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The aim of this paper is to study the post-buckling behavior of nanorods, taking into
account small scale effects. In this paper, the buckling of a nanorod column subjected to a tip
load is investigated. The nanorod is on a clamped support at one end, while the other end
is simply supported and subjected to axial compression. At this end, the nanorod is movable
only in the horizontal direction. The governing differential equation describing the behavior of
the nanorod is derived from the moment–curvature relationship, in analogy with the classical
Euler–Bernoulli beam theory, together with the equilibrium equations, including the effects
of nonlocal elasticity, as well as the corresponding boundary conditions. A numerical shooting
method is derived and employed to solve the differential equations in this problem. The results,
including nonlocal elasticity, reveal that nanorods have decreased structural stiffness and show
a significant effect of geometrical parameters on the stability of buckled nanorods, emphasizing
the importance of accounting for their interaction in the design of nanostructural systems.
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1. Introduction

For a slender elastic beam under axial compression, the classical Euler theory
predicts a bifurcation of the straight configuration of the beam when the critical
load is reached. The elastica problem was experimentally investigated by Pieter
van Musschenbrock, see [1], and then mathematically studied by Bernoulli and
Euler, see [2]. Finally, it was solved by Euler in 1744, who obtained nine classes
of solutions of the elastic curve and named them elasticae, see [3]. Motivated by
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recent progress in experiments on nanorods, here we study how these elastica
solutions change upon adding nonlocality to the model, described by a single
nonlocal parameter µ.
Over the years, many researchers have been interested in the elastica prob-

lem, and there exist many studies focused on various aspects of this issue.
Kirchhoff [4] found an analogy between the equations describing the equi-
librium state of an elastic rod and those describing the dynamics of a simple
swinging pendulum. Born [5] studied the exact elastica curves in his Ph.D. the-
sis. Nishinari [6] partially analyzed the nonlinear dynamics of elastic rods and
applied the soliton approach to analyze the nonlinear deformation of real elastic
rods, clarifying the physical meaning of the assumed velocities. Chucheep-
sakul and Monprapussorn [7] studied a highly nonlinear problem of insta-
bility of a flexible elastic pipe transporting fluid. They based their analysis on
the inextensible elastica theory of rods, and the solution was obtained by us-
ing elliptic integrals and the numerical shooting method. Vassilev et al. [8]
presented the fluid membrane equilibrium shape equation in the form of a gen-
eralization of Euler’s elastica. Kibach et al. [9] investigated the post-buckled
free vibration problem of an elastica around one of its vibration modes. The main
contribution of their work is the detection of nonlinear frequencies of the elastica,
i.e., its different backbone curves, around one of its post-buckled configurations,
without any assumptions on the order of magnitude of curvature, rotation, or re-
sponse. The detected nonlinear frequency relationships provide tools for tuning
parameters of the elastica in order to achieve specific types of behavior around
one of its buckling and vibration modes.
In the paper by Taloni et al. [10], a general expression for the strain energy

of a homogeneous, isotropic, plane extensible elastic body with an arbitrary
undeformed configuration was derived. This expression appears to be suitable
for one-dimensional models of polymers or vesicles, whose natural configuration
is characterized by locally changing curvature. The authors discuss the relevance
of their model for describing real biological non-homogeneous filaments. Leanza
et al. [11] determined the axial buckling behavior for an elastic beam or rod with
uniform natural curvature. In the elastica problems, this significantly enriches
the variety of buckling behaviors exhibited by rods or beams that are straight-
ened by pure bending and clamped at their ends. While the classical elastica
displays stable post-buckling behavior, the elastica with natural curvature ex-
hibits a wide range of behaviors from stable to highly unstable. The stability of
the interesting limiting case, in which the maximum uniform natural curvature
is imposed on a rod or beam clamped at both ends, has also been determined
via initial post-bifurcation analysis.
Phungpaingam and Chucheepsakul [12] analyzed the behavior of

a variable-arc-length elastica subjected to end loading with a rotational spring
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joint within the span length of the elastica. Lai et al. [13] investigated the buck-
ling behavior of the compression of high-strength concrete-encased steel columns
through experimental, numerical and analytical analyses.Wang et al. [14] stud-
ied the instability of an elastica under bilateral displacement control at a ma-
terial point. Fraldi et al. [15] studied both compressive and tensile buckling
in the case of human finger luxation, demonstrating that the phenomenon can
be interpreted as an elastic bifurcation in a natural system. Hathaipichitchai
et al. [16] investigated the post-buckling behavior of a variable-arc-length elasti-
ca pipe caused by internal fluid transport motion, including the effect of pres-
sure variability. Curatolo et al. [17] employed a modified Euler elastica model
for optimizing catapult mechanism conditions due to the catapult emerging in
a soft rod. Wang and Qiu [18] proposed an extended elastica-plastica theory
for Euler–Bernoulli beams. Matsutani [19] studied the mechanics of elastica
as a model for the shapes of supercoiled DNA. The elastica problem has been
intensively investigated over the years and has played a major role in the devel-
opment of mathematics, including Jacobi elliptic functions and also numerical
methods.
In recent decades, nanotechnology has been a main subject of interest for

