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FREE VIBRATION OF THE SYSTEM OF TWO STRINGS COUPLED
BY A VISCOELASTIC INTERLAYER

K. CABANSKA-PLACZKIEWICZ (BYDGOSZCZ)

This paper introduces an analytical method of solving the free vibration problem for a
continuous system of two strings coupled by a viscoelastic interlayer. The phenomenon of free
vibration has been described using a homogenous system of conjugate partial differential equa-
tions. After separation of variables in the system of differential equations, the boundary problem
has been solved and two complex sequences have been obtained: the sequence of frequency, and
the sequence of modes of free vibration. Then, the property of orthogonality of complex modes
of free vibration has been demonstrated. Based on complex eigenfunctions, the polyharmonic
free vibration has been expanded into the complex Fourier series, coefficients of which have
been determined for arbitrarily assumed initial conditions.

1. INTRODUCTION

String systems coupled together by viscoelastic constraints play an important
role in various engineering and building structures. Such structures are used in
railway and tram tractions with live load {12, 13]. They can also be found in
some ski lifts and cable car systems. Strings can work together with beams,
slabs and membranes in various structures. A light roof structure of a sport
arena is an example of mating of strings and membranes. Vibration analysis of
complex structural systems with vibration damping poses a difficult problem. In
the above complex cases, especially where viscosity and discrete elements occur,
it is recommended that the method of solving the dynamic problem of a system
in the domain of a real variable complex function is adopted (6, 14]. For the first
time the property of orthogonality of free vibration complex modes for discrete
systems with damping has been demonstrated in paper (6], and for discrete -
continuous systems with damping - in paper [14]. Using a complex function,
a description of free vibration of a beam supported on viscoelastic, continuous
Winkler foundation (8] has been developed in papers [1, 2], and [3]. In paper
(9], the problem of complex continuous system dynamics has been solved using
the classical method [10] with the complete theory of non-damped vibration.
In paper (1], the uniform method of solving a vibration problem for two beams
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with a viscoelastic interlayer, with manifold and boundary conditions different
for both beams, has been developed.

The purpose of this paper is to conduct a mathematical analysis of a solution
of the free vibration problem for continuous one- and two-dimensional structural
systems with damping, with manifold boundary conditions and different initial
conditions, in a set of complex functions. The mathematical analysis presented
in the paper has been developed for a system of two strings with a viscoelastic
interlayer. The analysis has then been verified.

2. FORMULATION OF THE PROBLEM

The physical model of the structural system consists of two homogenous, par-
allel strings of equal length, coupled together by a viscoelastic interlayer (Fig. 1).
It has been assumed that strings are made of viscoelastic material, and their
equation of state is assumed in accordance with the Voigt-Kelvin model [7, 11].
However, the viscoelastic interlayer possesses the characteristics of a homoge-
nous, continuous, one-directional Winkler foundation, and is described by the
Voigt-Kelvin model [5, 7, 11]. The mathematical model constitutes a system of
the following conjugate partial differential equations, describing small transverse
vibration of the physical model system:
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FiG. 1. Dynamical model of the system of two viscoelastic strings coupled by a viscoelastic
interlayer.
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where: wy = wi(z,t), wy = wa(z,t) — deflection of strings I and II, S1, Sz —
tensile force of strings I and II, uy, po — mass of strings I and II per unit of
length, ¢;, ¢o - relative coefficient of viscosity in strings I and II, ¢ — coefficient
of viscosity of the interlayer, k — coefficient of elasticity of the interlayer, [ -
length of strings I and II.

3. SOLUTION OF THE BOUNDARY VALUE PROBLEM

Substituting for w; and we [6, 7, 14, 3] in the system of differential equa-
tions (2.1):

(3.1) wy = Wi (z) exp(ivt), wy = Wa(z) exp(ivt),

the homogenous system of conjugate ordinary differential equations describing
the complex modes of vibration of the strings is obtained:

d*w.

d:n21 + [S1(1+ iclv)]"l [(ulvz —k— )Wy + (k+ ’iCI/)Wz] =0,
(3.2)

d2

d;‘n}? +[S2(1 + Z’02’/)]_1 [(le/z —k—icv)Wo + (K + icy)Wl] =0,

where: Wi(z), Wa(z) - the complex mode of vibration of strings I and II, v -
the complex frequency of vibration of the strings, ¢ — time.

Searching for a particular solution of the system of differential equations (3.2)
in the form of [4]:

(33) W1 = Aem:’ W2 = Be""”,
the homogenous system of linear algebraical equations is obtained:

A [51(1 +icw)r? + v =k — icu] + Bk +icv] = 0,
(3.4)
Alk+icv|+ B [52(1 + teou)r? 4 pav? — k — icu] = 0.

Expanding the determinant of the characteristic matrix of the system of equa-
tions (3.4) and equating it to zero, the characteristic equation in the form of the
following biquadratic algebraical equation is obtained:

(35) o+ [(mr? -k —ia)(Si +iew)
+ (par? — k —icv)(S2(1 + iczu))—l] r?

