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SOLUTION OF CERTAIN SYSTEMS OF DUAL INTEGRAL EQUATIONS
WITH BESSEL KERNELS AND ITS APPLICATION IN THE THEORY
OF ELASTICITY

J.GASZYNSKI (KRAKOW)

The paper deals with the construction of solutions for the systems of dual integral equations of
the form :
o0
f G (@) @) S () dv, w<l;
Q
) w
{ @) 7, () dv=0, ws1;
0
v=0 1,
where the weight functions G (z}[) have the following forms
* * LES Ex ]
Giy)=v A+ H ()] +o 1[4+ H; ()]
or : _
Gi@=v™ 1 A+ Hyw)],  k=0,1,...
" The method of reducing the systems (1} to the system of differential-integral equations of the second
kind and second order is presented. The results obfained are illustrated by the solution of the

contact problem of coupled thermoelasticity with mixed boundary conditions under the assump-
tion of thermal insulation of the boundary.

1. INTRODUCTION

This paper deals with a solution of the systems of dual integral equations with
Bessel kernels of zero and first order and first kind. A significant number of the
mixed discontinuous boundary-value problems of mechanics of continuous media,
when expressed in terms of cylindrical system of coordinates, may be reduced
to the system of equations mentioned above.

The following systems ‘of integral equations are the subject of considerations:

wa,-j(*v)dij(w).f@(uv)dvzfi(u), u<li,
(L.1) °
f@i () Jo () do =0, u>1,
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and ®
| [ Gu@ ;@) ), @) do=1i (), u<l,

{1.2) P
f D, (2)J, (ue) do=0, u>1,

The methods of solution of the systems (1.1) and (1.2) depend on the form and the
properties of the weight functions G, (¢). G. Szefer [6] outlines a method of reducing
the systems (1.1) and (1.2) with the Bessel functions of the arbitrary order to the
Fredholm integral equations of the second kind, assuming the matrix of the weight
functions in the form:

(13) Gy (@) =6,;+ Hyy @),

where d;; denotes the Kronecker symbol and H,; (%) is the matrix of the weight

functions ensuring the existence and convergence of the integral: .

(1.4) O [ H,@) sinuw, cosuv]do.
a

The same author presents in [7] the solutions of the systems of dual integral equations
with the Bessel kernels of the order zero and with the matrix of the weight functions
of the following form

(1.5) G (@) =v[d;;+ H,;(z)]
reducing, as previously, the problem to the system of the Fredholm integral equations
of the second kind.

In the paper [5] one can find the approximate methods of reducing the systems
of dual integral equations with the Bessel kernels of arbitrary order to the systems
of algebraic equations.

The aim of this paper is to give the solution of the systems {1.1) and (1.2) in
which the matrix of the weight functions is given by

(1.6) Gy (0) =0 [y, )] +0~* [+, 0)]
and
(r.7) Gy (@)=v* L[4+ Hy; (9)],

where 4 denotes the matrix of the constants and H, ; 1s the matrix of the known
functions possessing properties (1.4). The matrix of the weight functions in the form
(1.6) occurs in the consideration of a certain group of the mixed boundary-value
problems of thermoelasticity theory and theory of consolidation — described by
a coupled system of partial differential equations of elliptic-pdrabolic type. Besides,
the representation (1.6) permits to treat the boundary-value problems of punches
and cracks as a joint problem with the particular forms of the matrices G () given
by Eq. (1.6). _ ‘ '

The results obtained in this paper are illustrated by the example of the contact
problem for a thermoelastic halfspace with mixed conditions for thermal isolation
of the boundary,
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2, SoLuTioN oF THE EQs. (1.1) AND (1.2) wiTH THE conpitioN (1.7)

We seck the solution of the Eq. (1.1} in the form

1
21 @, (v)=v f @ (&) cos o d
0
with boundary conditions
{2.2) PV (D)=t =0, 5=0,1,.., k-1

and the solution of the Eq. (1.2) in a form

1
23) ORI RAGELS
1]
with boundary conditions
{2.4) ) =pPP (=0 5=0,1,.., k-1,

When k=9, the boundary conditions are superflous. Substitute now the Eq. (2.1)
into Eg. (1.1), adn transform the result obtained in the following way