researchers from all over the world. Materials such as thin films, nanorods, and
nanotubes may exhibit unusual properties not noticed at the macroscale [20].
Modeling and optimization of nanoscale devices require an extended charac-
terization of material at such a small scale. The elastica issue at the nanoscale
has also become of great interest over time. Wang and Feng [21] measured
the mechanical properties of compressed nanowires based on the Euler buckling
model. Moradi et al. [22] examined the mechanical behavior of polystyrene
nanorods using the classical Euler–Bernoulli beam model.
Recently, further studies at the nanoscale have been undertaken, mainly

based on Eringen’s nonlocal elasticity theory. This theory assumes that the stress
at a point is a function of the strains at adjacent points in the continuum [23].
This approach has become an efficient tool for the analysis of the influence
of size effects in small-scale structures. Thongyothee and Chucheepsakul [24]
investigated the stability of nanobeams, including small-scale effects and surface
stress. Challamel et al. [25] studied the elastica problem using an equivalent
nonlocal continuum approach and compared it with a discrete physical model.
Lembo [26] researched post-buckling configurations of nanorods with various
end conditions using Eringen’s nonlocal theory. A comparison of results for
nonlocal and classical rods showed a significant impact of the nonlocal parameter
on the post-buckling behavior of rods.
Tang and Qing [27] numerically examined the effects of nonlocal param-

eters on static bending, elastic buckling, and free vibration of Timoshenko
beams under different boundary and loading conditions. Their study showed
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that a consistent softening effect can be obtained. Hussain and Naeem [28]
applied Eringen’s theory to calculate the frequency of single-wall carbon nan-
otubes (SWCNT). The outcome revealed that increasing the nonlocal parameter
results in significantly reducing the natural frequencies of the SWCNT. Berecki
et al. [29] compared Eringen’s two-phase local/nonlocal model with Eringen’s
differential model in order to perform bifurcation analysis of a nanotube through
which a nanostring passes.
It is also worth mentioning that an interesting result was obtained using the

integral (stress-driven) form of nonlocal elasticity theory. Darban et al. [30]
investigated size-dependent buckling of cracked nanocantilevers, with results
applicable to a wide range of mechanical nanosensors. In [31], Darban analyzed
nonuniform beams with multiple sub-beams. The model was based on a stress-
driven nonlocal theory, which can be applied to control the flexural response of
a nanobeam. In [32], Darban’s approach provides explicit solutions for displace-
ments and deflections, showing how size effects alter beam stiffness and behavior
relative to classical theory using a variational approach and a transfer matrix
method.
Although Eringen’s nonlocal theory provides valuable analytical frameworks,

most practical problems – especially those involving complex boundary con-
ditions or nonlinear constitutive terms – require robust numerical techniques
for their solution. Several computational methods have therefore been devel-
oped and applied within the nonlocal elasticity framework. The finite difference
method (FDM) and the finite element method (FEM) remain the most fre-
quently used numerical tools for static and dynamic analyses of nonlocal beams
and plates, as reported by Reddy et al. [33], Phadikar and Pradhan [34].
The differential quadrature method (DQM) has also been implemented success-
fully for solving higher-order nonlocal governing equations, providing excellent
accuracy for small-scale effects [35].
In addition, variational and Galerkin formulations were proposed by Chal-

lamel andWang [36] to handle mixed local–nonlocal boundary conditions and
to study bifurcation phenomena. For nonlinear problems, especially in buckling
and post-buckling regimes, the shooting method has proven to be a reliable ap-
proach, offering high numerical stability and physical interpretability [37, 38].
Recently, a stress-driven nonlocal theory based on the Bernoulli–Euler model
was presented for size-dependent free vibrations of nanobeams with multiple
edge cracks [39].
These numerical developments confirm that, while the classical analytical

formulations of the nonlocal theory remain essential for model validation, the
integration of advanced computational techniques is crucial for studying complex
geometries, heterogeneity, and boundary interactions in nanostructures. The nu-
merical solution of Eringen’s nonlocal beam equation requires a robust and ac-
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curate method capable of handling nonlinear second-order boundary value prob-
lems (BVPs) with boundary conditions prescribed at opposite ends of the spatial
domain. As demonstrated in several recent works (e.g., [40]), classical numeri-
cal approaches such as FDM or collocation schemes often fail when applied to
highly nonlinear systems, especially those involving nonlocal constitutive terms.
In the case of Eringen’s beam, the governing equation contains nonlinear de-
nominators of the form (EI − µF cos(θ(s))) − 1(EI − µF cos θ(s)) − 1, which
can lead to local singularities and numerical instabilities when using grid-based
methods.
As shown, there are plenty of works that focus on the elastica problem. Elas-

