ROZPRAWY INZYNIERSKIE « ENGINEERING TRANSACTIONS « 22, 3, 509-532, 1974‘
Polska Akademia Nauk » Instytut Podstawowych Probleméw Techniki

CERTAIN PROBLEMS OF STATICS AND DYNAMICS OF
POINT-SUPPORTED ELASTIC RECTANGULAR PLATES

Z.MAZURKIEWICZ, K. WOZNICA (WARSZAWA)

The paper presents an algorithm, based on the finite Fourier transforms technique, making it
possible to derive formally accurate solutions of the following engineering problems of statics and
dynamics of elastic, isotropic plates: (1) Harmonic vibrations and statical bending of rectapgular
plates, loaded symmetrically with respect to both axes of symmetry of the plate, supported at four
corners and, along the sides, on elastic ribs; (2) Statical bending of rectangular plates, loaded as
before and supported at four or two points at equal distances from the opposite edges, or supported
at a singfe point, at the center of symmetry of the plate; {3) Statical bending of a plate having the
form of an isosceles rightangled triangle, the hypotenuse being either free or supported on an elastic
rib, simply supported along the legs, and loaded symmetrically with respect to the symmetry
axis. In the case of rectangular plates supported at four corners and on elastic ribs, the solution
presented is confined to symmetric loadings for the sake of simplicity only, since it is easily observed
that the formulae desived in the first part of the paper may be generalized to arbifrary static or
dynamic loadings.

All the considerations and formulae presented in the paper may easily be generalized to the case
of orthotropy, as also to the practically important case of rectangular plates supported on columns
having finite cross-sections, and located at cerfain distances from the edges of the plate, provided
the loads are symmetric.

1. INTRODUCTION

Problems of rectangular plates supported at isolated points fall within the class
of classical boundary-value problems of the plate theory which is characterized by
a relatively small number of solutions, most of them only approximate and concerning
the cases of point-supports located at the corners of the plate. The following solutions
should be mentioned here: (1) A formally accurate solution [1] of statical bending of
a rectangular plate supported at the corners, subject to arbitrary loads distributed
along the edges; (2) Approximate solutions [2- 5] concerning rectangular plates
supported at the corners; (3) An approximate solution [6] (derived by the method
of finite differences) of the problem of statical bending of a rectangular plate loaded
uniformly and supported at four symmetric points at a certain distance from the
edges.

In this paper, we shall present a certain algorithm (based on the finite Fourier
transforms technique) enabling us to derive formally accurate solutions of certain
practical problems of statics and dynamics of elastic, isotropic, rectangular plates,
supported at several points, as also certain problems concerning the statics of trian-
gular plates. The range of applicability of the algorithm comprises: (1) Harmonic
vibrations and statical bending of rectangular plates loaded symmetrically with
respect to the two axes of symmetry of the plate, supported at four corners and resting
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on elastic ribs along the edges; (2) Statics of rectangular plates subject to the same
loading and supported at four or two points at equal distances from the opposite
edges, or supported at a single point, at the center of the plate; (3) Statical bending
of a plate in the form of an isosceles rightangled triangle, the hypotenuse being
either free or supported on an elastic rib, and the legs being simply supported;
the load is symmetric with respect,to the axis perpendicular to the hypo-
tenuse. _

It should be stressed that the solutions presented in this paper have been obtained
by means of effective application of the finite Fourier transforms technique; its
first appiication to the boundary-value problems of rectangular plates may be found
in the well-known paper [7].

2. APPLICATION OF THE FOURIER METHOD TO THE PROBLEM

Let us consider an elastic, homogeneous, isotropic rectangular plate, arbitrarily -
supported along the edges and subject to arbitrary loads producing forced harmonic
vibrations. ‘

The differential equation describing the deflection amplitudes of such a plate
has the form:

* My 9t My, M,
+ pw? =0,
dx? dxdy ay? powtp

2.1

Here, w=w (x, ¥) is the deflection amplitude of the middle surface of the plate,
p— mass per unit area of the middle surface, @ — angular frequency of forced
harmonic vibrations, p=p (x, 3} — amplitude of the loads producing forced
vibrations.

The amplitudes of bending and twisting moments are expressed by the well-
known formulae:
w *w )

M.U.: —D (‘%_l_v

Pw FPw
dx? ay? ?

My,=—D (83;2 +v e
&*w
dxdy’

2.2)

MIZ: “‘—D(l—v)

with the bending rigidity

2.3 En

2.3 b= 12(1—v?)

Here, E is the Young modulus, # — thickness of the plate, v — Poisson’s
ratio.

In order to obtain the most general possible (with respect to the boundary
conditions) solution, let us apply the finite Fourier transform. Let us_ assume that
the functions to be transformed satisfy the Dirichlet conditions in the region 0<{x< g,
O<y<h. ‘- '
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The finite sine and cosine Fourier transforms are expressed by the following,
formulae:

T/ (x, )= f f S, y)sina, xsin f,y dxdy,
(2.4)

TS (6 9} = f f S(x, ) cos iy x c0s B,y dxdy,

with

e L
By = a’ ﬁn= b

Applying the finite sine transform to the functions w (x, ¥) and p(x, ), we
obtain from the Egs. (2.4):

(2'5) JH‘H {W} Wi » mn {p} pmn

The inverse transforms of w and p are written in ferms of a double Fourier
series:

7

4 w0 o0
(2‘6) nm {w"ﬂl} w (‘x! y) - ? 24 Z ”’mn Sin Otm X Sin ﬁn J’,
n= n=
-
(2‘7) }rm {pmn} =p (A y) - b 2’4 > D Sln U X Sln [)}ﬂ

m= n=1

Applying the finite sine transform to the Eq. (2.1), we obtain

(2.8) 7!

