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METHOD FOR THE CALCULATION OF DISPLACEMENTS AND INTERNAL
FORCES FOR A PLATE OF ARBITRARY SHAPE

A. BARYLA (WROCLAW)

A method for the calculation of displacements and internal forces for a plate of arbitrary shape
and under arbitrary support conditions, being under static loading, is presented. This problem
has been solved on the basis of the classical linear theory of ideally elastic thin plates. A set of
Fredholm’s integral equations, which expressed the support conditions, was used to solve this
problem.

The particular integral W*=r2In r2[16zD of the differential equation DAAW (r)=4 (0)/r, or
a combination of the corresponding differentials was assumed to be the kernels of the integral
equations. This particular integral expressing the deflection of an infinite plate under a simple
force loading will be termed later as the fundamental solution.

The formulation of integral equations is independent of the static scheme of the plate being
solved. Some examples of calculations using a computer program developed by the author are
also presented.

NOTATION

T the set of points of coordinates (xr, X7) for which the displacements
and internal forces are calculated,

S the set of points of coordinates (xs, ys) where the loading p (S) is
applied,

Q the set of points of coordinates (xq, yo) belonging to the plate bound-
aries, /(Q),

F the set of points of coordinates (xr, yr) lying along the elastic supports
I (F) inside the plate area £,

q(Q), 2(0) the set of forces and moments applied along the plate boundaries
1(Q), and f(F)—the set of forces applied along the support lines
I(F) inside the plate area, which both make possible the fulfillment
of the support conditions,

o, n,s indexes expressing the direction (« perpendicular, tangent) or the
derivatives of the fundamental function with respect to the first pair
of variables (xr, yr), :

B,n, s indexes expressing the derivatives of the fundamental functions with
respect to the second pair of variables (xs, ys),

W* (TS)  the fundamental solution of the particular integral of the differential
equation DAAW (r)=1/rd (0), expressing the deflection at the point
T caused by the action of the simple force at the point S,

9* M*, Q* V* fundamental functions expressing the angle of rotation of the deflec-
tion surface, the bending moment; the torsional moment, the shearing
force, and the generalized shearing force, respectively,

w,@,m,T,Q, V displacements and internal forces in the arbitrary plate-
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1. INTRODUCTION

PucHeR [1] has shown that the deflection surface of a plate loaded with a single
force may be described by the following equation:

(11) W(xT: Y15 Xss ys)= I‘2 hl’.-"I/Vl (xTa Vs Xs» ys);

where

87D

r=V (xr—x)* +(rr=)* -

The first term of the sum expresses a singular solution for an infinite plate loaded
with a single force. This particular integral does not fulfil, however, the boundary
conditions. The function W, (xr, yr, Xs, Js) is a general solution of the differential
equation for the plate expressed in the form of a series composed of the harmonic
functions; together with the particular integral it satisfies the boundary conditions.
In another work [2], PUCHER published a large number of the influence surface
for both rectangular and cirular plates, as determined by this method.

In a recent monograph [3], NowAcklI discusses a method for the determination
of displacements and internal forces for plates of various static schemes by reducing
the problem to a Fredholm integral equation of the 1st or 2nd kind. A number of
other authors [4-8] reported the results obtained by applying this method to some
particular static schemes. To arrive at the solution of this problem for different
plates, the author had to know various influence functions for plates of the same
shaps as those under study, but characterized by simplified support conditions.
These functions, so-called fundamental functions, were the kernels of the integral
equations and they made it possible to impose appropriate boundary conditions
for each of the plates studied. The fundamental function was usually expressed
as a trigonometric series, but the analytical solution of the entire problem was found
only for few particular cases. Most often the integral equation was solved by
approximate methods.

In this work a universal fundamental function independent of the static scheme
of the plate has been assumed. A simple, closed form of the fundamental solution
is an advantage of considerable consequences, for it makes numerical calculations
of the problem much easier.-In this case it is unnecessary to define the convergence,
which is so cumbersome an operation for fundamental solutions in the form of
a series. This paper presents a method to determine displacements and internal
forces for plates of arbitrary static schemes; it uses a fundamental solution in the
form W*=r?1Inr2/16xD as well as combinations of its corresponding derivatives.