[r.a)

0 1 1
f'a f 9, (&) cos ol dET, (uv) dv = j [sin v, (é)]é—f 7, (&) sin ¢ dg”]x

0
xJo(w)dﬂzrpi(i)fsinv]o(w)—f @, (€) f sined Jy (uv)do dé .
L 0 1]

Inserting the Eq. (2.3) into Eq. (1.2) one obtains

w0 H ' d 1 oW
af v 6[ wi (&) sinvé dEF, (wydo =~ i (f w;: (E) 6{ sined Jy (uwyde df .

Using the following property of the Weber-Schafheitlin integral [3]

o 0 for {&<u,

(2.5) f sinodJ, (uv) do = 1

z Vit
one can see that the Egs. (1.1), and (1.2), are satisfied identically for &, (v) given

by the Egs. (2.1) and (2.3), tespectively. After substitution of the Eq. (2.1} to the
Eq. (1.1); and the Eq. (2.3) to the Eq. (1.2), one obtains

for &xu,

1

J Mo+ Hiy @010 | 9,8 cos o didy (ud) do=1; (i),
(26) Ouo 01
J Uit Hy @10 [ (8 sin o 2T, () do= £, ().

0 0




734 J. GASZYNSKI

[ntegrating (2.6) by parts we find

fﬁ% (f)COSﬂfdf*‘ (— ) M (Eycosvl de,
(2.7 . 0

f% (&) sinvédl=— (# ) (2")(5) sin oé d& .

0

In the above relations the boundary conditions {2.2) and (2.4) have been taken into
account. Introducing the Eqs. (2.7) into Eqgs. (2.6) we get

@ 1
[ 1A+ Hy ) f ¢ (&) cosvl dET, (ue) do=(— D £ (),
(2.8 °.

f [Ai+ H; (@)] f W9 (&) sin o dEJ, (w) do= (1) £, ().

0

The change of order of iutegration gives

Ay f 7 (&) f cos vé T, (uv) dfv JE -
0

+ ff Hy; (0) cosvldy (o) do g0 (&) dE=(— 1D f; (u) ,
2
A f W (&) f sin vl S (uw) do dé+

+ f f o (@) sin o T (u0) doy®P (&) dé=(— 1Y* £, (u) .

Computing in the above equations the first integrals by means of the following
Weber-Schaftheitlin integrals [3]

w 0 for &xu
f SinvéJ, (o) dw:[ ¢t &<u
0 1 I/F—ﬁéi
(2.9)
@ 0 for &>u,
j cosolJ, (uv) dv= l i for  E<u,
0 ]/u 52
we obtain
C g (f)
Ay dé+ f f 1 () cos vl (ur) dogP® (&) d = (— 1) £, (),
]/ u ,
(2.10)

(2K}
Ay f ué‘:Z% dé -+ ;f of 1 (0) sin ol (ue) doy (&) dE = (=1 £, ().
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After substitution of {=usin 6 to the first integrals of the Eq. (2.10), and the integral
representation of the Bessel functions

w2 wl2

2 2
To@)= f cos (wosin 0)dB, J, (u) = — f sin (uwsin 8) sin 0o,
0 0

to the second integrals of these equations, after some {ransformations one gets

nz o

f i gof"’(usm@)-F f f H“(fa)cosv{cos(mrsm@)dwgoﬁ"’"(é)ci{]dﬂ-

[#]
(2.11) ] =(—1)*f; (),

- 1w
T
f Aiy P (usin0) + o f f H;; (o) sinod sin (uv sin 6) doy# (£) dé] %
- o Q

xsinfdf=(—D*f; ().
Let us write the Eqs. (2.11) in a general form

/2

(2.12) [ Fusin®ydo=(~1f,(), i=1,2,.,n
. [

The equation (2.12) conmstitutes a system of Schlémilch equations the solution of

which is
w2

2.13) - Fi(u),:%[(—l)"ﬁ(O)+(—1)"ufﬁ(usin0)d6],

0

where the functions F; (u sin §) are determined in a following way

(A e (usin ) + - ff H,; (w) cosvé cos (zw sin ) do x

5 x g§(EdE for  (2.11),
(2.14) Fi(usinﬁ)zi ¢ oo

2
[ [Au ' (usin 6) + g f f H;;{(z)sined sin (uv sin §) dox
9 0
x /AR (E) dé} sin  for (2.11),.