+ V2 [/J,lp,zl/Z - (,U/l + ,Uzg)(k + iCV)] [5152(1 + iclu)(l + iCzV)]—l =0,
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with the following roots:
(3.6) T = £id,, j=1,23,4, v=12,
where

(B7) Ao =1/05{[(u? — k —icv)(Si(1 + icy))~L
+ (u2v? — k —icv)(S2(1 +icov)) -1 £ \/Z},

(38) A= [(mv? ~k—ic)(Si(l +icw)) "

2
- ('u,21/2 —k —icv)(Sa(1 + 'L'Czl/))-l]
+ 4[k‘ + iCV]2 [5152(1 +iav)(l+ iCZV)]_l >0

is a discriminant of the biquadratic equation (3.5).
After applying the Euler formulas, the solution of the system of differential
equations (3.2) consists of the fundamental system of solutions:

2
Wi(z) = Z A} sin A,z + AL cos Ay,

(3.9) .

Wsy(z) = Z By, sin A,z + B.* cos A\, z,
v=l
where: A7, Ay*, B}, By* — are constants.
In agreement with (3.4), there exist the following relations between constants
of (3.9)

_B; _ B
(310) a’U - A:‘} - A;* ’
where:
(3.11) . = S1(1 + i1 ) A2 — pv? + k +idcv
. v =

k+icv

_ k+icv

T Sy(14icor)A — par? + ki
After incorporating (3.10) in (3.9), the general solution of the system of differ-
ential equations (3.2) takes the following form:

2
Wi(z) = Z Ay sin A,z + ALY cos Az,

(3.12) “;l
Wa(z) = Z ay(Ay sin A\yz + A}* cos Ay z).

v=1
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In order to solve the boundary-value problem, the following boundary condi-
tions are applied:

Wi(l)
Wa(l)

(3.13) MO =0,
= 0,

0,
W, (0) 0

Substituting (3.12) in (3.13), the homogenous system of linear algebraical equa-
tions is obtained, which in the matrix notation has the following form:

(3.14) YX =0,

where X = [A}], A}*, A3, A3*]T is a vector of unknowns of the system of equations
and

(3.15) Y = [yixj]

4x4

is the characteristic matrix of the system of equations (3.14) which is presented
in Table 1.

Table 1. Matrix of coefficients Y;y;.

1. 2. 3. 4.
i
1. 0 0 1 1
2. 0 0 1 1
3. sin A1l sin Aql cos A\l cos Aql
4. a) sin A\;l a2 sin Azl a cos A1l az cos Azl

The condition for solving the system of equations (3.14) is vanishing of the

characteristic determinant, i.e.
(3.16) detY =0.

The identity A3 = A3* obtained from the first two equations of the system (3.14)
leads to the reduction of the characteristic equations (3.16) to the following form:

sin A1l sin Asl
(3.17) . . =0,
a;sin \il  agsin sl
where
(3.18) AL = a1 +if, A2 = ag +if

in the general case are complex numbers.
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Expanding the determinant (3.17), the following equation is obtained:
(3.19) [sin(oq + i61)!sin(ag + iB2)l] = 0,

which has the following roots:

ST

(320) aln:a2n=an=T, ,Bln:,BZn:ﬂn=0, S=1,2,3,‘..
where
(321) n=2s— 671,(23—1)7

and 6, (25_1) is the Kronecker number.
Substituting (3.20) in (3.18), the following identity is obtained:

(3.22) AMn = don = An = 0p = ST”

Substituting for r = i\, in the equation (3.5) and carrying out all the transfor-
mations, the following equation of frequency is obtained:

(3.23) v — [(51 (L+iciv) A2 +k+icv)uTt + (So(1+icov) N2 +k +icu),u2‘1] V2
+ A2 [5152(1 +iciv)(1 + icow) A2
+ (k + tev)(S1(1 + icv) + S2(1 + iczv))] (pip2) =0,
from which a sequence of complex natural frequencies is determined
(3.24) Up = ifp £ Wy .

Substituting equation (3.24) in equation (3.11), the following formulas for coef-
ficients of amplitudes are obtained:

Si(1 +icivn) A2 — v + k +icvy

(325)  an= k + icvy

_ k+icvy,
- So(1+ iCZI/n))\% — ;Lzl/,zl +k+icy,

Incorporating the sequences A, and @, in (3.12), the two following sequences of
modes of free vibration for two strings are obtained:

Win(z) = sin A2,
(3.26) .
Waon(z) = apsinApz.
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4. SOLUTION OF THE INITIAL VALUE PROBLEM

