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Road incident reconstruction frequently includes the possibility of avoiding a collision. To
perform such analysis, it is necessary to compare the available distance with the minimum
braking distance. Therefore, to avoid a collision, the braking distance must be shorter than the
available distance. The braking distance depends on parameters such as tyre-to-road adhesion
coefficient, the initial velocity of a vehicle, the driver’s reaction time and the time needed
to reach full braking force. However, the problem is that, in practice, none of these values
are known during traffic incident reconstruction. As a result, the estimated vehicle velocity
is uncertain. This is due to the method used to reconstruct a road incident (and the errors
in the evidence data). The tyre-to-road adhesion coefficient depends on many factors and
can be estimated with limited accuracy, usually +0.1. The uncertainty of the estimate is
approximately +15%. The reaction time of a specific driver under the conditions present during
a road incident is not precisely known. Therefore, an average value for most drivers is taken
into account. It is assumed that a healthy driver’s reaction time should not exceed this value,
and a longer reaction time is associated with incorrect driving behavior. The time taken to
reach full braking force in a real situation is also unknown. Usually, average values are taken
from the literature, without the analysis of a technical condition of a vehicle. This article
considers the mechanics of vehicle braking, taking into account the action of lateral forces on
this vehicle while considering a curved track. The maximum deceleration during braking is
determined analytically, and a condition is formulated to indicate whether it is justified to
use an advanced computational model instead of the basic one described in the literature.
The analysis includes some dimensionless parameters describing the position of the center of
gravity, tangential forces between the tyre and the road, the intensity of turning and braking,
suspension characteristics, and asymmetrical mass distribution. This dimensionless approach
may be useful for applying the presented analysis of braking on the road arc in accident
reconstruction, especially when comparative analysis is recommended.

Keywords: active safety; braking on the road arc; braking force; driver reaction time; intensity
of turning.

Copyright © 2025 The Author(s).
@ ® Published by IPPT PAN. This work is licensed under the Creative Commons Attribution License
BY CC BY 4.0 (https://creativecommons.org/licenses/by/4.0/).


https://et.ippt.pan.pl/index.php/et
https://orcid.org/0000-0002-4720-513X
https://orcid.org/0000-0002-4894-7696
https://orcid.org/0000-0002-4406-3906
https://orcid.org/0000-0001-9728-1061
mailto:mateusz.brukalski@pw.edu.pl
https://creativecommons.org/licenses/by/4.0/

2 P. Fundowicz et al.

1. INTRODUCTION

The process of vehicle braking is essential when analyzing active safety of ve-
hicles, especially in the reconstruction of traffic incidents. The course of braking
maneuver depends on many factors, including driver reaction time, as discussed
in [1-3]. Specifically, in [1] the authors analyzed different scenarios of the ma-
neuvers on a road, with the application of a model designed to simulate obstacle
avoidance and vehicle braking. The main factors in this model were: the coeffi-
cients of adhesion in both longitudinal and lateral directions, and the braking
reaction time [1]. Modern vehicles are equipped with driver-assistance systems
that may help prevent traffic incidents. One of such systems is automatic emer-
gency braking (AEB), which was the subject of research in [4]. The authors
of [4] presented a rapid verification method for the AEB control algorithm,
which was based on a verification system integrating software-in-the-loop (SIL)
and hardware-in-the-loop (HIL) for a passenger car. Article [5] also investigated
AEB systems and highlighted their positive impact, reporting a significant re-
duction in accidents in both urban and extra-urban areas.

Another paper, [6], discussed the influence of vehicle-to-everything (V2X)
communication on driver reaction times and behavior. Additionally, in [6], the
reaction times regarding separately a driver response to steering wheel and brake
pedal inputs were analyzed. It was concluded that an absence of a warning sig-
nal does not increase a driver distraction. In [7], an approach to risk assessment
for autonomous vehicles moving on roundabouts was presented. The authors
addressed here sudden braking and maximum braking capability. The next arti-
cle in which the authors discuss controlling the trajectory of autonomous vehicle
under various curved road conditions is the work presented in [8]. The braking
process of vehicle depends not only on vehicle and driver characteristics but also
on the anti-skid properties of the road surface, as explored in [9-12]. Addition-
ally, the feature of emergency braking combined with obstacle avoidance at high
velocities, including active steering, was examined in [13].