Using the above results, the following system of equations for determmatlon of the
functions ¢ (i) and ' (1) is obtained

Ay; 2 (u)+— f f H,;(v)cosvé cowudwﬁm(f)df Fi(u),
(2.15)
Ass w0 )+ ff Hy;(0) sin ol sinvudoy®O () dE =F, () .
Thus the systems of dual integral equations (1.1) and (1.2) have been reduced to

the systemas of Fredholm integral equations of the second kind (2.15); and (2.15),,
respectively.,
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Introducing the notations

2.16) K =5,00, YW =i,

H; (@ [cosw(utE)+eosv(u—Ey]dw  for (2.15),,
217 Ky b=

H ;@) cose(—uw)—cosv(E+uwy)do  for (2.15),,

it
I £
into Eqs. (2.15) we obtain finally

1, '
A+ — [ Ky, 05,0 dE=Fr ),
(2.18) s i=1,2, . n,
o i
Al +— [ Ko OT O dE=Fiw).
QO

"FThe analysis and solution of the Eqs. (2.18) allows for evaluation of the solution
for dual equations (1.1) and (1.2).

3. SoruTioN ofF THE Eos. (1.1) axD (1.2) WITH THE CONDITION (1.6)

As previously, we seek the solutions for the Egs. (1.1) in the form of Eq. (2.1)
‘with boundary conditions (2.2) and for the Eqs. (1.2) in the form of Eq. (2.3) with
‘boundary conditions (2.4).

As it results from the considerations of section 2, the equations (1.1), and (1.2),
are satisfied identically,

’ Substituting the Eq. (2.1) in Eq. (1.1}, and the Eq. (2.3) in Eq. (1.2), and taking
into account the condition (1.6) we obtain

[ [+ Hyy )]0 f 0, (&) cos o]y (u) dor +
[

3.1) + f Uyt H, @) f 75 (&) cos ol diT, (uo) do=£, (u),

f[jij-l- H;;(9)] vzfy/, (&) sinoé dES, (zw)dv-{-

+ f [y + Hyy @)y, (&) sin o dJ, () do =/ ().

From the relations (2.7) we have
1

1
[ os(@cosvtde=—v=2 [ ¢} (Ocoseéde,  ;(1)=g;0)=0,
{3.2) ° 0

1
Jwi@sinvéde=—o72 [y @sinvidt, v, 0=y, (1)=0.
0 ¢
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Inserting Egs. (3.2) into Eqs. (3.1), after the simple transformations, we obtain

- f Ao+ Hyy ()] f 0} (§) c0s &, (o) do-t

33) + [ [y, + Hyy @) f 218 cos ol (wo) dédv =, ()

““f i/i-j+ (1))]fr,z/J {(&ysinoéJ, (uz)dfdv+

+f [A,1+H,J (@)} fwj(f)sm-véf[ () dédo=f, (u).

‘Changing in the above formulae the order of integration and evaluating the integrals
by means of the Eq. (2. 9) we have

3

- A*U _ A @:) f f] (v) cos ol (uv) dop]’ (&) dE+
J l/u

i
(3.4) f ]/W 5)

f v (é) = d{ f f H,; (@) sin ol T, (uo) dow (S dE+

() dop; () dE =1 (u),

ij

e

216N (é)

+A
Vi-g

e+ J f H,y (o) sinoiT, (ue) doy, (e =, ().