Hiit

+

ax? ax dy ay?

}+pw2 WJ"" +p"lfi = 0 *

Performing the integration by parts, we obtain:

1 9* My, 2 1 (1)

mn axz—— = O Trmt {Mll } — Uy Mmrr »
(2'9) Tnm ax ay“g = Uy ﬁll Tnm {Ml 2} I

s 02 M., - -

Tum ay?. (T ﬂn nn {M22} ﬂn Mnm
Here,
. b
_ anlﬁ) = j {(_ 1)1" M11 (Cl’, }’) - Afll (0: J’)} sin [)’rrydy 4

(2.10) 0

M= f [(—1)" My, (x, BY~ My, (x, 0)] sino, x .
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Similarly, by taking into account the Egs. (2.2), we may write the transforms
.of moment amplitudes M4, M,,, M,, in the form:
3.,. {My1}=D [(o3, +VB) Wt e W) + VB, W21,
(2.11) T2, (M3} =D v=1) [ty B W+ Wi+ B, W30 + WD,
ThAM 0} =D [(verl, + ) W+ Vot wo) + 8.3,

with the notations

W= f[( 1y wa, y)—w(0, )sin f,ydy,

{2.12 a4 .
{ . ) W(’*)—f[(—l)"w(x, b)—w (x, 0)]sin e, x dx,

Hau
<Q

WO =(— Dy w(a, B)+w (0, 0)—(— 1Y w(a,0)—(—1)"w(0,b).

mn

Taking into account that transformation, we obtain

M, P2M, & MM}
1 = pa— —
(2- 1 3) mn { 3x2 + 2 ax ay ayz ‘DA.IHH wmn Bml‘! ’
where
'(2 1 4) mr! (Otm + ’

Q215)  Buy=t M + B, MG + Doty T, + 57 Q=MW 0+
+—Dﬁn [ﬁu + th" (2 —y)] W,,(mzrz + 20‘:11 ﬁn D (1 —'1-') W}E@?l) .

" The expression for B,, is easily seen to depend solely on the bending moments
and deflections along the edges of the plate.
Using the expression (2.13), we may transform the Eq. (2.8) to the form

(216) ' wmnD (Amn_ CZ) =Pum _er: )

with the notation

@17 o2 =

The functions describing the amplitudes of bending moments and deflections -
maay be represented by single Fourier series:

o

2 (L) o 2 —031 (3) i
M= > dsinfy, M@= Y sinfyy,
i=1

(2.18) =t

oo

2 2 >
Mzz(x,b)=—&- 2 P sina x, M,,(x, 0)=~; 2 eMsina, x,

i=1 i=1
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2 ¥ (0 o 2\ SO
wa =5 Y wPsingy,  wOn=", > wsing,y,
2.19) =t _
_ 2 2 -
w(x, b)=; 2 wPsing; x,  w(x, 0)=? 2 w®sina, x.
i=1 i=1

Substituting the series (2.18), (2.19) into the Egs. (2.10), (2.12), we obtain

(2.20) MO =(—m e —e,  MP =(—1y D —e®,
(2.21) W =(=1mwi—nl, W@ =(—1yw@® —w®.

3. VIBRATION AND BENDING OF RECTANGULAR, POINT-SUPPORTED PLATES

3.1. Forced and free vibration of a plate supported at the corners and on elastic ribs

In order to simplify the problem considered, let us assume the load introducing
forced vibrations to be symmetric with respect to the two axes of symmetry of the
plate (Fig. 1).

Fig. 1

Along the edges of the plate, the following conditions hold true:

d*w ] 0, [d“w ] 0,
2 = a2 =1
3.1 [dy”' o w T et T C2W ) 7,
a ¥y

X = =0 y=0 ’

x= | x=a =b y=h
with the Kirchhoff forces

aM}_l 3M12 ' 8M22 aMl?.
(3'2) 7 QIM— 8)6 :1—2 3,1? 3 QZA' ay +2 ax >
and with the following notations:
o U @0
2 2_. _

@3 -V I - A
Hi,Ji,s Ha, J, — masses per unit 'lehgth of the stiffeners and the cross-sectional

moments of inertia of the ribs.
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Amplitudes of forces O, and O, are expressed by the following Fourier series:

4 o o2
Ql = E § E Qf,m lm COS oy X sin ﬂ" Vs
Q(z) A, 8in &, X cOS
0,= o b mn “on m X C Vs
m= -

Ap=1-10 Samﬂ 3 Ae=1-0,568,0,

L

(3.4)

with the motations

© 0,0 and &,, denoting the Kronecker symbols.

Making use of the series (3.4) and (2.19), the boundary conditions (3.1) are
reduced to the form

2 5 2 U,
69 N oW-Ene®4, o N OR=EL WD A,
“ m=%13 .. n=1,3,..
Here
(36) . Am:ai_c?z.? A":[)’:—Ci.

According to the formula (3.2) we obtain

(€} Y (M LT .
Qo = j f O —r2 ay cos a, xsin f, ydxdy,

(3.7)

aM. 3M
f'i?ﬁff( 22 agz)sinos,,,xcosﬂ,,ydxdy.