tica theory plays an important role in the study of large displacements of slender
rods. However, the majority of these studies are still limited to purely elastic
material. In [41], the traditional elastica theory was extended to an elastica-
plastica theory. However, buckling analysis remains not fully understood, espe-
cially at the nanoscale. This paper is, therefore, devoted to studying the influence
of nonlocal theory on the post-buckling behavior of nanorods. The validity of
the method proposed in this paper is confirmed through comparison with ex-
isting researches. The current results are expected to be useful for predicting
nanorod strength and for the design of nanostructures and nanodevices related
to nanorods.
The paper is divided into five sections. In Sec. 2, we formulate the elastica

problem in the presence of nonlocal strain in the form of a second-order ordinary
differential equation. We also discuss the value of the critical load causing the
loss of structural stability. Section 3 presents our numerical solution using the
built-in shooting method inWolfram Mathematica, combining adaptive Runge–
Kutta integration with iterative boundary-condition correction. In Sec. 4, we
report the results and analyze the influence of the nonlocal parameter. Section 5
provides concluding remarks. In Appendix, an analytical solution for the local
nonlinear elasticity theory is provided.

2. Elastica problem

First, in order to study scale effect in the elastica problem, Eringen’s nonlo-
cal theory is applied. Then, a numerical study of this problem is shown. More-
over, the critical load value calculations are demonstrated.

2.1. Nonlocal theory formulation

The nonlocal stress-gradient theory combines aspects of both nonlocal elas-
ticity and stress-gradient theories, thereby considering both long-range inter-
actions and higher-order stress gradients. Within this framework, the stress state

https://www.wolfram.com/mathematica
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at a point x is influenced by the strains at all other points in the body. In partic-
ular, the nonlocal stress-gradient theory can be reduced to both classical nonlo-
cal elasticity theory and stress-gradient theory, hence offering a comprehensive
method that encompasses both theoretical concepts. The nonlocal elasticity the-
ory was initially formulated by Eringen [42] and Eringen and Edelen [43]
by means of an integral constitutive equation. Within the framework of contin-
uum mechanics, the nonlocal elasticity theory proposed by Eringen has become
a widely used approach for modeling structures at the nanoscale.
The only nonzero strain in the Euler–Bernoulli beam theory, accounting for

the Kirchhoff assumption, is [24]:

(2.1a) εxx =
du1
dx

−y
d2u2
dx2

= εxx0 + yκ,

where εxx0 = du1
dx is the extensional strain and yκ represents the bending strain.

Eringen’s theory can be expressed either in an integral form, which explicitly
accounts for long-range interactions, or in an equivalent differential form that
is often more convenient for analytical and numerical treatment. In this paper,
Eringen’s differential form is examined, and the governing equations for the
nonlocal model can be written as [44]:

(2.1) σxx − µ
d2σxx
dx2

= Eεxx,

where σxx, εxx, E, and µ denote the normal stress, normal strain, Young’s mod-
ulus, and the nonlocal parameter, respectively. The model of an elastic medium
based on the equation of state (2.1), and its relationship with Eringen’s nonlo-
cal theory, was also analyzed by Romano and Barretta [45], and by other
researchers, e.g., Nobili and Pramanik [46]. Barretta et al. [47] identified
a simple constitutive strategy for nanotechnological applications using an im-
proved differential law with contributions from Fernández-Sáez et al. [48]. The
newly developed method is consistent with the integral method [47]. The present
work is motivated by the enhanced Eringen’s differential model for all boundary
conditions developed by Barretta et al. [47]. It has to be emphasized, however,
that the connection between the differential and integral forms is still an open
question. The equations are based on a specific assumption about the propaga-
tor (kernel) in the integral form. Several recent works have investigated various
forms of propagators and the constitutive boundary conditions they imply, see,
e.g., [49–58].
Both approaches – integral and differential – require the use of material and

geometric parameters, and their clear interpretation is necessary for accurate
analysis. The effect of nonlocality is incorporated into the constitutive differ-
ential Eq. (2.1) by the nonlocal parameter µ. The nonlocal parameter value
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depends on the material and the geometry of the element and it is largely de-
termined experimentally; however, the exact value of the nonlocal parameter µ
is still not known. Here, we take it as a free parameter in order to study its
influence. Table 1 provides a literature overview of the main terms used for the
nonlocal theory description; here, e0 denotes a material constant, a is an internal
characteristic length, which can represent a granular size or the distance between
C-C bonds [59], and e0 is a characteristic magnitude of the structure, for exam-
ple, the nanotube diameter [60].
Table 1 summarizes different ways in which researchers have introduced the