Reducing (as in section 2) the system of equations (3. 4) to the systems of the Schls-
milch equations and using of the solutions (2.13), the following system of equations
for determining the functions g, (1) and v, (1) is obtained

Ao @~ f Kyy(u, ) 9y Qe+

6.5 | i+ f Koy, 0, de=F, (),

Av) —-ff<'u(u Ay} @ de+
+A,jy/,(u)-§- f‘Klj(u i (O dE=F,(u),

where the following notations were used

nj2
(3.6) F,.(a)—m—[ £ (0) +u [ £ (usin G)d()]



738 J. GASZYNSKI

{5 (@) [cosw(u+§)+cosw(u—§)}dv for (3.5,
(36) Ky =

[#
feont [ Fry@ leoso (e + O —coso(u—&1de for (3.5,
- f}*ij(v) [coso {u+&) +eosw(u—E)]de  for (3.9,
?ij (LI, é) =1°

f;;U(w)[cosv(u+§)—cos-v(u-m§)]dv) for (3.5)2.

Thus the systems of dual integral equations (1.1) and (1.2) with the general form of
the weight function (1.6) have been reduced to the system of the differential equations
of the second kind. :

4. EXAMPLE

Consider the quasistatic axially-symmetric problem of a punch pressed into
thermoelastic halfspace. Assume the punch to be plane and smooth (the shear
stresses are then neglected). The contact region is thermally insulated. On the re-
maining parts of the boundary the temperature is preséribed. The state of stress
and strain is determined by means of the equations of coupled thermoelasticity.
In cylindrical system of coordinates r, ¢, z the displacement equations (in which
the body forces are meglected) and the equation of heat conduction assume the
form [4]

u
M(VZu——,,?)+(ﬂ+l)8,r=y0,“
4.1) - : uViw (utA)e . =90,.,
o .
Vzﬂ—?ﬂxﬂézo,

where # and w are the components of the displacement vector, & is the temperature,

d 1 & 8
V:4+—_+EZ~, (*)=-—1 1 and p are Lam¢ constants, p=(3A+2) oy, o, IS

or i of ) T
a coefficient of linear thermal expansiomn, K:_ci’ ?;r=70y and ¢, Ay and Ty
& Q

denote the specific heat, coeflicient of heat conduction and temperature in the natural
state, respectively. Besides we have the geometrical relations ‘

1 :
(4.2) &= (v, F 115,00
and the Duhamel-Neumann equations
(43) O'ij=2‘u£u+(/llﬁ“—'y€)5”,

which combine the stales of siress and strain.
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The boundary conditions for the problem considered are as follows:

wir, 0, f)=c¢(t) for r<R,
o (r, 0, )=0 for r>R,

{4.4) Oy (75 0, t)gO for r>0, >0,
8 ,(r, 2, t);=0=0 for r<R,
g(r,0,)=0,(, )=0 for r>R;

{4.5) u(r, z, N=w(r, z,00=0(, z ,0)=0.

Without any loss of generality we can assume that 6, (r, )=0 for r>R. Using
the Hankel transforms with respect to the variable r and the Laplace transforms
with respect to the variable 7, the Laplace transforms for the functions sought for

are obtained [4]
p+d g1y
— + — 0z
( kn  pt+i ) z

iy, z, 5)= ‘[Cl——“-
e

C laad
2 sBu+tA)

—HZ

2p

+ e““”] Jy (wr)dw ,

gt z 3u-tA
4.6 el
{4.6) wir, z, 8)= f{ {( y) 2ﬂ+( -
y"’l
T
a(r, z ,8)= f [Cy e~ 2"+ C; e~ "} (wr) deov,
o
C;:C[‘(ﬂ), S)) i:]-s 23 3:
where

i w',@:f(u, w, Ne = dr,
4]

m*=w?+sf,

1 .
+y) 2,uco]e -

e™" 4 C e““} wlo (wr) do,

for r<R,

1 b
ﬁ Tt e
2u+/1

The mixed boundary conditions (4.4) lead to the following system of dual integral
equations

i et @rydo=——t =T\
@n °

- pt A 2?#&)(??1—(1))

|+
Of [Cl( e ”) C2 T @ut )

]wJU(wr)dm =0 for | r>R,
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(4.7) ® .