On integrating by parts and taking into account the relations

wix, By=w(x, 0),  wia,)=w(0 ),
w(0, ) =w(a, by=w(a, 0)=w(0, 5)=0,
M 0, y)s= My (a, )= Map (x, 0)=M,, (x, b)=0
we find:

flllr? HJD {[(2 V) Ocm +‘7m] H"’mll 2(1 —V) i + Gr:m w(l) 2 (2 v) O’m ﬁﬂ Hl }
g;iz *D {{(2 v) o'm ﬁi‘l +18 ] leIH - 2 (i - V) 0""1 + ﬂn ] ’VE]%) 2 (Z—V) G('Jlt ﬂi‘l Wn } .

The expression (2.15) is now simplified and assumes the form:

(3.8)

(3'9J Bmu :D‘Im ((7.'.3! +2 "2 . vﬁn ) WU) +‘Dﬁn (ﬁn + 20’ —'VO' )W(Z)

it IR

in which, resulting from the Egs. (2.21), the following relations hold true:

(3.10) ST RD SN OO S 171 S Wi o)

mn n ? mn n ot
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Taking into account the expression (3. 9) in the Eq. (2.16), we transform the for-

mulae (3.8) to the form:

where

2=V o, 7o), ‘ 287 +(L+v) o] B
Qz(nl;? — Pun— 2D (1 - ) wi+
2, an i
. ol 3 - 2(1=9) BZ 4+ a2 TP+ (2-1) ot f, W2
(3.11) +2D 1=y === w4+ 2Dc? U4 "']Q G ol ,
. e mn
(2_v)aslﬁﬂ+183 [20(3,"‘(1“!*1") ]O[m
Q(f) = T —2D (1 —V) (2) +
e QJ"" ’ Qnm . "1
oy B2 {1—v)al + 2] (2)+(2 —¥) tlyy By WA
a2 mPae {1) 2 " m i
#2D -G 04 2e u ’
(3. ].2) an - Amn

Making use of the Egs. (3.11) in the Egs. (3.5), we obtain
[Q-w) 2 FP L FO—-2D(1-y) [)’4 24289+ (1 +v) S@wiu 4.

+2D(1—v) 2 Z Q W@ 1 2D¢? {[2(1—v)ﬁ,,2sf,“)+sf,2>] Wi ¢

n=1,3,,
”. El a PG
+ ( v) ﬁll 2/ Q”m m } 2 " w b

m=1,3,.

G13)

[(2—v) o2 FO 4 PO 21)(14)06* [2¢2 Sf°>+(1+u)sf2)3w@)+

m m m m

+2D(1—v)2 2 Z Q“ wi42Dc? {[2(1—v)a,,,s(ﬂ)+s(2)} Wiy

Ht HI

n=1,3,,
o
n Jo b
+(2—v) o, 2 o, wf!l)} = 22 m W&
n=1,3,...
oy Ly the
S(O) = J
" Qmu &c BUM @u ’
m=1,3,,., '
- a a a
(2) — m ) - -9
Su Qnm 8¢ (@n th @n ) yjn th 9:‘;1 2 ) 3
m=1,3,,.,
o a b
(13 ... pmn m 0
F= = 207 ()sin B,y dx dy,
m=1,3,. mn 0o ¢
h yf h b, (—
Y oS, X ¢ x o 2 ? o
fPw= Y "
m=1,3,... m" ¢h Y’ ch@,—

f!2
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F= Z Pon f f P06 IO () sin b, pdxdy,
m=1,3,..
a . a
f(a) . S m_:-_s_iﬂi:i ” chd, (—2—" x) e ch %, (7_ x)
’ wid. L N BETRVELEE
" " i
b b
Sws: S‘ | _i(th'{’m 3 _th@,,, 3
m 5 2. 8c _‘I‘m &, ’

5B b b b

SO = ,. 12: o EE(@"' th By W th ¥y 2)

fe.d.] FE,,D — 2 Pun ﬁi _ f f p (.X,', y)f(l) (y) sin o, xdx dy,
p .

"’"!
0

b b
. . h'lp" T ml Ty
oo g [oela) an(zo)
fm (y)_ Z an MSC h i h i 3
=1, 3,.. " 2 " 2
F= Z Pl f f PO NfD () sino, xdxdy,
n=1, 3,.. m"
h & (b )  ch, (b )
w . C | A T X G m| 5 T X
pe= 3 Fusinpiy =—13- ®2 G s
a=1, 3, Qnm 8¢ chd, —- Chyf -

"2 2
‘In the Egs. (3.14), the following notations are introduced:
o, V=V fite, OpVu=Valte.
The systeni of Egs. (3.13) may now be written in the form:

had 12 p? L2 2
Citl)wsll)_ Z (1 V) ﬁ ;;m +c (2 '!)) Sy W J(:)—Z(l) nﬂl, 3’ 5’ -

m=1,3,

(3.15)

—1)2 207
—_ 2 (1 V) an +C (2 ) 3 W(i)‘l“cfi) w(z)__z'(l) m=1, 3’ 5, s

n=1,3,
in which, with «22¢, - ze¢, the relations

c= [tp,, (@2 =72 th ¥, 3“ — &, (P2 V2P th @

" +81c1 cA,t],

Sph c

b
Cc= R ¢ [Y’m (D2 —ve2 ) th ¥, —— P (¥} —ve2)? th + 8rc, CA,,,] »