2. THE FUNDAMENTAL FUNCTION AND ITS DERIVATIVES

The fundamental function has the following form in Cartesian coordinates:

1
iy 2
167T.D [xT xs) +

+(@r—ys)* In [(xr—x5)* +(r—ys)’]-

(2‘1) W* (sz Y1 Xs, yS)=W* (TS)=
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In further considerations knowledge of the fundamental function derivatives and
their combinations representing the internal forces will be necessary. Differentiating
the fundamental function '(2.1) and using the transfcrming formulae describing the
derivatives in the arbitrary direction o:

* * * .
W =W cosa+W  sina,
e * 2 * . 3 * . 2
W =W xxcos’a+W ,, sin2a+W",, sin?a,
* * 1 * % s
W ,,=W,xycos2oc+—2—(W’yy——W,x,,)sm 2,
2.2) sant—
. * .
W saa=W " €08 S0+ W sin 20 cos a+ W, sin « cos o« +
+ Wy cos asin o+ W, sin 20 sin o+ W, sind «,

* —T* 3D * : * 3
w o e =W xxx SIN° @ COS 00— W ., sin 20 cos a+ W ,,, cos® a.+
e

* 3.3 %* . . o 2 .
W ey sin®a+ W, sin2asina+ W', cos? asin «,

as well as the relations linking the internal forces with displacement:

(P:=W:’
M:=—D(W*aa +v W* n n )’
7 ,¢+7a+—2—
(2.3) T,=-D(-vyW* _,
.¢1+—5—
Q:=—‘D (W*aaa'*'W* n 1:)’
: ,aa»+—2-a+7
V:=—-D [Wfaua'l'(z—v) 3 n n ] ’
,au+-5--z+—2—

the displacements and the internal forces for an infinite plate loaded with a single
force may be described by the following formulae:

1
(24) W* (xT, yT9 Xs» }'s)= W* (TS)=W*=—1—E;[_I—)_Zln zz,

1
(2.5) ¢:=W(l+ln z) (x cos . +y sin &),

1 2
26 M;= —g{(l +v) (1 +1In z)+—z~[(x cos o+ sin o) +

+v (x sin a— y cos @)?]},

1—v
(2.7) T,=— o [2xy cos 2a +(p2 —x?) sin 2a],

1

@28 o= =5 (kcosatysing),
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(2.9)

where

(2.10)
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1 2xA 2x? 2y?
¥i= = 3= ) xdi+\1= yA;, +|1— xA3+

4nz o oz

A, =cos? o.+(2—v) sin? x cos o,
1

A2=75in 2a cos o +(2—v) (sin? a—2cos? &) sin a,

A3=—é—sin 2 sin o +(2—v) (cos? a—2sin® &) cos &,

A, =sin® ¢ +(2—v) cos? asin a,

X=Xp—Xs, Y=YVr—Ys, 2=X*+y?, z#0.

After appropriate differentiation of the formulae (2.4)-(2.10) with respect to varia-
bles xs, ys, the displacements and internal forces for the infinite nlate at the point
T (xr, yr) caused by a simple moment acting at the point S (xs, ys) in the direction g
were obtained. They are given below:

@2.11)

(2.12)

(2.13)

(2.14)

(2.15)

1
W yr Xs y)=W. 5 (T)=W =~ 7D (141n z) (x cos B+
+y sin f),

{ ) ;
R s [1 +In 2) (cos « cos B+sin asin f)+
2 . .
+7(x cos o+ sin &) (x cos f+y sin B)],

1 2
M:'(‘”=T7z—z_ {(1 +v) (x cos B+y sin ﬁ)——z— [(x cos & +y sin a)* +

+v (y cos o.—x sin «)?] (x cos f+y sin f)+2 (x+cos o +y sin a)x
x(cos o cos f+sin o sin f)+2v (x sin a—y cos a)x

x(sin o cos f—cos a sin )},

1—-v |1
T:,(n)= e {-Z~ (x cos B+y sin B) [2xy cos 20 +(p? — x?) sin 2a] +
+(x sin 20.—y cos 2a) cos f— (x cos 2e +y sin 2e) sin ﬂ} ;
* e 1 . a 2 .
Q0= —— (cos o cos f+sin a sin f) +? (x cos &+y sin o) x

x(x cos f+y sin /3)],
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1 [ e B 1R gy
@16) Vi< (

e e S —3),41 cos,b’+(~——z——— > —3)A4sinﬁ+ :