nonlocal parameter in Eringen’s nonlocal elasticity theory, highlighting the lack
of a single universal definition. The reported values vary depending on the
adopted model, material characteristics, and the methodological choices. Im-
portantly, research in this field is still very active, and new studies continue
to refine the interpretation and application of the nonlocal parameter to im-
prove predictive models for advanced nanomaterials. In this study, we aim to
evaluate the nonlocal parameter value to contribute to the ongoing discussion,
provide further insights into its proper application, and establish hypotheses for
subsequent experimental validation.
The standard theory for describing the buckling phenomenon is the well-

established Euler theory. This is the starting point of our calculations, and we
present it in Appendix. In Euler’s theory, we describe the deflection and change
in the curvature of the compressed rod due to the applied force. Equation (A.7)
and Eq. (A.8) can be used to plot elastics to calculate the deflection and displace-
ment of the rod’s end. In this work, we use Eringen’s theory to describe the de-
flected shape of the nanorods, where the moment-curvature equation (Eq. (A.3))
is modified into [44]:

(2.2)
dθ(s)
ds

= − 1

EI

(
M − µ

d2M
dx2

)
,

where M is the bending moment at any point along the rod axis, and the
nonlocal part is expressed by the second derivative of the moment.
The study introduces a differential version of Eringen’s nonlocal beam theory

for elastic materials, constructed separately from the original integral frame-
work. Our aim now is to solve Eq. (2.2) and obtain a solution that can esti-
mate the influence of the nonlocal parameter µ on the elastica shape.
The small segment shown in Fig. 1 is consistent with the calculations pre-

sented further and is provided for discussion. In this work, we adopt a reference
frame that is more suitable for our purposes; however, we wish to emphasize that
it is the reverse of the one used in [24], due to adaptation to the coordinate sys-
tem applied here.
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x

y

ds

d
dy

Q + dQ

N + dN
M + dM

d�

dx

N
Q

M

Fig. 1. Small segment of the compressed nanorod shown in the present reference frame
(based on [24]).

The equilibrium equations relating the gradients of the normal force N , shear
force Q, and bending moment M along the arc-length s to the curvature κ are
as follows:

dN
ds

= κQ,(2.3)

dQ
ds

= −κN,(2.4)

dM
ds

= Q.(2.5)

Then, in Eringen’s notation:

(2.6)
dM
dx

=
dM
ds

· ds
dx

= ηQ.

The factor dsdx is not defined; however, it is established that strain may be
expressed in this form, namely:

(2.7) σ(ds) = Eε(ds),

where E, σ(ds), and ε(ds) denote Young’s modulus, normal stress, and strain,
respectively.
The normal strain can be measured as the difference between the current

and reference configurations along the axis, and the unknown factor dsdx can be
denoted as η:

(2.8) ε(ds) =
ds
dx

− dx
dx

= η − 1.
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As is well known, the stress σ(ds) can be expressed in terms of the axial
normal force N and the cross-sectional area A as:

(2.9) σ(ds) =
N

A
.

We can now express Eq. (2.7) as follows:

N

A
= E (η − 1) ,(2.10)

η =
N

EA
+ 1.(2.11)

The bending behavior is described by the bending moment M . As it is pre-
sented in Fig. 2 for the loading considered, this moment is caused by the axial
force F acting at the deflection u2(s):

(2.12) M = Fu2(s).

y

x

l

s n

tx

A

�

�

C

F > Fcr

B
u₁

u₂

x₀

Fig. 2. Compression of the rod due to the applied force F .

The corresponding shear force Q is obtained as the derivative of the bending
moment with respect to the arc-length coordinate s. Making use of the kinematic
relation between deflection and rotation angle of the cross-section θ(s) leads to:

(2.13) Q =
dM
ds

= d
Fu2(s)

ds
= F sin θ(s).

We can now express Eq. (2.3) as follows:

(2.14) N =
−1
dθ(s)
ds

· dQ
ds

=
−1
dθ(s)
ds

· d
ds

(F sin θ(s))

=
−1
dθ(s)
ds

· F cos θ(s)
dθ(s)
ds

= −F cos θ(s).
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We can express η as

(2.15) η =
N

EA
+ 1 = −F cos θ(s)

EA
+ 1.

Then:

(2.16)
dM
dx

=
dM
ds

· ds
dx

= ηQ =

(
N

EA
+ 1

)
·Q.

Then, we can obtain:

(2.17)
d2M
dx2

=
d
dx

(
QN

EA
+Q

)
=

1

EA

d
dx

(QN) +
dQ
dx

=
1

EA

(
dQ
dx

·N +
dN
dx

·Q
)
+
dQ
dx

.

Subsequently, the derivatives are determined:

dQ
dx

=
dQ
ds

· η = −κηN,(2.18)

dN
dx

=
dN
dx

· η = κηQ.(2.19)

Then, using Eq. (2.18) and Eq. (2.19), we obtain:

(2.20)
d2M
dx2

=
1

EA

(
−κηN2 + κηQ2

)
− κηN =

1

EA

(
κη
(
Q2 −N2

))
− κηN.