Papers [14, 15] showed the application of the so-called bicycle model of a ve-
hicle for simulating vehicle motion. The authors of [14] presented a curvilinear
motion model for a truck, where dynamic changes in brake force distribution,
tire normal load, and both longitudinal and lateral adhesion during braking were
considered. The model also examined non-steady-state response of the truck and
the potential for skidding. The authors performed their analysis for the truck
moving on horizontal curves.

The vehicle motion was investigated in the study by Znu and HoNG [15].
The authors applied here a simplified bicycle model of a vehicle together with an
investigation of the effects of vehicle dynamics stiffness. They decided to include
this approach for the needs of path-tracking control for autonomous vehicles.
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Article [16] showed the strategy for an adaptive cruise control (ACC) sys-
tem for intelligent vehicles based on hierarchical control. The authors applied
here a brake/throttle opening switching model, a brake control inverse model, and
a throttle opening inverse model for the needs of regulating the ACC by obtain-
ing the desired throttle opening and braking pressure.

In [17] authors demonstrated the use of SIL and HIL testing methods in
an automated test environment to enhance software development and testing
processes, among others, for the ABS functioning.

The braking process and its participation in an electric vehicle motion, in-
cluding the number of braking events, stops, acceleration time, and regenerative
braking were extensively described in [18]. The real driving scenarios included
varying traffic densities, speed limits, and elevation profiles were presented.

Article [19] presented an optimized control algorithm for AEB, including the
time to collision (TTC) to improve driving comfort. In [19], the analyzed braking
scenarios included two different types of following vehicles — a passenger vehicle
and a commercial vehicle.

The problem of investigating full vehicle dynamics for the purpose of develop-
ing stability control system was presented in [20], where a 12 degree-of-freedom
(DOF) vehicle model (also including a driver model and a linear tyre model) was
used. The authors of [20] based their analysis on two maneuvers — the J-turn
and the single lane change.

The braking process is especially important in the motion of trucks, which is
the subject of studies [21, 22]. The impact of an emergency braking scenario on
the structural strength of a truck tractor frame is examined in [21]. D’Alembert’s
principle as well as a semi-trailer and a truck unit frame calculation scheme
were applied in [21] for emergency braking during straight-line driving. In [22],
it was analyzed how selected parameters of a tractor-semitrailer set influenced
the braking process. The study discussed the effectiveness of braking process
under changeable operating conditions [22].

A serious challenge is evaluating vehicle braking on a curved path. In most
cases, the stopping distance on a curve is longer than on a straight section
of road. In many cases, however, the difference in the length of the stopping
distance between straight and curved paths may be small, comparable to the
estimation uncertainty, which results from the uncertainty of parameter esti-
mation used in the calculations. This study analyzes the braking process of
a vehicle in curvilinear motion — that is, braking on a curved road modeled
as a circular road arc with a constant radius. The forces acting on individual
wheels of a vehicle during braking, considering the simultaneous effect of lat-
eral forces resulting from curvilinear motion, acting on a vehicle, are studied.
The described model, hereinafter referred to as advanced computational model,
is compared with a simple computational model, commonly found in the litera-



4 P. Fundowicz et al.

ture (see, e.g., [23]). Based on this comparison, the conclusions are formulated,
which indicate the need to use an advanced computational model in the analysis
of traffic incidents.

2. THE STOPPING DISTANCE AND THE BRAKING DISTANCE

The review of the literature presented in the first section showed the impor-
tance of driver reaction times [1-3], the role of automatic emergency brake [4, 5]
as well as active steering when avoiding an obstacle, as mentioned in [13].

The authors decided to present the problem of braking on a curved path
in a way that is useful for traffic incidents analysis. This is achieved through
a dimensionless approach to some parameters characterizing the vehicle, which
will be presented in further sections of this paper.

Returning to the substantive part of this work, the vehicle stopping distance
is analyzed using two methods: a simplified method, in which the vehicle is
represented as a material point with negligible dimensions, and an advanced
model, in which the forces acting on each individual wheel are analyzed. The first
model is considered in many analyses, e.g., [23, 24]. It allows for determining the
vehicle minimum stopping distance assuming an ideal braking system and ideal
traffic conditions. A similar approach is also used, e.g., in [25], where the braking
process of a single wheel is analyzed using a quarter-car dynamics model, and the
calculation results are considered to represent the entire vehicle. In this model,
it is assumed that the pressure of the analyzed wheel is equal to one quarter
of the vehicle’s weight. While in static conditions this may be an acceptable
simplification, it cannot be accepted when braking with high intensity (which
corresponds to the minimum braking distance), and especially when discussing
the vehicle curvilinear motion.

