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1. Introduction

The Saint-Venant torsion of homogeneous Cartesian orthotropic linearly elas-
tic bars has been extensively studied from both theoretical and numerical per-
spectives. The Saint-Venant torsion problem refers to the torsional deformation
of an isotropic elastic bar. It is a classical problem in the field of solid mechanics
and structural engineering. Here are the key assumptions:

a) the material is isotropic,
b) the bar is prismatic,
c) the deformation is small enough to remain within the elastic range.
The rate of twist or the twist angle ϑ can be determined by solving the differ-

ential equation that describes the torsional deformation. Using the Saint-Venant
torsion theory allows for the analysis of the torsional behavior of non-circular
cross-sections. For special cross-sections, such as those with complex geome-
try, the application of Saint-Venant’s theory can be challenging, and alternative
methods or modifications have been proposed.

Torsion of non-circular bars (applying Saint-Venant’s theory of torsion) is
well described, e.g., in book by Jog [1]. The problem is defined in detail, and
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analytical solutions are presented for some isotropic and homogenous cross-
sections, such as, elliptical, triangular, rectangular, circular cut in a circular
cross-section, annular sector, cardioid section, and hollow beams are also dis-
cussed [2–5].

Nevertheless, there are several challenges with special cross-sections:
a) with irregular shapes or discontinuities, the assumptions of Saint-Venant’s

theory may not hold true in proximity to the applied torque,
b) stress concentrations and localized effects can occur in certain areas of the

cross-section.
The relevant developments in torsion theory spanned the 19th and early

20th centuries, with contributions from Cauchy, Saint-Venant, and others. The
specific timeline of developments can vary based on the aspects of the theory
and the cross-sections considered.

Numerous books [2, 6–10, 13, 14] give in-depth analyses of the problem of
uniform torsion in Cartesian orthotropic bars. Ecsedi and Baksa [12] provided
a solution for the uniform torsion of an orthotropic bar with solid cross-section
through a suitable coordinate transformation. The Saint-Venant torsion of the
orthotropic bar in [12] is simplified to the solution of the torsion problem of
the isotropic bar. Chen and Wei [17] studied the Saint-Venant torsion of Carte-
sian anisotropic bars with affine transformation. The non-warping property of
twisted anisotropic cross-sections is discussed in papers [10, 11, 17–20]. In [15],
two inequality relations are proven for the torsional rigidity of the Cartesian
orthotropic solid cross-section. The presented bounding formulae for torsional
rigidity are based on mean value theorems in integral calculus [15]. Swider
et al. [16] proposed an original method to investigate the Saint-Venant torsion
of anisotropic cross-section. The method employing an energy approach was
used to calculate the Prandtl’s stress function, represented by an infinite series
of trigonometric functions. The method is illustrated in a bar with a rectangu-
lar cross-section [16]. Nowinski [21] derived bounds for the torsional rigidity
of anisotropic bars with one plane of elastic symmetry perpendicular to the
axis of the bar. The proof of bounding formulae of torsional rigidity is based
on the Cauchy-Schwartz inequality. The lower bound is obtained by formulat-
ing the problem in terms of Prandtl’s stress function, while the upper bound is
derived from the formulation of the torsional function paper [21].

This paper deals with an approximate analytical solution for the uniform
torsion of an orthotropic bar whose cross-section is an isosceles right-angled
triangle. The complementary energy method of linear elasticity is employed to
derive the approximate analytical solution for the considered uniform torsional
problem. It must be noted that one of the orthotropy axes is parallel to the
symmetry axis of the cross-section (Fig. 1).
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Modern computational methods, such as finite element analysis (FEA), al-
low engineers to more accurately analyze torsion in structures with arbitrary
cross-sections. FEA takes into account the full three-dimensional geometry and
material properties, providing a more detailed understanding of the torsional be-
havior. The obtained results for shearing stresses are validated by finite element
computations for the accuracy of shearing stresses and torsional rigidity.

2. Governing equations

The cross-section of the considered bar is shown in Fig. 1. The shear moduli
of the bar are Gx = Gxz, Gy = Gyz.

Fig. 1. The cross-section of the Cartesian orthotropic homogeneous bar.