Then, using Eq. (2.2), we obtain:

dθ(s)
ds

= − 1

EI

(
M − µ

(
1

EA

(
dθ(s)
ds

η
(
Q2 −N2

))
− dθ(s)
ds

ηN

))
,(2.21)

dθ(s)
ds

(
1− µ

EIEA
η
(
Q2 −N2

)
+

ηµN

EI

)
= −M

EI
,(2.22)

dθ(s)
ds

= −M

EI
·

(
1

1− µη
EIEA (Q2 −N2) + ηµN

EI

)
.(2.23)

This expression is identical to that given in [24].
Now, we seek the second derivative of θ with respect to s:

(2.24)
d2θ
ds2

= − 1

EI

d
ds

(
M

1− µη
EIEA (Q2 −N2) + ηµN

EI

)
.
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Expanded versions of Eq. (2.24) after substituting the physical quantities are as
follows:

d2θ
ds2

= − 1

EI

d
ds

(
Fu2(s)

a∗

)
,(2.25)

d2θ
ds2

= − 1

EI

d
ds

(
Fu2(s)

b∗

)
,(2.26)

where

a∗ = 1− µ

EIEA

(
F 2 − F 3 cos θ(s)

EA
+

2F 3cos3θ(s)

EA
− 2F 2cos2θ(s)

)
+

(
µF 2cos2θ(s)

EIEA
− µF cosθ(s)

EI

)
,

b∗ = 1− µF 2

EIEA
+

µF 3 cos θ(s)

EIEAEA
− 2µF 3cos3θ(s)

EIEAEA
+

3µF 2cos2θ(s)

EIEA
− µF cosθ(s)

EI
.

To the best of our knowledge, Eq. (2.26) with the second derivative has not been
presented in the literature. It is worth mentioning that for µ = 0, Eringen’s
theory reduces to the classical Euler’s theory (see Eq. (A.2)).

2.2. Critical load value

According to Euler’s theory, we can calculate the critical load causing the
loss of the stability of the structure using the following formula [75]:

(2.27) PcrE = EI
(πn

l

)2
,

where n = 0, 1, 3...
From the engineering point of view, it is very useful to apply this formula

to obtain a discrete set of values of the load for a particular material to pre-
vent buckling phenomena. However, in nonlinear elasticity theory, the critical
load value is not a constant and depends on the elliptic integral of the first kind
K(k), related to the initial angle α = θ(0). We can calculate it using Bigoni’s
formula [76]:

(2.28) Pcr = EI
(m
l

)2 [
2K

(
sin

α

2

)]2
.

Equation (2.28) is used in Sec. 3 in order to estimate the reference axial force
value.
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3. Numerical solution of the elastica problem

3.1. Method

In this section, we adopt the shooting method, as implemented in Wolfram
Mathematica, to obtain the solution of the second-order nonlinear differential
equation governing the nonlocal Eringen’s beam (Eq. (2.26)). This approach
converts a boundary value problem (BVP) into an equivalent initial value prob-
lem (IVP), which is iteratively solved until the boundary conditions at both
ends of the beam are satisfied.
The shooting method was chosen because of its numerical stability and ro-

bustness when dealing with nonlinear differential equations containing trigono-
metric terms and variable coefficients in the denominator, such as in Eringen’s
model. Alternative approaches, such as finite difference or collocation methods,
often lead to convergence issues near points where the denominator in Eq. (2.26)
becomes small. In contrast, the shooting method allows direct control over the
boundary conditions and provides stable convergence even for strongly nonlinear
systems.
In the numerical implementation, the built-in solver NDSolve was used with

the option: Method → ‘Shooting’. This solver internally applies an adaptive
Runge–Kutta algorithm of variable order (Dormand–Prince/Fehlberg type). The
algorithm automatically adjusts both the integration step and the order accord-
ing to the local truncation error, ensuring high accuracy while maintaining com-
putational efficiency.

3.2. Implementation details

The final algorithm was implemented as a BVP, solved by the built-in shoot-
ing method in Wolfram Mathematica. The governing system consisted of three
first-order differential equations:

θ′(s) = κ(s),(3.1)

κ′(s) = − F

EI − µF cos θ(s)
sin θ(s),(3.2)

u′2(s) = sin θ(s),(3.3)

with mixed Dirichlet–von Neumann (clamped–pinned) boundary conditions:

θ(s = 0) = α,(3.4)

θ′(s = l) = 0,(3.5)

u′2(s = l) = 0.(3.6)

https://www.wolfram.com/mathematica
https://www.wolfram.com/mathematica
https://www.wolfram.com/mathematica
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These boundary conditions are motivated by recent experiment on nanorods
reported by Manecka-Padaż et al. [77]. The algorithm treats the initial cur-
vature κ(0) as a shooting parameter. For an assumed value of κ(0), the system
is integrated from s = 0 to s = l using an adaptive Runge–Kutta scheme
(Dormand–Prince type [78, 79]). After each integration, two residuals are eval-
uated:

R1 = θ′ (l;κ(0)),(3.7)