The stopping distance Sz is the sum of the driver’s reaction distance S, the
distance during which the braking force is increasing Sy, and the distance when
the braking force is stabilized Sy — also known as the braking distance [26, 27].
Of course, the distance of driver’s reaction Sg depends on the driver’s reaction
time:

(2.1) Sz =8r+ SN+ Sg.

In the majority of analyzed cases, the time during which the braking force
increases (tx) is much shorter compared to the total braking time. So, there can
be assumed a simplification, which takes zero value during the first half of ¢y
and reaches a steady-state value during the second half. In practice, we use the
following formula for computing (estimating) the braking distance:

1
(2.2) Sz =g - <tR+2tN> + Sg.
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It can be stated that the results of the calculations using Eq. (2.2) do not
differ from the results obtained by performing more accurate calculations.

Investigations show that the deceleration during intensive braking on a straight
road is constant. In real-world cases, the braking force is slightly higher during
the initial and final phases of braking than its value in steady-state conditions,
but this has small influence on the length of the braking distance. So, for com-
puting the braking distance the following well-known equation is presented:

2
Yo

2.3 Sp=-—0_
(2.3) =g

where v is the initial velocity of the vehicle [m/s], g is the gravity coefficient,
g =9.81m/s? and p is the coefficient of adhesion (dimensionless).

Note that this is the smallest value of braking distance.

When a vehicle is moving on a curved road, the lateral forces acting on the
vehicle are balanced by the lateral forces between the tyres and the road surface.
Since the total tangential force between the wheels and the road surface is the
vector sum of the braking force and the lateral force, the maximum braking
force when driving around a curve is lower than when the vehicle is braking on
a straight road.

3. SIMPLE COMPUTATIONAL MODEL

An example of braking distance calculations on the road arc is shown in [28].
The braking vehicle is considered as a material point moving on a plane. It is
assumed that each wheel is working under the same conditions. Although there
are advanced, non-linear methods to describe the forces of adhesion, e.g., [29],
the force between the tyre and the road surface is often well described by linear
equations. Therefore, by analyzing the forces in both lateral and longitudinal
directions, the following equations can be written, in which the forces acting on
all wheels of the vehicle are summed [30, 31]:

(3.1) meg-Ve=Y_ 7" pa,

(3.2) meg-yy =3 2y,

where the summation refers to all wheels of the vehicle, m is the mass of the
vehicle [kg], Z is the vertical forces between the tyres and the pavement [N],
[z, by are the unitary (dimensionless) forces between the tyres and the pave-
ment in the longitudinal and lateral directions, i.e., the ratio of horizontal forces
to vertical forces, 7, is the braking intensity coefficient defined as the ratio of ve-
hicle deceleration to gravitational acceleration (a,/g) (dimensionless), and ~, is
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the turning intensity coefficient defined as the ratio of lateral acceleration to
gravitational acceleration (a,/g), and it is dimensionless.

The sum of the normal forces between the tyres and the road surface is equal
to the weight of the vehicle:

(3.3) Y Z=m-g.

The unitary forces in the longitudinal and lateral directions have to satisfy
the following relationship:

2 2
(3.4) (“”“’> +<“y> 1<,
HUMX vy

where unx, pavy are the coefficients of adhesion in the longitudinal and lateral
directions, respectively (dimensionless).

