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At present, it is possible to carry out a structure analysis using various calculation systems
based mainly on the Finite Element Method (FEM). These systems mostly include finite ele-
ments, which can be used for geometrical and material nonlinear analysis of civil-engineering
structures. Most of these elements are derived and used especially for the analysis of steel
structures. For the analysis of structures made of cement based composite materials are devel-
oped and special elements are used. The article describes the methods of analysis of structures
made of cement based composite materials with respect to material non-linearity. The ANSYS
analysis system is further described in the article and the beam element implemented in this
system. :

The beam element detailed derivation, including the presentation of material models that
can be used for an analysis with this element is presented. Some numerical examples are shown
at the end of the article.

Key words: FEM, FEA, nonlinear analysis, reinforced concrete, plane, beam element,
ANSYS.

1. INTRODUCTION

The current state of computer technology and programs enables the solu-
tion of both statically and dynamically loaded civil-engineering structures, tak-
ing into account the effects of material, geometric and structural non-linearity.
These analyses could also include the rheological properties of materials such
as, for example, the analysis of bridge structures made with the use of TDA
system [22, 23] or TDV system [25] etc. To model structures made of cement-
based composite materials, special finite elements and material models are gen-
erated for the FEM (8, 15, 18, 20, 21|. These special elements have the ability
to include many effects important for both the quality of the design and the
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evaluation of complex framed, shell and three-dimensional structures. For the
development of two-dimensional or three-dimensional analysis, models of some
civil-engineering structures in applied design work, for example bridges, towers,
industrial assembly halls etc., beam elements, are mainly utilized.

Today, to analyze the civil-engineering structures, a designer can use several
analysis systems, for example ABAQUS, ANSYS, MARC, NASTRAN, COS-
MOS, SBETA, ATHENA, NEXIS 32/TDA, TDV etc.

Of the mentioned analysis systems, ANSYS [3] is widely used all over the
world. The system is employed in engineering offices and also used for education
of students at technical universities. The system can also be used in the de-
sign of civil-engineering structures and especially mechanical constructions and
machine components. For the solution of material nonlinear problems, the AN-
SYS system provides several beam elements (BEAM23, BEAM24, BEAM44),
shell elements (SHELL43, SHELL93) and solid elements (SOLID45, SOLID65,
SOLID92, SOLID95) [1]. For material nonlinear calculations made by means of
the mentioned elements, there is a relatively wide range of material models to be
used, based on the rate-independent plasticity, rate-dependent plasticity, creep,
swelling, nonlinear elasticity, hyperelasticity and viscoelasticity. With the use of
these material models and standard elements, material models of cement-based
composite materials can not be defined, mainly because it is impossible to model
softening in the tensile part of the material models (stress-strain diagrams) or
material models that use fracture mechanics for description of construction be-
haviour before and after its rupture (description of crack propagation). Unlike
the “traditional” elements for nonlinear material analysis, the ANSYS system
allows the utilization of “layered” elements — a shell element (SHELL91) and a
three-dimensional element (SOLID191). These elements can be used for the cal-
culation of layered composite structures involving materially nonlinear behaviour
and using the above mentioned material models.

For modelling plane, reinforced concrete and prestressed structures, i.e. struc-
tures made of cement-based composite materials, the ANSYS system provides
only one three-dimensional element (SOLID65), which uses the material model
of concrete according to WILLIAM and WARNKE [2]. The beam elements used for
modelling reinforced concrete and prestressed structures are not included in the
ANSYS system. For this reason, it is appropriate to incorporate special beam
elements together with the material models into the ANSYS library of elements
and material models.

2. MATERIAL NON-LINEARITY

Nonlinear problems generally result from material equations following the
respective nonlinear dependence between the stress vector {o} and strain vec-
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tor {€}, which, if we consider the influence of temperature and shrinkage etc., is
reduced by the vector of the initial deformation {eg}; this means that the stress
is a nonlinear function of the strain. This relationship, which is path-dependent,
so that the stress depends on the strain history as well as on the strain itself,
can be written using the stiffness matrix of the material [D], whose terms are
generally dependent on the components of deformation and on time, as follows:

(2.1) {o} = [D]- ({e} = {eo}).