R2 = u′2 (l;κ(0)).(3.8)

The initial slope κ(0) is then iteratively corrected using a secant or Newton-type
update until both residuals satisfy the prescribed tolerance (|R1|, |R2| < 10−6).
This procedure ensures that the end of the beam satisfies both mechanical

and geometric constraints simultaneously. The adaptive step-size control built
into the solver prevents numerical instabilities near regions where EI−µF cos θ(s)
approaches zero, ensuring smooth convergence even for relatively large values
of the nonlocal parameter µ. The critical value µcr decreases with increasing
value of initial angle α = θ(0). This hybrid approach combines the accuracy
of adaptive integration with the flexibility of iterative boundary correction, of-
fering excellent numerical stability and control of the solution error. Moreover,
the adaptive step-size control allows the solver to handle regions with steep
curvature gradients or strong geometric nonlinearity without loss of accuracy.
The choice of the shooting method is also justified from a physical standpoint.

Unlike mesh-based numerical techniques, which require additional artificial con-
straints, the shooting method directly mirrors the physical process of ‘matching’
the beam shape to the boundary conditions. This makes it particularly suitable
for bifurcation-type problems and for analyzing stability modes of nanobeams.

3.3. Model parameters and reference force

In the numerical simulations, the material and geometric parameters were
chosen to represent a slender nanobeam of length l = 1000nm. The selected
values correspond to realistic mechanical properties of nanostructures such as
silicon nanobridges or carbon nanotubes and are consistent with earlier studies
based on the Euler–Bernoulli beam model.
Numerical simulations were performed for a normalized beam model with the

parameters l = 1000 nm and EI = EA = 1, m = 1, and µ ∈ {0; 0.01; 0.02, 0.03;
0.04; 0.05}. The parameters EI and EA were selected to ensure compatibility
with the local Euler–Bernoulli model in the limit µ → 0, allowing direct compar-
ison between classical and nonlocal solutions. To provide a consistent basis for
comparison between local and nonlocal models, the reference axial force F was
defined according to Eq. (2.28) mentioned in Subsec. 2.2. Employing Euler’s
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critical force as the reference value ensures both physical and numerical consis-
tency between the local and nonlocal formulations. This choice allows a direct
evaluation of how the nonlocal parameter µ modifies the effective stiffness and
the beam curvature distribution. As µ increases, the computed results reveal
a clear structural softening effect: the deformation becomes more developed and
the effective rigidity EIeff = EI−µF cos θ(s) decreases, confirming the expected
nonlocal influence predicted by Eringen’s theory.
The values of EI and EA for a circular cross-section (as in Fig. 1) can be

calculated as

EI =
Eπ d4

64
,(3.9)

EA =
Eπ d2

4
.(3.10)

4. Results

The numerical results obtained with this method showed good agreement
with the classical Euler–Bernoulli solutions for µ = 0. For increasing values of
the nonlocal parameter µ, a clear structural softening effect was observed. This
effect manifests as a reduction in the effective stiffness and a smoother distribu-
tion of curvature along the beam length, confirming the expected influence of
nonlocality within Eringen’s framework. The resulting solutions θ(s) and u′2(s)
were subsequently used to reconstruct the beam profile y(x).
In Fig. 3, we see that as the nonlocal parameter µ increases, the angle θ

increases along the curvilinear coordinate s. For equal increments in µ, this
change becomes more pronounced at higher values – there is a smaller differ-
ence in θ between µ = 0.01 and µ = 0.03 than between µ = 0.03 and µ = 0.05.
With increasing initial angle α = θ(0), this effect becomes less evident, and
the θ-profile becomes more slender. For larger α (i.e., α = 95◦ and 118◦), the
trend reverses: a critical point appears (the larger the α, the earlier it occurs),
beyond which θ falls below the prediction of the local theory as s varies. In the
θ′ plot, the influence of µ on the rod curvature is substantial and it intensifies
with increasing initial angle α. Further quantitative analysis of the results shown
in Fig. 3 is presented in Table 2. To satisfy the boundary conditions, it was nec-
essary to assume an extension of the nanorod, denoted as δl. For each µ, the
necessary change in beam length δl is reported. We see that δl increases with µ
and is largest for the smallest initial angles α.
As it is presented in Fig. 4, the shape of the elastica y(x) also changes no-

ticeably under the nonlocal theory. A softening of the compressed rod is evident
– the larger the nonlocal parameter µ, the more compliant the rod becomes to
shape change. The curves obtained under the nonlocal theory resemble those
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α [◦] θ(s) θ′(s)

35

75

95

118

Fig. 3. Set of bending angles θ and their derivatives as functions of the curvilinear coordinate s.
We present four pairs of plots for four different initial angles α = θ(0). In each panel, results

for different values of nonlocal parameters µ are shown.

corresponding to higher angles in the local theory (e.g., for α = 95◦, disregard-
ing the boundary condition, the deformation pattern is similar to that of the
local theory for 120◦).
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Table 2. Quantitative analysis of the results shown in Fig. 3.