Using Egs. (2.3), (3.1), and (3.2), we can compute the maximum value of
the intensity of braking without the loss of stability of motion:

2
(35) Yo max = MMX * <%> )
HMY

and in the next step, the maximum value of deceleration can be calculated as:
(36) OGH = Yzmax " 9-

If there are no data about the difference between the values of the coefficients
of adhesion in the longitudinal and lateral directions, we can assume that these
coefficients have the same value. In this case, the deceleration can be expressed
as follows:

(3.7) ag =gq- /MQ_W%

The intensity of turning (lateral acceleration) depends on the curvature of
the road (described by the radius R) and the velocity of the vehicle’s center
of mass v; thus, the maximum deceleration decreases as the velocity increases,
and it can be calculated using Eq. (3.8):

2 o O
(3.8) arr(v) = /g% 1* = 55
When ap(v) from Eq. (3.8) is known, we can compute the braking distance by
numerical integration according to the scheme shown in Fig. 1. This scheme

corresponds to the integration:

(3.9) u(t) = / apdt,  S(t) = / u(t) dt.
0 0
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Fic. 1. Algorithm for computing the braking distance.

4. ADVANCED COMPUTATIONAL MODEL

For the needs of a more precise description of braking, each wheel of the
vehicle should be considered separately. The model described applies to vehicles
without ABS or to vehicles with ABS before its activation.

When a vehicle is braking with an intensity 7, and simultaneously turning
with an intensity +,, the normal forces between the tyres and the road surface
are (where “+” for the right wheels, “—” for the left wheels):

Lo+ H v, +Ty
2

(41) ZlR’lL:m-g- < iRl'7y>7

Ll—H"yz:ETg
2

(42) ZQRQL:m-g- ( :l:R2'7y)7

where index 1 refers to the front wheels/axle, index 2 — to the rear ones, R
— right, L — left, Ly, Ly — the distances between the vehicle’s front and rear
axle and its center of mass divided by the wheelbase, dimensionless, i.e., L1 =
l1/lia, Ly = l%, H — the vehicle center of mass over a road divided by the

wheelbase (dimensionless), i.e., H = % Ry, Ry — parameters describing the
front and rear suspensions (dimensionless) and, 71, T» — parameters describing
the vehicle’s asymmetrical mass distribution (dimensionless); the unitary forces
in the lateral direction are described by the given formulas (with index notations
— as explained earlier) — see [23]:
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Yy - Lo

4.3 =_ 'Y —=
- L
(44) ’Vy 1

Hy2Ry2L = w7
vy Li—H: v,

The unitary forces in the longitudinal and lateral directions must satisfy the
condition described by the following equation:

2 2
(4.5) (“”) +<“y> <1,
HMX HMY
and none of the wheels lose contact with the road (i.e., normal forces cannot be
less than zero). If these conditions are not fulfilled, the ABS will be activated

and braking forces will be reduced. The algorithm for calculating the maximum
intensity of braking on the road arc is shown in Fig. 2.

H n=0
2 Y
o Compute forces
g Ziz, Zi1, Zag, 2o
3

Compute unitary forces u,
for front and rear wheels

Are
all vertical forces > 0
and ,uy< ,uMy?

Compute the largest possible
value of unitary forces in
longitudinal direction

Compure the largest possible
value of braking force Fy

4' Y= nt Ayx |

FiG. 2. Algorithm for computing the highest value of the braking intensity.
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The initial value of the braking intensity is 7, = 0 (block “1”). In the next
step (block “27), the vertical forces Z1r, Z11., Zogr, and Zyy, are computed. Using
the braking intensity -, the unitary forces in the lateral direction are computed
(block “3”). In block “4”, the following conditions are checked:

— the non-zero vertical forces between the tyres and the road:
ZlR(’Yxa’Yy) > 07 ZlL(’Yxa’Yy) > 07 ZZR(’qufyy) > O) ZZL(’qufyy) > O)

— the lateral adhesion coefficients must not exceed their maximum limits:

Hyl < pMY, Hy2 < pMY -

For the computed values of unitary lateral forces in each iteration, the largest
possible values of the unitary longitudinal forces are calculated, according to the
equation (block “5”):

2 2 2
(4.6) < Ha > —l—(%) =1 flp = pnx - 1_(;@) .
HMX UMY UMY

Now, in block “6”, when the vertical forces between the tyres and the road
surface and the largest values of the unitary longitudinal forces are determined,
the braking force is computed as:

(4.7) Fg=Zig-r+ ZiL - 1L + Z2r - for + Zor, - por.-

This is the largest value of the braking force when the vehicle is turning with
lateral intensity -, . If this force is not lower than the required force for braking
with intensity ., the next step of iteration is executed. This condition is checked
in block “7”. In block “8”, the value of the braking intensity is updated for the
next iteration.