(3.16)

L moo nt m m 2
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i a
a4 b Ch !P" (—2- _ x)
Z‘1’='Lf fp(x W @2 —vp) '
" I6Dﬁ" < * " n a_"“
0o 0 Ch Y/”——
. 2
a
chod (—— X .
" 2
G.17) —(Pi—vgH— p sin f,y dxdy,
ch 45;1?
b
b ch'¥, (3 —y)
ZW=—— x, N} (P2 —va2) —————L—
" 16Doyc ) ) PV Ew TV, B
T8 0B ch¥, — .
2
b
chd, (7— y)
—(¥5 ~val) —p |sino,xdxdy,
ch Gpm _5‘
hold, with the notations:
EJ, EJ,
(318) IC;_.=TD‘**’ Ky = aD .

With f?<c and «2 <c we use the relations

Vx=iy[, thip=itgy, ship=isiny, chip=cosy,

a _ . a
Shﬂ"‘xthi%5=—Sin?’n_xtg%—z“,
. ) 2
¥, thi?, —=— ¥,z Y for fi2<e,

chi¥ x=cos¥,x,
b o b
shi?¥, ythi¥, = Tsin¥,ytg Fn s

b b ) )
¥, thi¥, = — ¥, tg¥W, —, for o, <c;
2 2
Chf?’;"_yzcos SUmy:‘
 Here,

!{Ijlzl/!ﬁ: .._E’ yfmzl/—g—m;i - CI -

From the set of Eqs. (3.15) (for a certain finite number of equations) the
coefficients w and w{" may be calculated which in furn enable us to determine
[by means of the series (2.19)] the deflection amplitudes at the edges of the plate.

‘The coefficients w® and w(” being known, the expression (3.9) may be
determined ; coefﬁ(_:ients W are then found by means of the formula (2.16) to yield:
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the deflection and stress amphtudes occurring at various points of the middle
surface of the plate.

Equating to zero the principal determinant of the Egs. (3.15), we obtain the
.characteristic equation making it possible to determine the angular frequencies of
free vibrations of the plate.

Example 1
Tet us calculate the frequency of free vibrations of a square plate supported
.at the corners. In such a case

M nmw 1) 2)
a:b, Oy = a )gn: (1 [ ‘Tcl:K:2:O’ W, " =Wy, Wm =W s

and the set of Egs. (3.15) together with (3.16) is reduced to a single, homogeneous
system which, after transformation, may be written in the form:

(3.19)

o []/n — A2+ A— Vnz)zthw]/n —R =

—_— T A
- ]/n"' +A(p*P—A—wn*)* th > ]/n2 -i-/l] Wy, —

o lmv2m2n2+2'2 2_v
— 2 ( )= ( )mwm=0, n=1,3,5, ..,

(m?+n*)? —

m=1,3,..
-with the notations
pat
22262;1“: w? I);I
Taking into account three equations in the set (3.18) for m= 1, 3, 5, the lowest
.angular frequency of free vibrations corresponding to the symmetric form of the
.deflection surface is found to be equal to

7 D
(3.20) o=012 5

This result differs only by 0.01% from the free vibration frequency calculated
on the basis of two equations in (3.19) — ie., for m=13.

3.2. Bending of a rectangular plate supported at the corners and on the ribs

Let us consider the static bending of a tectangular plate symmetrically loaded
.and supported at the corners and on elastic ribs. Assuming in the Eq. (2.16) @=0,
and making use of the expressions (3.9), (3.10), we obtain:

P F* (o 12, + 22— D+, ﬁ2+o«,,, 2—Wlwd}.

£3.21
( ) w‘mn ‘DA mn A"l?!

The equation of the middle, deformed surface of the plate is then found by
means of the Egs. (2.6), (3.21), and (2.2), as also the expressions for bending
moments:
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1 “y wDsin g,y
(3.22y  wix, M=w*(x,) e hfatl [(1 =) H, (-1, (x)] +
n=1,3,,,.
+i w@ sin a,, x (=) H, ¢
LS e rnon
m=1,3,... )

1 w2 sin g, y
M (6 ) =My (57) =5 D(1—ppp B L B0l

chﬁ Cl"{'l -Hn(x)+
n=1,3,... "
1 2 wDe2ging x '
3.23 L A T ] — 2 ; a2
(323 +D o b1 [ H0)+ (1) L0,
m=1,3,...
W 1 Dol 1w el sing, x
Mzz (x: J’)— 22 (X, y) - a ( '*V) Z ch Otmb+1 H;n (.J")'I"
m=1,3,..