The linear or nonlinear behaviour of the material in Eq. (2.1) is described
by the stiffness matrix of material [D)]. If the material behaviour is linear elastic,
the stiffness matrix of material [D] is symmetric and is called elastic. The border
between the linear elastic behaviour of the material and the plastic behaviour is
determined by the surface of plasticity, i.e. the condition of plasticity. Depending
on the material type, the surface of plasticity may remain constant or it may
change. For example, if the material exhibits hardening, the surface of plasticity
increases depending on the load history [5]. To describe the behaviour of the
material, a number of conditions of plasticity can be used, for example those of
Drucker-Prager, Mises, Mohr-Coulomb, Mises-Huber-Hencky, Tresca, Hoffman,
Chen, Kupfer, Hill, William and Warnke, etc. To describe the deformational
characteristics of concrete or materials that have different tensile and compressive
plasticity limits, it is possible to use the Drucker-Prager, Chen, Kupfer, William—
Warnke, etc. conditions. If the material can be defined in terms of the Drucker-
Prager stability postulate as stable, then the stiffness matrix of material [D] can
be called elasto-plastic and it is symmetric and includes the associated law of the
plastic transformation. Otherwise, e.g. with materials with internal friction (2],
which are not connected with the Drucker—Prager stability postulate, the elasto-
plastic stiffness matrix of material | D] is asymmetric and contains non-associated
law of the plastic transformation.

Equation (2.1) of nonlinear dependence between the stress vector o and strain
vector ¢ is preferred especially in calculations and integration of the elements for
materially nonlinear systems. In these systems, as well as in the ANSYS system,
the analysis of Eq. (2.1) is usually done using the method of incremental strains.
The procedure for the calculation can be summarized in the following points |2,
9, 10]: (i) computation of incremental displacements, (ii) updating of incremen-
tal displacements from the last converged equilibrium state, (iii) computation
of the incremental strains from incremental displacements, (iv) computation of
incremental stresses, (v) updating of the stresses and (vi) computation of inter-
nal forces.

To solve materially nonlinear problems using Eq. (2.1), it is necessary to
define and describe the material characteristic and, above all, to clarify the non-
linear character of the material models (possible dissimilarities in the tensile and
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compressive behaviour of the material), the possibility of unloading and recurring
loading, etc. For concrete (plain, reinforced and prestressed), which is classified
as a non-homogeneous material, it is useful to consider in the calculation its
imperfections such as pores, air voids, lenses of water under coarse aggregates,
shrinkage cracks, etc., which originate in the material before its mechanical load-
ing and also the failures originating during the external loading. Generally, the
material models used to describe the behaviour of materials in non-linear analy-
sis can be divided into (i) material models based on the theory of plasticity, (ii)
material models based on the principles of fracture mechanics and (iii) cohesive
fracture material models.

Models that follow the theory of plasticity are based on the stress or strain
failure criterion; this means that only the ultimate stress or the ultimate strain
determines the failure of the material. These material models are used in most
national codes and regulations, for example in EC 2, CEB-FIP MC 90, CSN,
ON, DIN, etc. As for concrete, the material models presently used to design
concrete structures do not enable exploitation of the tensile carrying capacity
of concrete, because most of them consider only the possibility of compressive
stress of concrete, i.e. the tensile part of the material model is not defined. This
shortcoming is removed by models using fracture mechanics for the description
of the material behaviour. These models are based on the energy failure criterion.
The models enable the description of the behaviour of the material after reaching
the ultimate stress or the ultimate strain that results in the formation of cracks.
At the same time, they enable specification of the way in which these cracks are
going to propagate in the structure. Other types of material models are cohesive
fracture models, which are based on the cohesion theory. This theory considers
fracture to be a gradual process in which separation between incipient material
surfaces is resisted by cohesive tractions. The models can be used to describe
and predict the fracture processes occurring in engineering materials loaded in
tension.

3. MATERIAL NONLINEAR ANALYSIS OF PLANE STRUCTURES

For material nonlinear analysis of structures made of cement-based composite
materials, the ANSYS program system is used with the beam element and ma-
terial models. The element, which assumes uniaxial state of stress and material
models, is implemented into the ANSYS library of elements and material models.

To model the supporting elements of civil-engineering structures, e.g. rein-
forced concrete girders prestressed by tendons, the “adapted layered” approach
is used, Fig. 1. In this approach the supporting elements are, in the longitudinal
direction, divided by vertical sections into a finite number of structural parts. In
each structural part, the concrete cross-section is vertically divided into a finite
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number of parts, so-called layers, while reinforcement and tendons are usually
considered as one unit. Each concrete layer, reinforcement and tendon is modelled
separately as an individual beam element. This is the basic difference between
the “classical layered” and “adapted layered” approaches. In the case of “classical
layered” approach, the structural part is modelled as one beam element.
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Fig. 1. Structure modelling - longitudinal section (a), real cross-section (b), cross-section
and longitudinal section in case of the use of “adapted layered” approach (c).