If the condition in block “7” is not fulfilled, the calculations are stopped, and
the current value of the braking intensity is considered the maximum braking
intensity under the given conditions.

When a vehicle is braking with an ABS, 75% of the adhesion coefficient
can be used. This is evident and due to the fundamental principle of ABS op-
eration: when the maximum values of the unitary longitudinal forces between
the tyres and the road are achieved and one or more wheels tend to lock, the
braking force is modulated. As a result, the “effective values” of the unitary
longitudinal forces are lower than the maximum values resulting from adhesion.

5. DETERMINING THE PARAMETERS OF A VEHICLE
(DATA FOR CALCULATIONS)

There are some parameters in Egs. (4.1) and (4.2): the parameters describing
the location of the center of gravity: (Li, Lo, H, T1, T2) and the parameters
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describing the suspension of a vehicle: (Ry, Rg). Experimental measurements
were conducted in the Institute of Vehicles at Warsaw University of Technology,
which aimed to determine these parameters. A well-known method was used to
find the height of the center of gravity — measuring the normal forces under the
wheels of a vehicle standing horizontally on level ground, and then after lifting
one of the axles (Fig. 3).

F1G. 3. Measurement of normal forces under the front axle wheels after lifting
the front axle about 0.5 m.

Tests were carried out for several vehicles. Further are depicted the results
for Opel Astra without a load:

1) vehicle on a level plane:
— normal forces under front wheels: Z; = 6150 N,
— normal forces under rear wheels: Zo = 4340 N,
— normal forces under right wheels: Zp = 5180 N,

from calculations:
L, =0.414, Lo = 0.586,
T, =6.84-1073, T, = —30.11-1073;
2) front axle of the vehicle is lifted to w = 0.58 m:

— normal forces under the rear wheels: Zo = 4710 N,
finally, the height of the center of gravity was determined as:

h=0.66 m — H = 0.26.

For accident reconstruction, it is necessary to perform calculations for a load-
ed vehicle. The conducted analysis shows that the distribution of passengers
influences the load of the individual wheels. The results of the calculations are
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presented in Table 1. The location of the driver and front seat passenger depends
on the seat adjustment, therefore a range of distances is adopted.

TABLE 1. Influence of driver and passenger weight on the normal load of vehicle wheels.

Load Occupant parameters and resulting wheel load changes
(each person — 85kg) |y [m]|  [m] |k [m][AZiz N]|AZiL [N][AZ2r [N]|AZsr [N]
Driver 0.65|—1.25-1.40| 0.65 21 390 22 417
Passenger — front —0.65|—1.25-1.40| 0.65 390 21 417 22
Passenger — rear left 0.60| —2.20 0.70 9 98 64 679
Passenger — rear right |—0.60] —2.20 0.70 98 9 679 64

The center of gravity locations for the driver and front passenger were cal-
culated based on seats geometry and their location analysis inside the vehicle.
They are presented in Table 1 in the columns ¥, x, and h. The following symbols
are used here: y — location relative to the longitudinal axis of the vehicle (pos-
itive values — position to the left), z — location relative to the front axle of the
vehicle (positive values — in front), h — vertical position above the road surface.

The change in location of either the driver or the passenger in the front seats,
each weighing 85 kg, significantly influences the normal loads on the wheels.
Extreme cases of asymmetric loading of the vehicle were analyzed:

1) for the longitudinal displacement of the center of gravity:

a) driver + four passengers:

L1 _10ad5 = 0.504, Lo _10ad5 = 0.496, Higaqs = 0.263,
b) only driver:
L1 _griv = 0.423, Lo_griv = 0.577, Hgriw = 0.260;

2) for the asymmetrical loading of the vehicle:

a) driver + passenger on rear left seat:

T, = —3.34-1072, Ty = —1.09-1072,

b) driver + passengers on front right and rear right seats:
Ty =1.40-1072, Ty =2.46-1072.

The aim of the next measurement was to determine the values of R; and Rs.
A lateral force was applied at a point located at height w, and the loads of the
wheels were measured (Fig. 4).

The force F' applied at the point located at height w changes the wheel loads
in the same way as the lateral inertial force when the vehicle is moving along
a curve with the intensity of turning defined as follows:

F-w

5.1 =
( ) ’Yy mng12
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a) Dynamometer

i fahy=) W

(

)
-

Wheel load sensors

F1G. 4. Determination of the parameters R, Rs.