1 1w B2sin B,y .
+— L AL S L PSR o 2 »
p 7 24 chpB,a+1 (=) H, () +(1=v*) 1,(0)],

n=1,3,..

where

(3.24) H(x0)=f, [xsh fu(a—x)+(a~x)sh B,x], I, (x)=2[ch f,(a—x)+ch f,x],

fH—m (,V) =y [}" sh Gy (b —.V) -+ (b —J?) sh i J’] 2 Im (y) =2 [Ch Un (b _y) -+ch Ol,,,y] >
and w* (x, ¥), M}, (x, 1), M3, (x, ¥} denote the cortesponding functions describing
the deflections and bending moments occurring in the middle of deformed plate

simply supported along the edges. The functions are expressed by the following,
well-known formulae:

4 - S sine,xsinf,y
# e ; E ——
(3'25) w (XJ y) ﬁbD - A *

- mn
m=1,3,... n=1,3, ...

a b

* ffp(x,y)sina,,!xsinﬁuydxdy,
0 0

. 4 ((""1' o o2 +1fﬂ2 '
ﬂjx :"_‘ m n 5
R D I M :

m=1,3,... n=1,3,,,,

a b
(3.26) * 8ine,, x sin B, ¥ f f px, y)sine, xsin B, ydxdy,
oo
.. 4 CP—; - VOE;:'J + ﬁf
M;Z (X, }’) = E 2./ Z T S0 ¢, X Sin fu yx
m=1,3.... n=1,3,...

a b
x ffp(x, yysina, xsin f, vdedy,

[E ]

Rozprawy Inzynierskis - 15
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e o Thé simple Fourier series appearing in the Eqs. (3.22), (2.23) are found by means
" of the corresponding double Fourier series in which summation over one of the
indices is performed; this is of primary importance for improving the convergence
of tesults. Summation over one of the indices may also be performed in the Egs.
(3.25), (3.26) (provided the series are uniformly convergent to allow for the change
of order of summation and integration). Calculation on a computer proved, however,
that this fact is unimportant. )

In order to determine the unknown coefficients appearing in the Egs. (3.22),
(3.23), w2 and w(?, we shall use the set of Egs. (3.15) which, for u—0, may be

reduced by means of the d’Hospital rule to the form:

2
CfrZ)wStl)_(l_v)z f : ) A En)m :'(12)5 H:L.S: 55 s
mi

(327) m=1,3,. |
_(1 _v)z %y 21 A" 511)+CE3)WS:):Z:5): m=1,3,5, ...
e 1 3 mn }
Here,
(1—v) 24
C(Z) lim C(l)_ 4 j : 2(0]’1,8 a+l) [(3+V)Shﬁna_(lﬁv) ,,(1}—5—
@0 n
(3.28) ' +r (L+¥) Sy a} »
( }}) OC]"
CR=lim Y =——" 7 oy (G ) shon b= (L) b+
w0 t
b,
a b
Z@ =lim ZM = SR I fp(x ¥ (=) H, (%) +
sl 16Dg,(ch f,a+1) !
(3.29) ‘ . + 1G] sin g, ydx dy ,
b
(2) _ M
Z, mlln;Z 16D o (chonb 1) fj p(x, ) (L—-n 1, (y)+
+1, (y)} sin wy, *dx dy.
(3.30) drc, 50 dic, 531
. = = =

U—a ar®’ > (1—9b  bB

In the Eqgs. (3.30), sy, 53, #1, £, denote the respective widths and hights of the ribs,
and /- the thickness of the plate. -

If the thickness ribs along the edges of the plate are disregarded — ie., if we
put ry=r,=0 in the Eqgs. (3.28), we obtain the corresponding static and geometric
magnitudes of a plate supported- at the corners.
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Let us consider a very specialized case of a plate supported at the corners and
on elastic ribs, loaded uniformly over the entire surface. In that case, the expression

(3.25) occurring in the formula (3.22) assumes the form:
!

: . 16p : sin e, X 8in ,8,,
(3'3 I) w (x, y) o ﬂbD Z 2 G('Hl ﬁ Anl"

m=1,3,... n=1,3,.

If the function w* (x, y} is known, we may directly determine the corresponding
expressions for bending moments M7, (x,») and M}, (x,)) entering into the
formulae (3.23). .

On the basis of the Eq. (3.29), we obtain:

7@ L [B—-v)shf,a— (1 —v} f,a]
“ " ADB(ch foat 1) " e

(3.32)

pb :
(2) — — —(1 =
Zm 4D0’.:1 (Ch O{m b + I) [(3 !}) Sh En b (1 V) Gy b] .

Example 2
Let us calculate the deflections and moments of a square, uniformly loaded
plate simply supported on elastic ribs, Here,
ma ! Fika '
a=b, O('.m=75 n:_—a_, Fi=¥tz=r, ngl):Wn, WE;J)=W,".
Using the expressions (3.32), we reduce the sets of equations (3 27 to
a single set:

i1 B+v)shur—(1-Vinn
(3'33) 4(1—'1") [ 2(Chnﬂ'+]) . +i'(1+v)nﬂ:]wn_
B m> pa® [(3—v)yshnn—(1—v)ax] -
Z e T P D et ) 0 T e

m=1,3,,

The coefficients w,, w, are determined from that system, and the Egs. (3.22),
. (3.23), (3.31) are vsed to evaluate the deflections and bending moments.

Note that, owing to the good convergence of the series, taking into account
merely the three coefficients w,, vields the deflection with an accuracy sufficient for
practical purposes. In calculating the bending moments, however, seven terms of
the series should be retained, and the coefficients w,, should be found from the solu-
tion of a set of seven equations of (3. 33).

The graphs in Figs. 2 and 3 demonsirate the values of deflections and bendmg
moments at several points of the plate, and for various geometric parameters of
the plaie and the stiffener. It is seen that with #-»o0 we obtain the deflections and
bending moments of a simply supported plate.

In Fig. 3 dashed line shows the value of the bending moment in the middie of

the plate freely supported at the circumference M, 1( P 2) =0.0429 pa®,
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!

