-order theory for functionally graded
materials, Composites: Part B, 30, 777–832, 1999.
2. Bao-Lin W., Yiu-Wing M., Transient one-dimensional heat conduction problems solved
by ﬁnite element, International Journal of Mechanical Sciences, 47, 303–317, 2005.
3. Biaosong Ch., Liyong T., Sensitivity analysis of heat conduction for functionally graded
materials, Materials and Design, 25, 663–672, 2004.
4. Hosseini S.M., Akhlaghi M., Shakeri M., Heat conduction and heat wave propagation
in functionally graded thick hollow cylinder base on coupled thermoelasticity without energy
dissipation, Heat Mass Transfer, 44, 1477–1484, 2008.
5. Jędrysiak J., Radzikowska A., Tolerance averaging of heat conduction in transversally
graded laminates, Meccanica, 47, 95–107, 2012.
6. Liew K.M., Kitipornchai S., Zhang X.Z., Lim C.W., Analysis of the thermal stress
behaviour of functionally graded hollow circular cylinders, International Journal of Solids
and Structures, 40, 2355–2380, 2003.

ANALYSIS OF NON-STATIONARY HEAT TRANSFER. . .

339

7. Ostrowski P., Michalak B., Non-stationary heat transfer in a hollow cylinder with
functionally graded material properties, Journal of Theoretical and Applied Mechanics,
49, 2, 385–397, 2011.
8. Rychlewska J., Woźniak Cz., Woźniak M., Modelling of functionally graded laminates
revisited, Electronic Journal of Polish Agricultural Universities, Civil Engineering, 9, 2,
2006.
9. Sladek J., Sladek V., Zhang Ch., Transient heat conduction analysis in functionally
graded materials by the meshless local boundary integral equation method, Computational
Material Science, 28, 494–504, 2003.
10. Szlachetka O., Wągrowska M., Woźniak Cz., A two-step asymptotic modelling of
the heat conduction in a functionally graded stratiﬁed layer, Acta Scientiarum Polonorum,
Seria Architectura, 11, 2, 2012.
11. Woźniak Cz., Michalak B., Jędrasiak J. [Ed.], Thermomechanics of microheterogeneous solids and structures. Tolerance averaging approach, Wyd. Pol. Łódzkiej,
Łódź, 2008.
12. Woźniak Cz., Wierzbicki E., Averaging techniques in thermomechanics of composite
solids. Tolerance averaging versus homogenization, Wyd. Pol. Częst., Częstochowa, 2000.
13. Ootao Y., Tanigawa Y., Transient Thermoelastic Analysis for a Functionally Graded
Hollow Cylinder, Journal of Thermal Stresses, 29, 11, 1031–1046, 2006.
14. Autodesk Simulation Multiphysics 2012 tutorial, http://www.ascented.com/coursewaresolutions/autodesk/courseware/Simulation/2012/Autodesk-Simulation-Multiphysics2012/Sample-Chapter/Download/Simulation Multiphysics 2012 EVAL.aspx

Received July 19, 2014; revised version February 20, 2015.