The solution of the Saint-Venant torsion problem for the orthotropic cross-
section can be obtained as a solution to the following variational problem:

(2.1) Π [U(x, y)] ≥ Π
[
Ũ(x, y)

]
,

where Ũ = Ũ(x, y) denotes an arbitrary statically admissible stress function
that satisfies the homogeneous boundary condition on the curve ∂A of the solid
cross-section A:

(2.2) Ũ(x, y) = 0, (x, y) ∈ ∂A,

and the explicit form of Π
[
Ũ(x, y)

]
is as follows:

(2.3) Π
[
Ũ(x, y)

]
= 4

ˆ

A

Ũ(x, y) dA−
ˆ

A

 1

Gy

(
∂Ũ

∂x

)2

+
1

Gx

(
∂Ũ

∂y

)2
dA.
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Furthermore, U = U(x, y) is the solution to the boundary value problem defined
by Eqs. (2.4) and (2.5):

1

Gy

∂2U

∂x2
+

1

Gx

∂2U

∂y2
= −2, (x, y) ∈ A,(2.4)

U(x, y) = 0, (x, y) ∈ ∂A.(2.5)

The torsional rigidity S of the cross-section A is defined as:

(2.6) S =
T

ϑ
,

where T is the applied torque. and ϑ is the rate of twist. The following formulae
are valid for S:

(2.7)

S = 2

ˆ

A

U dA, S = Π [U(x, y)] ,

S =

ˆ

A

[
1

Gy

(
∂U

∂x

)2

+
1

Gx

(
∂U

∂y

)2
]

dA.

The presented analytical method is based on Eq. (2.1), providing an approx-
imate solution to the torsional problem. It always yields a lower bound for the
exact value of the torsional rigidity.

The expressions for shearing stresses τxz and τyz in terms of the Prandtl
stress function U = U(x, y) are as follows:

(2.8) τxz(x, y) = ϑ
∂U

∂y
, τyz(x, y) = −ϑ∂U

∂x
.

3. Approximate analytical solution

The solution to the variational problem formulated in Eq. (2.1) is sought as:

(3.1) Ũ(x, y) = F (x)(y2 − x2), (x, y) ∈ A ∪ ∂A,

where the function F = F (x) satisfies the following boundary conditions (see
Fig. 1):

(3.2) F (a) = 0, lim
x→a

F (x) = 0.
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The analytical approximation of the Prandtl stress function is obtained based
on calculating the function F = F (x) that maximizes the right-hand side of in-
equality (2.1). Inserting the expression for the statically admissible stress func-
tion Ũ = Ũ(x, y) into the inequality, relation (2.3) gives:

(3.3) Π[F (x)] =

aˆ

0

[
−16

3
x3F (x)− 2

5

x5

Gy

(
dF
dx

)2

+
4

3Gy
x3

dF
dx

(
−x2 dF

dx
− 2xF (x)

)]
dx

+

aˆ

0

[
2

Gy

(
−x2 dF

dx
− 2xF (x)

)2

− 8

3Gx
x3

]
dx.

The stationary condition of the functional (3.3) under the boundary condi-
tion (3.2) yields a second-order ordinary differential equation for F = F (x) :

(3.4) −Gxx2
d2F

dx2
−5xGx

dF
dx
− 5

2
GxF+

5

2
GyF+

5

2
GxGy = 0, 0 < x < a.

The solution to the differential Eq. (3.4), which is bounded at x = 0 and
F (a) = 0, can be represented for Gx 6= Gy as:

F (x) = cxλ +
GxGy
Gx −Gy

, 0 ≤ x ≤ a,(3.5)

λ = −2Gx +
√

1.5G2
x + 2.5GxGy, c = − GxGy

aλ(Gx −Gy)
.(3.6)

The approximate expression for the Prandtl stress function is given by the
following equation:

(3.7) Ũ(x, y) =

(
cxλ +

GxGy
Gx −Gy

)
(y2 − x2), (x, y) ∈ A ∪ ∂A, Gx 6= Gy.

The contour lines of Ũ = Ũ(x, y) are shown in Fig. 2, using the following material
and geometric data: Gx = 7.5 · 108 Pa, Gy = 15 · 108 Pa, a = 0.45 m.

The approximate value of the torsional rigidity can be calculated according
to Eq. (2.7).