Example 3

~ Let us determine the deflections and bending moments of a' uniforinly loaded
rectangular plate, sopported at the corners.
To that end we shall use the formulae (3.31), (3.32). In the calculations, we

assume:
a 1

T=2, r=r=0, y=—,

b 6

In Fig. 4 are shown the deflections and bending moments occurring along the edges
and in the middle cross-sections of the plate.
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"Table 1 contains certain results concerning the plate under the assumption that
y=0 as compared with the results derived in [4] and Tables published in [3].

Table 1
Finite Four.ier A. S. Katmanolk St. Lee, P. Balesteros
transformation
a b
iy 0.01433 0.0143 0.01447
b pa
w(O, E") 0.00180 0.0018 0.00210 D .
g
w (E , 0) 0.01394 0.0140 0.0i431
a b )
M, (?, E) 0.12205 0.1218 0.11979
a b
Msa CRE) 0.01533 . 0.0152 0.01042
a ' pa*
Mi (E_’ 0) 0.13024 0.1300 0.13542
b
Mis (0, B 0.06539 0.0635 0.07292

Substantial differences of results may be observed in that Table. This js probably
due to the approximate charater of boundary conditions in the solution [4].

3.3. Bending of a symmetrically loaded, rectangular plate supported at points lying
at o certain distance from the edges

Let us first consider the problem of bending of a rectangular plate with free
edges, supported at four corners and symmetrically loaded by four concentrated
forces P. The forces are assumed to act at the distances , v
from the edges (Fig. 5).

- © The load is expressed by the following function:
- Luy | (3.34)  plx, )=Pélx—u, y—ovl+
4 QF ’ +P3 [x—u, y—(b—0)]+PIx—(a—u), y—vl+
o PS5 [x—(a—u), y—(B—2)].

6| ] denoting the Dirac delta-functions.
With such leading, the Eq. (3.25) yields the function:

6P Y sina,usin o
i (.',\f, );) = W—.bD X . A
a P l' 3 i

m=1,3,... n=1,3, .

sin o, xsinfi, v,

(3.35)
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which enables a simple determination of the corresponding formulae for the moments
M7, (x,y) and M, (x, ). The form of the remaining terms of the Egs. (3.22) and
(3.23) 1s unchanged. '

Now we have ry=r; =0, and hence, on the basis of the Fgs. {3.28), we obtain

the expressions:

(=-9pla
3)—
G 8(chﬁ at1)

cwo_ (=0anb
" 8 (choybt 1)

{(3+v)_shﬁ,,a—(1~v)ﬁ,,a},
(3.36)
[(3+V)Sh Oy b — (1 vy o, b

Introducing the load function (3.34) into the Egs. (3.29), we obfain:

Pasin fi,v
Z1(2) = [(1-
T ADg, (ch ﬁn a+1)

V) H, () +1,@)],

{3.37)
Phsina,, u
(2)

20" IDam(chanb 1) LY

H, @)+ 1, @)].

If the forces P expressed by the Egs. (3.34) are assumed to counterbalance the
load acting on the plate

a b
(3.38) 4P=— [ [ p(x,p)dxdy,
9 0

then the corner reactions must vanish.
Equations (3.25), (3.35) and (3.38) yield

63 whsn=_s E Z Sma’"):mﬂ” f f (x, y)x

m=1,3,..n=1,3,. g0

x{$in o, X8I f, v —sin o, wsin B, vy dxdy.

The set of Egs. (3.27) for the balanced load is reduced to

2 .
j O('m y
CH WD —(1—w? p? z wH=7® p=135 ..,
mn
m=1, 3,

{3.40)

—{l—v)? e’ - w{')+C(3)w(2) VAR

“ht m " m 2
4 w

Tm=1,3,5 ..,
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with the notations

A E TSy f f P () [ =) Hy )+, (3)] i i, —
(L) Hy () +1, (D] sin By o} dx
(3.41)
( \
)= 16D, (chmm biD) f f p e, DI —v) Hy (0) + L (9)] sin 2z, X —

— [ =) H,, @)+ I, (@}]sin o, 14} dx dy ,

C®, €@ are expressed by the formulae (3.36).
Displacements. of the middle surface of the plate referred to the plane passing
through the points of support located at a distance from the ‘edges are determined

from the relation:
(342) TT?()C, y)=W(X, y)—w(u, 7")'

Here w (x, ¥) is the function of deflection (3.22) in which w* (x, ¥) is expressed by
(3.39); w (1, ©) denotes the displacement calculated from the Eq. (3.22) at the points
of application of the forces P. '

In the case of a uniformly loaded plate, the expressions (3.39) and (3.41) are
reduced to the form:

sin o:,,,xsm B.y
(43 w*(z2)= Z » g by fysinousin ),

m=1,3,... n=1,3, ...

73 = pa
" T 16D (ch Byat-1

) {41(3—m)sh f,a—(1—) B, al—
—abf (1 —v) H, (i) + L, (] sin B0},

(3.44) ,
14
(3 —
2 = T6Dod chagp i D) TG sk o b (1 =¥) 0, B} —
—aba’ [(1—v) H,, () -+ I, (0)] sin u}
Example 4

Let us determine the deflections and bending moments in a square plate, loaded
uniformly and supported at four points lying inside the plate.

In the calculations it is assumed that _
a=b, u=v=02a, v=1/6.