2 4x? . 8x? y?
+—Z-xy 3 % Ay cos B+A; sin ] +|{1— T X

2

. ) (A.,, cos f+A3 sin /3)],

z

2
(A3 cos f+A, sin ﬁ)+—z— xy(3 o

where A4,, A,, As, A, are expressed by the formulae (2.10), z#0. The formulae
(2.4)~(2.9) and (2.11)~(2.16) hold for the entire surface of the plate except for the
attachement point of the acting force. At this point, if z=0, undefined values would
be obtained since the z value is in the denominator. The limits of these relations may
be calculated for z—0. The fundamental function and its first-order derivatives will
assume then finite values. The internal forces expressed by higher order derivatives
of the fundamental function will approach infinity. In further considerations the
fundamental function and its derivatives will appear in the kernels of the integral
equations. Instead of determining the displacement and internal force values at the
point of attachment of the concentrated loading, the generalized simple force
was substituted by the equivalent, uniformly distributed loading along a sector
of length 4. The values of displacements and internal forces caused by this loading
<

/\
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7
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were calculated at the mid-point of this sector. In most cases the obtained values
of displacements and internal forces at the point of attachment of the concentrated
loading do not depend on the position of this point. In order to simplify the calcula-
tions, it was assumed that the generalized concentrated force is attached at the origin
of the coordinates. This force was replaced by the equivalent loading uniformly
distributed along the sector |4B|=4 having coordinates of the ends: 4 (—4/2, 0),
B (42, 0), as was shown in Fig. 1. With a loading so attached, the values of displace-
ments and internal forces were determined at the origin of the coordinates.
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In the case of the plate loaded with a force, the deflection may be determined
form the following relationship:

4

2
(2.17) w* (0,0,0, 0);% lim f W* (0, s, ys, 0) dxs.
YOt 5y
2
To determine the rotation angle of the deflection surface as well as the internal
forces, the function W should be appropriately substituted by one of the following
functions: ¢,, ¢, M,, M, T,, Q,, Qs V. V, After integration one obtains

2.1 *(0,0,0, 0)=W*= : A2(11A2 1)
@8} A0 0e D f6xD 6.4 4% 3
(2.19) 9,=0,
(2.20) 0:=0,
2.21 M= : [1 1+v)1 Az]
221 My —v—(+v)n4,
2.22 M= : [1 1+v)1 Az]
(2.22) . &5 —-v+(+v)n4,
(2.23) T:=0,
2.24 il
(2.24) Q.= ¥,
(2.25) =0,
(2.26) Vi=7F .
bs n +‘2A:
(2.27) Vi=0.

In the case when instead of W, the functions W, ), @usmys Psscnyr Musnys Mssnys Tscmys
Qusinys Qssqmys Varinys Visr(my are used respectively, one may determine the displacements
and internal forces at the origin of the coordinates, which were caused by the moment
uniformly distributed along the sector |4B|=4. They may be expressed by the
following equations:

(2.28) W'w=0,
(2.29) * o= : (1 d 1)
' BR8P R 1o
(2.30) q):’ e 0,
. 1
(2.31) Mn’-(")= i—,
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% g v
(2.32) Merii =it
(2.33) Trw=0;

S e
(2.34) Qw= "
(2.35) Q! =0,

e 1
(2.36) v g
(2.37) Vi w=0.

In Eqgs. (2.24), (2.26), (2,31) and (2.32) the left- and right-hand limits differ by their
signs. The upper sign applies to the right-hand limit. In further considerations
only the right-hand one will be used since during subsequent integration the normal
axis will be towards the interior of the plate.

3. DESCRIPTION OF THE METHOD

In Fig. 2 the static scheme of a plate of arbitrary shape with the boundary / (Q)
is shown. The elastic supports can be distributed in the inner region of the plate
along the lines /(F). It was assumed that the arbitrary homogeneous boundary
conditions and arbitrary loading of the plate, p (S), would be used. The differential
equation of the problem is as follows:

3.1 DAAW (x, y)=p (x ).

To determine displacements and internal forces for the plate shown in Fig. 2, the
following reasoning has been carried out: from an infinite plate, sych as that shown
also in Fig. 2, the region Q enclosed by lines / (Q) was mentally singled out. Along

FiG. 2.
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