α = 35◦ α = 75◦ α = 95◦ α = 118◦
µ

∆l [nm] ∆l/l [%] ∆l [nm] ∆l/l [%] ∆l [nm] ∆l/l [%] ∆l [nm] ∆l/l [%]

0.01 49.71 4.97 46.80 4.68 43.85 4.39 37.87 3.79

0.03 144.64 14.46 128.81 12.88 118.45 11.85 101.40 10.14

0.04 183.35 18.34 163.45 16.35 150.79 15.08 129.75 12.98

α [◦] y(x)

35

α [◦] y(x) α [◦] y(x)

75 95

α [◦] y(x)

118

Fig. 4. Influence of the nonlocal theory on the shape of the elastica for given values
of the initial angle α.
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Further quantitative analysis of the maxima’s position is presented in Ta-
ble 3. It can be observed that the nonlocal theory implies an earlier onset of de-
formation, with a broadly similar overall form (though not identical, as evi-
denced by the left-side inflection of the rod). The maximum deflection does not
occur at midspan (the problem becomes asymmetric, in contrast to the local
formulation), and this tendency is most prominent for small initial angles. This
is analyzed in detail in Table 3, where it can be seen that maximum is shifted
from the midspan (s = 500 nm) to higher values of s. Moreover, we observe
a small left-hand-side inflection, which is more pronounced for smaller values of
the initial angle and for larger values of µ. For each initial angle, we extract also
a critical value of the nonlocal parameter µcr (last row in Table 3), where the
theory on our level of approximation breaks down. This is because the domi-
nator in Eq. (2.26) approaches zero. The values of µcr decrease with increasing
initial angle α.

Table 3. Quantitative analysis of the maxima position and the critical value of the nonlocal
parameter µcr.

α = 35◦ α = 75◦ α = 95◦ α = 118◦
µ

xmax ymax smax xmax ymax smax xmax ymax smax xmax ymax smax

0.00 454.3 186.9 500.0 304.0 346.3 500.0 201.8 389.503 500.0 73.04 402.4 500.0

0.01 471.0 209.1 525.0 294.6 381.1 523.5 176.5 422.697 522.0 30.3 427.3 518.8

0.03 488.9 278.7 575.3 247.6 456.3 564.8 104.3 484.667 559.0 −64.1 468.5 550.2

0.04 478.6 332.6 598.3 210.5 493.4 582.3 60.3 512.3 574.57 −114.2 486.1 563.7

µcr 0.0967 0.0809 0.06978 0.0551

5. Conclusions

There are two main results that we obtained in this work. Firstly, we de-
rived the nonlocal constitutive laws within Eringen’s theory. These are equa-
tions for the derivative of the beam curvature, and their form is very similar
to that of the classical Euler’s elastica. This allows for a direct comparison of
the two theories. One observes that the nonlocality appears in the denominator,
which, in principle, may lead to instability. The second main result is that we
have solved these equations numerically using the shooting method. The devel-
opment and application of a novel numerical approach are a valuable outcome
in themselves, as demonstrated by the widely cited work of Civalek et al. [80].
The computed results reveal a clear structural softening effect – the defor-

mation becomes smoother, and the effective rigidity EIeff = EI − µF cos θ(s)
decreases, confirming the expected nonlocal influence predicted by Eringen’s
theory. We applied mixed boundary conditions at both ends, corresponding to
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physical situations encountered in experiments for nanorods. Interestingly, while
classical Euler’s elastica shows symmetric bending, within the Eringen’s theory
there is clear asymmetry: the maximum curvature is shifted toward the left side
of the beam. This effect can be considered a hallmark of the presence of nonlocal
elasticity when the beams are measured experimentally.
Increasing the nonlocal parameter µ and the initial angle α brings the system

closer to instability, which manifest as singular behavior in the curvature deriva-
tive. Further extension of the theory is required to mitigate this effect. If one
considers that elastica theory is an effective continuum description that emerges
upon averaging microscopic degrees of freedom, then one may suspect that in-
cluding anharmonicity of the underlying lattice could prevent the occurrence of
excessively large local curvature.
Eringen’s theory remains a subject of ongoing debate, particularly with re-

spect to its differential formulation. The specific values of the nonlocal param-
eter µ, which directly accounts for nonlocality in a given structure, are not
yet well established. Since the problem has not been fully explored, a promis-
ing direction for the authors’ future work is the implementation of constitutive
boundary conditions, especially in studies that incorporate experimental data
for specific materials. As described in Subsec. 2.1, constitutive boundary condi-
tions are mathematically derived for a given propagator, and they allow to build
a connection between differential and integral formulations of the theory. It is
not clear what is their relationship to physically observed boundary conditions.
In the future, one could add constitutive BCs into the shooting optimization
procedure and/or investigate which propagators are imposed by a given physi-
cal setting. We believe these directions are fascinating future avenues for further
research on nonlocality in nanostructures.