Owing to the symmetry of the load, two systems of Eqs. (3.40) are reduced to a single
set enabling the calculation of the coefficients w,, necessary for the defermination
of deflections and bending moments. In order to determine the deflection with an
“accuracy sufficient for practical purposes, eight terms of the series (3.22) are
necessary. The series (3.23) (bending moments) converge rather sfowly, the com-
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vergence markedly decreasing in the vicinity of the points of support. A satisfactory
accuracy of resulis requires more than sixty terms of the series. Graphs of deflections.
and bending moments in cerfain cross-sections of the plate are shown in Fig. 6.
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Example 5
Let us caleulate the deflections and bending moments in a rectangular, vniformly

loaded plate, supported at two points.
For the calculations, let us apply the formulae (3.43) and (3.44) w1th the following.

parameters.
afb=1.5, u=02a, wv=05b, v=1/6.

In Fig. 7 are shown the graphs of defiections and bendmg moments in certain
cross-sections of the plate.
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4. BENDING OF A TRIANGULAR PLATE

Let us consider a plate in the form of a rightangled triangle, simply supported
on the edges adjacent to the right angle, and supported on an elastic beam along the
“hypotenuse. Such case may easily be constructed on the basis of solutions derived
previously, by means of a suitable symmetric and antisymmetric loading of a square
plate (Fig. 8).

The load is expressed by the formula:

a a
4.1 plx, y)=Pd (x—u,yw ?) _—i—Pé [x—w(a*u), y*?]*-

Po|x—— y—u)-P{x—2
— N u)~ x 2,y—(a—u}.

Taking into account the expression (4.1) in the formula (3.25), we obtain:

- 8P - Zo sino, xsin B,
R DD

a’bh

m=1,3,... a=1, 3,...
i nr B . T i
* {sin Tsmamu—sm—?sm[)’nu .

Here,
TR . m

W = » n

44 i
The right-hand sides (3.29) of the Egs. (3.27) have the form
Pa

. nr
(2)= T I's ein —
Zn SD}(}R (Ch ﬁua‘l‘l) {[(1 ])H;J\.H)_!_jn(u)] sn 2

: X nm nw |
(4.3) 7 —Hl—w)f,ash - 4ch 5 sin Bauf,
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@y Pa
o) P S el agant 1) 1L T S

T mn|
T_i_ 4ch —— | sin e, 2

2

' . mx
—[(1 —v) H,, () + 1, ()] Slﬂ“‘*{} :
Fanctions I, (u), H, (1), I, (1)), I, (u) being expressed by the Eqgs. (3.24). The
coefficients (3.28) of the Egs. (3.27) are unchanged.

Fxample 6

Determine the deflections of the plate considered, simply supported along the
legs of the triangle, the edge opposite to the right angle being free (r=0), acted on
by a concentrated force at the axis of symmetry, at the distance =0, 3a from the
free edge (Fig. 9), with v=1/6.

The numerical results are given in Table 2.

Table 2
\ xla
y/a\ 0 0.1 0.2 ' 0.3 0.4 0.5
0 0.008106 0.006956 0.003067 0.003254 0.000959 0.006000
0.1 | 0.008537 0.006314 0.004243 0.002132 0.000000
0.2 (.007000 0.004645 0.002328 0.000000
0.3 0.004865 0.002425 0.000000
0.4 0.002466 0.000000 _'%1_2_
0.5 $.000000

© 5, CONCLUDING REMARKS

The examples discussed in' the paper indicate the practical applicability of an
algorithm which may be used (by means of electronic computers) in solving
numerons engineering problems concerning rectangular plates supported at
isolated points, either. at the corners or within the plate.

It should be added that in the case of rectangular plates supported at the corners
and on clastic stiffeners, the assumed symmetry of the load substantially simplifies
the calculations but does not represent a necessary condition. It is easily
seen that the solutions presented may be generalized to vield a corresponding
system of equations describing the general case of arbitrary static or dynamic
loading, ’

All the solutions derived in this paper may also be generalized to the case of
orthotropy, and to the practically important cases of plates supported at columns
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of finite cross-scctions, at points lying within the region of the plate, provided the
symmetry of the load is preserved.

A different approach will be required in the case of a plate supported at arbitrary
distances from the edges, although even such problems, slightly more complicated
than those considered in this paper, may be fackled by the method of finite Fourier
transforms,
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-STRESZCZENTE