(3.8) SL =
2

3
a4

GxGy
(
4Gx −

√
2Gx (3Gx + 5Gy)

)
(Gx −Gy)

(
4Gx +

√
2Gx (3Gx + 5Gy)

) < S.
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Fig. 2. Plots of the contour lines of the Prandtl stress function.

The approximate numerical value of the torsional rigidity for the data used
above in Fig. 2 is as follows: SL = 4.95291486 · 106 N ·m2 It must be noted that
SL given by formula (3.8) is a lower bound for the true value of the torsional
rigidity according to the inequality (2.1). The following upper bound can be
derived for S using Nowinski’s paper [21]:

(3.9) S ≤ SU =

ˆ

A

(
Gxy

2 +Gyx
2
)

dA−

ˆ
A

(
Gx

∂ω

∂x
y −Gy

∂ω

∂y
x

)
dA

2

ˆ

A

(
Gx

(
∂ω

∂x

)2

+Gy

(
∂ω

∂y

)2
)

dA

,

where ω = ω(x, y) is a non-constant function whose first-order partial derivatives
are continuous functions of x and y. Function ω = ω(x, y) is called a kinemati-
cally admissible torsion function; otherwise, it is an arbitrary non-zero function
[1, 22]. Substituting for ω = ω(x, y) the following functions

(3.10) ω(x, y) = −12xya+ 9x2y − y3, (x, y) ∈ A ∪ ∂A,

gives

(3.11) S ≤ SU =
1

30
(3Gx +Gy) a

4.

In the inequality relation (3.9), the equality is reached only if ω(x, y) = cφ(x, y),
where φ = φ(x, y) is the torsion function of the considered cross-section, and
c is an arbitrary constant different from zero.
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The numerical value of the upper bound for the torsional rigidity with the
following data: Gx = 7.5 · 108 Pa, Gy = 15 · 108 Pa, a = 0.45 m is SU =
5.12578125 · 106 N ·m2. In this example, the true value of the torsional rigid-
ity S can be estimated by application of the following two-sided bounds:

(3.12) 4.95291486 · 106 N ·m2 ≤ S ≤ 5.12478125 · 106 N ·m2.

The approximate formulae for shearing stresses can be obtained according to
Eq. (2.8):

τxz(x, y) = 2ϑ

(
cxλ+1 +

GxGy
Gx −Gy

)
y, Gx 6=Gy,(3.13)

τyz(x, y) = ϑ

(
2cxλ+1 +

2GxGy
Gx −Gy

x− cλxλ−1(y2 − x2)
)
, Gx 6=Gy.(3.14)

4. The effect of the shear moduli on the solution
of the torsion problem

In this section, the effect of the ratio of shear moduli on the solution of
the Saint-Venant torsional problem is discussed. The results are illustrated with
numerical examples. The following data are used:

(4.1) a = 0.45 m, Gx = 7.5 · 108 Pa, Gy = pGx, ϑ = 0.14 rad/m.

The shearing stresses and torsional rigidity depend on the parameter p > 1,
and this fact is emphasized by the following designations: τxz(x, y, p), τyz(x, y, p),
SL(p), SU (p). Figure 3 shows the plots of shearing stresses τyz(x, 0, p) for five
different values of p (p = 1.1, 1.5, 2, 3, 4).

Fig. 3. The plots of shearing stresses τyz(xp) as a function of x and p.
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The graphs of the function τyz(a, y, p) for five different values of p (p = 1.1,
1.5, 2, 3, 4) against y are presented in Fig. 4.

Fig. 4. The plots of shearing stresses τyz(ayp) as a function of x and p.

The upper and lower bounds of the torsional rigidity as a function of p are
shown in Fig. 5 for 1.01 ≤ p ≤ 6.

Fig. 5. The plot of SL and SU against p.

The comparison of shearing stresses τyz(x, 0, 2) and τyz(a, y, 2) obtained from
the finite element formulation and derived from the approximate analytical so-
lution is shown in Fig. 6.

To compute the finite element solution, the commercial Abaqus software is
applied. The numerical model of the problem contains 19 350 C3D20R elements,
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a)

b)

Fig. 6. a) comparison of shearing stresses between FEM and analytical solution τyz(x, 0, 2),
b) τyz(a, y, 2).

which are quadratic three-dimensional continuum elements using reduced inte-
gration. The number of unknowns in the model is 251 139.