Appendix

Euler’s formula

We consider a simply supported, elastic, inextensible circular rod of length l,
subjected to a compressive load F applied at point B, as shown in Fig. 2. During
compression, the rod changes its curvature and we can denote α as the initial
angle at point A, u1 is the displacement of the end of the rod at the right support
from point B to C, and u2 is the deflection at point X. The vectors t and n are
the tangent and normal directions at point X, respectively.
The governing differential equation for the elastica can be expressed as [44]:

(A.1) θ(s)′′ + λ2 sin θ(s) = 0,

where θ is the angle of inclination of the tangent t to the elastica at point X,
λ2 = F

EI , F is the axially applied load, E is Young’s modulus, I is the moment
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of inertia, and s ∈ [0, l] is the nondimensional arc-length parameter defined by
its centerline.
From basic geometric considerations relating to the displacement vector

(from point X0 to X), we obtain the standard relation between curvature and
the rotation angle of the tangent:

(A.2) κ =
dθ
ds

.

The moment-curvature relationship can be expressed as [66]:

(A.3) κ =
dθ
ds

=
M

EI
.

The boundary conditions for a simply supported beam are:

u1(0) = 0,(A.4)

u2(0) = u2(l) = 0,(A.5)

θ′(0) = θ′(l) = 0.(A.6)

These boundary conditions describe the theoretical framework of the clas-
sical Euler’s buckling case, in which a slender elastic rod is subjected to axial
compression between two hinged supports. In this formulation, the supports pre-
vent transverse displacements while permitting free rotation, thereby providing
a coherent mathematical representation of the problem. In our approach, we aim
to obtain the elastica shape for a given initial angle and bifurcation mode m.
In this case, the system of equations describing the elastica determines the cor-
responding coordinates x and y for each chosen point X along the rod axis.
Taking into account the boundary conditions (Eq. (A.4), Eq. (A.5), and

Eq. (A.6)) and using elliptic integrals, we can solve the governing Eq. (2.1),
obtaining the solution presented in [76]:

x = −s+
2

λ

{
E [am (sλ+K(k), k), k]− E [am (K(k), k), k]

}
,(A.7)

y = −2k

λ
cn (sλ+K(k), k),(A.8)

where x, y ∈ ⟨0, l⟩ are the coordinates along the rod axes, E(k) is the incomplete

elliptic integral of the second kind with E(x, k) =
x�

0

√
1− k sin2 tdt, k = sin α

2 ,

α is the initial angle with α = θ(0) and 0 ≤ α ≤ π, and K(k) is the complete

elliptic integral of the first kind, defined as K(k) =
π/2�

0

dϕ√
1−k2sin2ϕ

.
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Using Eq. (A.7) and Eq. (A.8), the solution for a given initial angle α and
mode m can be plotted. In Fig. A1, the elastica curves are shown for various
values of the initial angles (α = 30◦, 60◦, 90◦, 120◦, 170◦, and 179◦) and for bi-
furcation modes m = 1, 2, 3, and 4. These results illustrate the post-critical
behavior of the compressed rod. Figure A1 visualizes how the nonlinear post-
buckling shapes evolve with different bifurcation modes m. Higher values of m
lead to more complex deflection patterns and richer branches of solutions. The
first mode (m = 1) is the most critical case, because it occurs at the lowest load
and produces the largest midspan deflection. In the second mode (m = 2),
the rod bends into two half-waves with a node at the midpoint. The midspan
deflection is approximately half that of the first mode (m = 1) and occurs sym-
metrically upward and downward along the axis. It needs four times the critical
load value of the first mode. In the third mode (m = 3), the rod exhibits three
half-waves with two interior nodes. The midspan deflection is around three times
smaller than that in the first mode m = 1, requiring nine times the critical load
value. In the fourth mode (m = 4), the rod deforms into four half-waves with

Fig. A1. Various shapes of elastica for given initial angles α and m-th modes of bifurcation.
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three internal nodes. The maximum deflection is about one-quarter of that in the
first mode (m = 1), while requiring a sixteen-fold increase in the critical load.
The inherent symmetry of the problem is clearly reflected in these deformation
patterns.
These particular initial angles (0◦, 30◦, 60◦, 90◦, 120◦, 170◦, 179◦) were

selected to illustrate the full spectrum of elastica behavior. For small angles
(0◦ to 30◦), the rod shows relatively gentle deflections with smooth, gradu-
ally increasing curvature. Medium angles (60◦ to 120◦) highlight the stronger
nonlinear character of the elastica, with curves bending more significantly and
beginning to form loops, particularly in higher buckling cases. Very large angles
(170◦ to 179◦) correspond to extreme cases, where the rod shape approaches self-
intersecting loops and folding. Because of its expected relevance for future ex-
perimental validation, the analysis concentrates mainly on the first buckling
mode.
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