NIEKTORE ZAGADNIENIA STATYKI I DYNAMIKS
SPREZYSTYCH PLYT PROSTOKATNYCH PODPARTYCH PUNKTOWO

W rozprawie opracowano na podsiawie metody skodczonej transformacii Fouriera pewien
algorytm, umozliwiajacy otrzymywanie formalnie Scislych rozwiazaf nasigpujacych praktycznych
zagadnien ze statyki i dynamild sprezystych phyt izotropowych: 1: drgas harmonicznych i zginania
statycznego plyt prostokatnych, obeciaZonych symetrycznie wzglegdem dwach osi symetril plyty
oraz podpartych w czterech narozach i na sprezystych zebrach wzdluz brzegdw plyty, 2. zginania
statycznego piyt prostokatnych, obcigzonych jak wyzej i podpartych w czterech, albo w dwach
punktach jednakowo oddalonych od przeciwiegtych brzegow plyty lub podpartych tylko w jednym
punkcie, . w rodkn geometrycznym plyty, 3. zginania statycznego plyty w ksztakcie rownora-
miennego trojkata prosiokatnego o krawedzi przeciwprostokatnej swobodnej lub podpartej na
sprezystym Zebrze i wzdhiz krawedzi przyprostokatnych swobodnie podpartej oraz obciazongj
symetrycznie wzgledem wysokoscl, prostopadlej do krawedzi preeciwprostokatnej. W przypadka
plyt prostokatnych podpartych w czterech narozach i na sprezystych Zebrach, ograniczenie przed-
stawionego w pracy rozwigzania problemu do symetrycznego stanu obeigzenia zosiato wprowadzone
wylgcznie w celu uproszezenia i skrécenia rozwazan, Eatwo bowiem zauwasyd, Ze na podstawic
wzordw wyprowadzonych w pierwszej czefci pracy mmozna w wymienionym wyzej przypadku pod-
parcia plyt otrzymaé bez trudnosci odpowiedni uklad rownan, zezwalajacy na uzyskanie rozwigzaf
ogbinigiszych, tj. dla dowolnego obciaZenia statycznego lub dynamicznego.

Wszystkie zamieszezone w pracy rozwazania i wzory mozna bardzo fatwo uogdlnié dia przypad-
ku ortotropii oraz dla waZnego praktycznie przypadku plyt prostokataych, podpariych na stlupach
o skoficzonych wymiarach popizeczoych, oddalonych od brzegow plyty — oczywiscie przy zacho-
wanig, jak wyzZej, symetrii stanu obciazenia,
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Pezwome

HEKOTOPBIE 1TPOBJIEMEI CTATUKM U JUMHAMKKI YIIPYEUX MPAMOYI'OJIBHbIX
IJIUT TOYEYHO ITOJIEPTBIX:

B pabore paspaboTan, Ma OCHOBE MeETO/Ia KOHeYHOTO npeofpazopands @ypse, HEXOTOPBIR
ANTOPHTM NAFOMHEN BO3MONHOCTE ONYYCHA QOPMANLEC TOYHLIX PEIleHHil CReMyOMEX IpakTH-
geckuX TPOOHEM CTATHEH H JAHAMEKH YIOPYFHX M3OTPOMHEIX mawRT: {. TapMoOHHYeckHe xomebamms
7 cTaTHYeCKHE WArKD BPAMOYrOABHAIX IUIRY, HATPYXKCHHBIX CHMMETPHYECKE OO0 OTHONICHHFO
K EBYM OCAM CHMMOTDHHA NIHATH ¥ MOAHEPTHIX B YeTHIPeX YIJIAX M HAa yOpyrzx peGpax Bions Tpa-
HAL ITVIATEY, 2. CTATHYCCKHN H3rH0 NpAMOYIONBHBIX IUINT, HATPY)KEHHBIX TAK KaK BHIIE H HOH-
FIEPTLIX B YETHIPEX AIH B ABYX TOMKAX. OMUHAKOBO YAARSHHAIX OT UPOTHBONEHANTHK TPANMI NIRTH
BIH TONIEPTHIX TOALKO B OAHOH TOYKE T.6. B I'eOMETTDHYECKOM INeHTpe AT, 3. CTATHYCCKUA
warud onuTH B dopMe papnoGepeHHOre OPAMOTOILHOTO TPEYCONBHHAKA € IPAHLIO THIIOTCHY3HI
cp0BoRHOM WIE TOATepTOl Ha yupyroM pebpe, a BIOIH TPaHeil XaTeToB CROBOANO MOANEpPTOIL,
a TAKKS HArDYKCHHOW CHMMETPHYECKH HO OTHOMIGHHIO K BHICOTC HEpICHNHKYITAPHOH K Fpand
THIIOTEHY3HL, B ciyyae mpaMOyTOMBHRIX TUIMT IOJNEPTHIX B YETHIPEX YINIAX M BA YHPYrux peGpax
OTPAHEYEHHE TIPEICTABIACHHOTO B PAGoTe peureRus Ipodbiembl X CHUMMETPUYHOMY COCTOAHHIC
HATPY3KY BEGASHO HCKIWOUHTEALHO ¢ HEIL0 YADOINEHRS B COKpaleHns paccyxiacanit, 6o nerxo
MOXHC 38METHTh, YTO HA OCHOBS (JOPMYJ BHIBSISHHLIX B IePBOH yacTH paGoTel MOKHO, B Iepe-
YHCHCHHGIX BRIE CAyYasX OIMpaHUA IAT, HoNyYUTE Ge3 3aTPYAHEHNI COOTRETCTEBYIOMYIO CHETC-
My YpaBHeHMH, KOTODAsl MO3BOJAET NONYYHTH: Oonee ofllee pCICHHEA T.©. AAS OPOH3BONBHOH
CTATHICCKOH WM BEHAMIYECKON HATpPY3KH.

Bce noMenienAbie & paboTe paccyXOeHAA ¥ (GOPMYIL MOXKHO OY€HB Nerko oDo0mMTE Ba chny-
uall OPTOTPOLEH, A TAKNKS HA BafHbid NPAKTHUCCKE CAYYal IPEMOYTOIBHLIX IUIHT HOMTSDTEIX
Ha cTonfax, ¢ KOHCIHLIMH MOUEepPeYHBIMEA PASMEPaMH, YEAJICHHBIX OT IPAlHH IHMTHE — KOHEUHO
NpPH COXPAHEHHH, K4aX BEHIE, CHMMGTDHE COCTOAHHWA HATDY3KH,
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