The complex equation of motion

(4.1) T = P exp(ivt),
in the case of v = v, can be written in the following form:
(4.2) Tn = @ exp(ivpt),

where @,, — the Fourier coefficient.
Free vibration of strings is presented in the form of the Fourier series based
on the complex eigenfunctions, i.e.:

win(@8) = 3 Win @) explivat)
(4.3) n=1
won(z,t) Z Won(z)®, exp(ivpt).
From the system of equations (3.2), after performing algebraical transformations,
adding the equations together, and then integrating them on the sides in limits

from 0 to [, the property of orthogonality of eigenfunctions (omitting damping
in the strings) is obtained [1]

l
(4.4) / 1 (WimVin + WinVim) + €2(WamVan + WanVam)
0

+ 2n(Win — Wan)(Wim — W2m)] dz = Nomn

where: 8., — Kronecker delta,

l
(4.5) N, = 2/ [leInVIn + &EWarVon + n(Wln - W2n)2] dz,
0
(4 6) Vln(x) = iVnWIn(x)a V2n(-7") = iVnW2n(x)»
' Vlm(m) = Z.l’mVVIm(-'L')v ng(:L') = iVmW2m(x),
_m _ k2 .
61 - [ 3 52 [ ) n= 2“

The problem of free vibration of strings is solved by applying the following con-
ditions:

w .T,O = w ) w! .'1:,0 =w 3
(@) 1(z,0) 01 2(z,0) 02

o

'&)1(.’13,0) = 1"1101, 17)2(33,0) = wp2 .
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Applying conditions (4.7) in the series (4.3) and taking into consideration the
property of orthogonality (4.4), the formula for the Fourier coeflicient [1] is ob-
tained

1

!
(4.8) &, = N /{fl(Vlnwm + Wintor + &(Vanwoz + Wapthos
n
0

+ 277 [(Wln - W2n)(w01 — ’woz)]}da:.
Substituting (3.26), (4.2) and (4.8) in (4.3) and performing trigonometrical and

algebraical transformations, the final free vibration of strings is obtained:

00
Win = Y e "B, ||Wip| [cos(wnt + @n + P1n) + isin(wnt + @n + h1,)],
n=1
(4.9) =
Wy = Z e "G, || Wap| [cos(wnt + n + P2n) + i sin(wnt + ©n + Yan)],

n=1

Win| = X5 + Y5, [Waal = /X3, + Y2,
(4.10) |2n] = /CZ + D2,

Y1n = arg Wiy, Yon = arg Wap, Yn = arg P,

where:

and

X1n = re Wy, ) Y1n =im Win,
(4.11) in =re W2n , an = im Wzn ,
Cpn =r1ed,, D,=imd, .

5. NUMERICAL RESULTS

Computer calculations have been carried out for the following data: S; =
50 [N], Sz = 100 [N], 1 = 1072 [kgm™1], pp = 2 - 10~2 kgm™], k = 2.
10° [Nm™2), 1 =1 [m], ¢ = 0.75, ¢; = c2 =0.

In order to find the Fourier coefficient &, (4.8), the following initial conditions
have been assumed:

(5.1) wop = A, sin (%E) ) '&)01 =0, wp=0, ’1.7)02 =0, A,=0.02.



0.005

w2 (x,t) 0

FiG. 2. Free vibration of the system of two strings coupled by a viscoelastic interlayer.



Table 2. Natural frequencies and coefficients of modes of free vibration
for s=1,2,3, c=0.

s=1 s=2 s=3

n=1 n=2 n=3 n=4 n=35 n==~6
Wn 222.1 281.7 444.3 476.9 666.4 688.6
an 1.0 —-0.5 1.0 -0.5 1.0 -0.5

Table 3. Natural frequencies and coefficients of modes of free vibration
for s=1,2,3, ¢c=0.75.

s=1 n=1 n=2
Un 222.144 276.014 + 56.257
an 1—1.60488 -107¢1 —0.499995 — 7.06682 - 10~¢7
s=2 n=3 n=4
Vn 444.288 473.527 + 56.251
an 1-5.76002-107¢7 —0.499998 — 4.8391 - 10761
8§ = 3 n= 5 n= 6
Vn 666.432 686.271 + 56.251
an 1 - 0.000010130611 —0.499999 — 4.44171 + 10761
w(m]
0.02
0.015} Wi
0.01
0.005}
0 0
~0.0c5} W2
-0.01¢

F1G. 3. Free vibration of the strings for z = 0.51.
[225]
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Table 2 contains the natural frequencies and coefficients of modes of free
vibration for the case where ¢ = 0. Table 3 contains the results for systems with
damping, for s = 1,2,3,... . The solution of the problem of free vibration (4.9)
is the real part. The space diagrams of w(z,t) in Fig. 2 show the real part Re of
free vibration. Figure 3 shows dynamic displacements of the strings for z = 0.51.

6. CONCLUSIONS

1. A uniform method of solving free vibration problems for complex, contin-
uous, one-dimensional systems with damping, for various boundary conditions
and different initial conditions has been presented in this paper.

2. Verification of this method has been carried out for a system of two strings
in the case where no damping occurs (Tab. 2). The results shown in Tab. 3 for nat-
ural frequencies and coefficients of amplitude, solved by means of the method pre-
sented in this paper agree with the results obtained using the classical method [9].

3. The notion of complex modes of free vibration introduced in this paper,
forms the basis for solving the problems of free vibration of continuous, one- and
two-dimensional structural systems with damping.

4. The method presented in this paper can be applied to solutions of free
vibration of different engineering structures consisting of strings, beams and
slabs coupled together by viscoelastic constraints.
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