When a lateral force F' = 450 N was applied, the values of the loads on the
right front and the rear wheels were:

Zip = 2900 N, Zap = 1800 N.

Finally:
Ry =—-0.28, Ry = —0.28.

6. CALCULATION EXAMPLE

In Fig. 5, there are presented the results of calculations of the stopping
distance versus the radius of a road arc for initial vehicle velocities of 20 m/s,
25 m/s, and 30 m/s. The line marked “1D” corresponds to results obtained from
the simple model, “3D” — the advanced model.

50 100 150 200 250
Rm]

F1c. 5. Results of the calculations for a passenger car, the data of which was used
for sample calculations.

The question is: when should the presented calculation scheme for stopping
distance be applied necessarily, and when are the results similar to the results
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for a straight road. Calculations were performed for a vehicle similar to the vehi-
cle used in the above example (an average-class passenger car). The conclusion
is that the difference between the length of the braking distances calculated
using both methods is not higher than 10%, except when the vehicle is trav-
elling on a curved road with a small radius close to the lateral adhesion limit.
Calculations show that for a center of gravity location:

Ly =0.45-0.55, H =0.25-0.30

on an asphalt road (¢ = 0.7), the calculation error does not exceed 5% on the
road arc where the initial lateral acceleration does not exceed 3 m/s?, and below
10% — on the arc, where the initial lateral acceleration does not exceed 4 m/s?
(Fig. 6). Based on these analyses, the maximum value of the road curve radius
for the analyzed vehicle, below which the advanced model should be applied,

5.0

‘ ‘
s | &
' ' 10%
7 T =
G
235 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
©
| L 5%
30 f————--- [ [ I [
: : : :
o . = .
2.0

10 15 20 25 30 35
v [m/s]

F1c. 6. Limits for applying the advanced braking distance model.

300

250

200

100

50

10 15 20 25 30
v[mis]

Fic. 7. Maximum radius of the curvature of the vehicle trajectory below which the advanced
model should be applied.
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is depicted in Fig. 7. The presented results apply to the majority of passenger
cars used in Europe.

7. CONCLUSIONS

As the continuation of the issues discussed in the previous papers [28, 32],
this paper extended the analysis of the braking process on the road arc. This
analysis is important and may be useful in traffic incidents reconstruction.

One of the original issues presented in this article is the fact that the authors
applied some dimensionless parameters to describe vehicle load state during
braking.

Stopping distances on the road arcs can be significantly longer than on
straight roads. When initial lateral acceleration on the road arcs is 3 m/s*-
4 m/s? or more, the stopping distance must be calculated using the advanced
breaking model described in the article. When initial acceleration does not ex-
ceed these values, the difference between the length of the braking distance of
the simple and advanced model does not exceed 5%—10%.

Determining the minimum length of the braking distance is one of the most
frequently solved problems when, for example, investigating the cause of road
accidents. In most cases, this is not a complicated calculation. In the case of
a vehicle motion on a curved track, the issue becomes more complicated. The
vehicle velocity decreases during braking and if the radius of the curvature (arc)
remains constant, its lateral acceleration also decreases, since lateral acceleration
depends on the vehicle’s velocity. This allows for an increase in deceleration dur-
ing braking. Of course, not every driver can brake optimally. However, driver
assistance systems help achieve braking parameters close to optimal ones.

Variable lateral forces acting on a vehicle braking on a curve cause the ra-
dius of the vehicle’s track to change during this maneuver. In practice, a driver
can continuously correct the radius of their vehicle’s track. The analysis in this
paper assumed a constant radius of a vehicle track. However, it should be noted
that most simulation programs applied in reconstruction of traffic incidents
use a computational model of a vehicle in which the radius may change due
to the action of lateral forces. The applied algorithms ensure that the track
radius is approximately constant; however, some fluctuations in the radius are
visible. They may cause the braking distance determined by the simulation pro-
gram and the braking distance determined in the manner described in this paper
to differ from each other.

A dimensionless approach to parameters related to suspension, vehicle mass
distribution, and tangential forces between the tyre and the road may be useful
especially if there is a need to perform comparative analyses, often necessary in
traffic incident reconstruction.
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