4. BEAM ELEMENT

Civil-engineering structures include a variety of supporting elements (girders,
columns, reinforcement, tendons, etc.) that can be made of various materials
(ceramics, masonry, concrete, reinforcement, prestressing steel, etc.). For these
reasons, when choosing an element for the analysis of these structures, it is
advisable to choose one which enables modelling of all the previously mentioned
types of materials and supporting elements.

An example of a two-dimensional beam element which can be used for mod-
elling the mentioned types of materials and supporting elements, is that which is
used in the TDA modulus of the NEXIS 32 system [14]. After modification and
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completion of this element, it is possible to use it for material nonlinear analysis
together with the material models in the ANSYS system described below.

4.1. Beam element description

The derivation and modification of the described beam element is based on
literature [2, 4, 12, 13, 24]. It is a straight, three-node (3, j, k), two-dimensional
element which is situated and loaded in plane zz. The element can be placed at
the end nodes (i, j) on eccentricity i, Es to the nodes in reference axis (1, 2),
Fig. 2a. This element takes into account the influence of the work done by normal
forces, bending moments, and shear forces on the element deformation. An ad-
vantage of the beam element is that it ensures continuous deformation com-
patibility on the eccentrically joined element surfaces. This means that in cases
when more than one beam element is placed between two nodes on the reference
axis, these elements start a continuous deformation process. This is done with
the use of degrees of freedom (d.o.f.) corresponding to internal node k, which
lies in the centre of the element. These d.o.f. are common for all beam elements
situated between two nodes on the reference axis (1, 2). The uniformity of d.o.f.
is assured by static condensation. This property is used in the selected method
of supporting elements modelling.
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Fic. 2. Beam element with coordinate systems (a), vector of degrees of freedom {A} and its
components (b), longitudinal section before and after element’s deformation (c).
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4.1.1. Vector of displacements {u(z)} and vector of degrees of freedom {A}.
The vector of displacements {u(z)} of a beam element includes three compo-
nents: u(z) — displacement of nodes in z, axis direction (second degree polyno-
mial), w(z) — displacement of nodes in 27, axis direction (third degree polynomial)
and 7(z) — shear strain (zero degree polynomial); {u(z)} = {u(z), w(z), ¥(z)}".
Selection of the polynomials of the vector of displacements is conditioned by
deformation compatibility.

Components of the vector of degrees of freedom {A} are defined using the
vector of displacements {u(z)}, depending on the node of the beam element,
Fig. 2b. At the end nodes i, j, three d.o.f. are reflected, namely movement of
nodes in z; and z; axis direction and rotation of nodes around the y; axis. In
the internal node k, two d.o.f. are reflected, namely, movement of node in z;
axis direction and shear strain. The total number of the element’s d.o.f. is eight,
so the dimensions of vectors or matrices are (8,1) or (8,8).

The influence of shear forces on element deformation is allowed for by the
assumption that the cross-sections of the beam element, which are normal to the
z; axis in the undeformed state, remain plane but not necessarily normal to the
z, axis in the deformed state, Fig. 2c.

4.1.2. Strain vector {e(z)}. The strain vector {e(z)} includes three compo-
nents: strain in z;, axis direction e,(z), curvature v(z) and shear strain y(z).
This strain vector {e(z)} is defined by means of vector of displacements {u(z)}
and matrix of partial differentiation [0] in the form:

(4.1) {e(@)} =[0] - {u(2)},
where {e(z } {ez(z), v(z), y(x)}T, [0] = diag[0/0z, 8?/8z?, 1] and
{u(2)} = {u(2), w(z), v(z)}".

4.1.3. Stiffness matriz [K]. The stiffness matrix [K] is derived from the
potential energy of the internal forces in the form:

42 (K] = [ (N" [0 - (D] 0] (N] de

L

where [D] is the stiffness matrix of the material including the cross-sectional
characteristics; [D] = diag[FA, EI, GA7|T (A is cross-sectional area, Ay is cross-
sectional area reduced by shear factor and I is moment of inertia) and [N] is the
matrix of the shape functions.











