5. Isotropic isosceles right triangular cross-section

Here, we use the following data:

(5.1) G = Gx = Gy, Ũ(x, y) = F0(x)(y2 − x2)

in Eqs (2.1), (2.2), and (2.3). The function F0 = F0(x) satisfies the boundary
conditions

(5.2) F0(a) = 0 lim
x→a

F0(x) = 0.
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In this case, the solution to the variational problem

(5.3) max
U0(x,y)

4

ˆ

A

U0 (x, y) dA− 1

G

ˆ

A

[(
∂U0

∂x

)2

+

(
∂U0

∂y

)2
]

dA

,
in the class (5.1) is as follows [18]:

(5.4) U0(x, y) =
5

8
G(y2 − x2) ln

x

a
, (x, y) ∈ A ∪ ∂A.

The value of the variational functional (5.3) for this function is [22]:

(5.5) S0L = 0.104Ga4.

Starting from the expression of SL(p):

(5.6) SL(p) =
2

3
Ga4

4
(
p−
√

6 + 10p
)

(1− p)
(
p+
√

6 + 10p
) ,

it can be proven that

(5.7) lim
p→1

SL(p) = S0L = 0.104Ga4.

It should be noted that the exact solution for the isotropic case in the form
of an infinite series was given by Leibenzon and he derived the following result
for the torsional rigidity [22].

Starting from the expression of the function:

(5.8) S0 = a4

(
1

3
− 64

π5

∞∑
k=1

1

k5
1 + cosh (kπ)

sinh (kπ)

)
G.

Assuming Gx = Gy = G = 5 · 107 Pa, a = 0.45 m in the upper and the lower
bounds formula for S0, simple computation gives the following results using
Eq. (3.11):

S0U = 2.733375 · 105 N ·m2,(5.9)

S0L = SL(p) = 2.132325 · 105 N ·m2,(5.10)

S0 = 2.000229 · 105 N ·m2.(5.11)

Leibenzon’s result is in contradiction to the lower bound derived by Lurie and
the results achieved in this paper, since

(5.12) S0 < S0L = SL(p).
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The authors of this study dealt with the analytical solution of Saint-Venant’s
torsion of the isotropic bar with a cross-section having an isosceles right-angled
triangle. The examined cross-section in the Oxy coordinate system is shown in
Fig. 7.

Fig. 7. Isosceles right-angled cross-section.

In this coordinate system, the Prandtl stress function is as follows:

(5.13) U(x, y) = Gy(x− y) +Gu(x, y),

where

(5.14) u(x, y) =

∞∑
k=1

ck

(
sinh

kπ

b
x sin

kπ

b
y − sin

kπ

b
x sinh

kπ

b
y

)
,

and this function must satisfy the following conditions: ∆u = 0 in (x, y) ∈ A
and u(x, y) = 0 in (x, y) ∈ ∂A.

The exact value of the torsional rigidity according to Prandtl’s formulation
of the uniform torsion can be obtained as:

(5.15) S0 = 2

bˆ

x=0

xˆ

y=0

U(x, y)dx dy, b = a
√

2.

From formula (5.15) we obtain S as:

(5.16) S = 2.1396775 · 105 N ·m2.

A combination of Eqs. (5.9), (5.10), and (5.16) gives:

(5.17)
S0L = 2.132325 · 105 N ·m2 < S = 2.13967757 · 105 N ·m2

< S0U = 2.733375 · 105 N ·m2.
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Figure 8 shows the contour plot of the Prandtl stress function given by
Eq. (5.13).

y

Fig. 8. The contour plot of U = U(x, y).

6. Conclusions

Saint-Venant’s torsion of a Cartesian orthotropic bar with isosceles right
triangular cross-section was considered in this study. The proposed approximate
analytical method, based on the minimum theorem for complementary energy
of elasticity, as presented. The paper gives the expression for the Prandtl stress
function. Upper and lower bounds are derived for the torsional rigidity. The
numerical results in the paper can be used as a benchmark solution to check
the accuracy of different numerical methods such as FEM, BEM, finite difference
method, etc.

Research in this field continues as scientists and engineers strive to develop
more accurate and versatile methods for analyzing the torsional behavior of
structures with special cross-sections. Advances in computational methods and
materials science contribute to ongoing improvements in the analysis and design
of structural components subjected to torsional loads.
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