[cont.} f (wC) + mCs)wlo (wr)dw=0 for r<R,
J .
[ €+ C)ady (wr)do=0 for r>R.
L]

" Inserting in the above equations the following relations

r=uR, w=9R"!,

ML ) 2ypo (m—o)
(4.8) @1(7),S)=C1‘U( s + v+, vmz .
Dy (v, 5)=C 2+ C,o, Ci=Ci(@, 5),
we get
2@ 2uwim—r)  @,(,5) .
f ['UM*(@, 5)  sBQu+HRE oM+ (o, S)"}Je(m‘)dv:f(.s) for u=<l,
f@l (7, 5} Jy () do=0 for wu>1,
1]
) Y I N ) B e B, (0, 5)
of [”(’”‘”) oM (o, 5) _( T ”)”(m“"")?? o)
' D, (v, S)JJO(H, Ddo=0 for wu<l,
f@z (v, $)Jo (ue) do=0 for w>1,
a
where
+ A4 2yuw (m—v
M (o, 5= y— 2T ( )2,
kn - SspQRu+AR
i 2uR {1 7 )‘1
4.10 = — G (s
(4-10) 1) 2u+A (kl] + 2u+4 es)s

c(s)= fc(r)e*“dr.

After simple algebraic transformations the system of equations (4.9) may be written.
in the form of the Eq. (1.1) with the condition (1.6)

' f {[;Tll +;;11 (v, s}]v ! le (v, )+ [jliz +;‘1;H12 (@ s)o™ ! D, (v, 5)}x
(4.11) ° xJo(uv)=/(s) for wu<l,

(e

fdﬁi (@ ) () do=0 for u>1,
[
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(4.11) 2 4 .
[cont.] f{A21+H91('v sle~ 1 P (v, S)'f"[sz +H13('21 T)]"” (bz(@' 5)—
—o®, (v, )} (U, fv)dv for wu<1,
fdi2 (v, s} (weydo=0 for w>1,
0
where _
A p) 1(1+ },_)_1
=l A) kg 2p+Al 7
EE] yﬂ, ET
A= —EEHAM’
4.12) #i 1 2=
A21="‘2_A11,
Hk 1 ,u—i-/l ek
Azz:_z" Ky + yid;,
%
Ayp=—1,
, Br
5
i #k 2].5—%—:1
HH (‘Z), S)‘—. ALL (J;n:ﬂ)z AL ('?.’), .S') ’
e Yi SﬂRz ok SﬂRz Ak
le(wss):_a';;_*_} Hll( S)+ ( 7 )2 A + (m+'v)2 Hll('v:s) >
;; 2ﬂ+}u ;}‘
Hy (v, 8)= 2%” 12( '5),
;;' “(,Ll+l+ )2;&-{-1;; -
22 (2, S)_- o ¥ 2y 1202, 8).

Taking into account the results of section 3, the solutions of the system of equations
(4.11) 4ssume the form '

P, (v, s)=v f p1 (&, s)cosoé dE,
(4.13) ° |

B, (0, 8)=0 [ 9, (& 5)CosvEdE, 9, (1,5)=p} (0, $)=0.

The Egs. (4.11), and (4.11), are satisfied identically by the Egs. (4.13). Introducing

the Egs. {4.13) into Eqgs. (4.11); and (4.11); and using the results of section 3 we
obtain: -

(4.14) ,fijlf ;fﬁ Z f§+f¢1(§ J)IH @, 5)cosVET () s dE -+

+A, f ;(/P;(%g £t f 02 (E) f s (0, ) cosvE o (1) g = ),

L .S



742 J. GABZYNSKI

[cont.}

i i 23]
{4.14) ;Izlof]/;;(—é:g—d§+fq); (éf,s)f;;m(w, 8)cos oSy (o) dodé +

*k g Pz (69
A, f e 5+j rpz(f,s)fﬂzz('a $)cos oy (u, ) do dE—
u
Gs
- f g"if_ dE=0 .
After similar transformations as those performed in the section 3 we get

Ay 91 (1, 5)+— fKu(a £ $) 0y (& ) dE+ Ay 9o 1ty 5)+

(4.15) + f Kot & 8) 02 (& $)dE=0,

Azx 5] (”’ S)+ f Kzl (?'4' & S) P (‘f ‘5') d‘f‘l‘Azz 125 (“: *5) +
. f Ky (t, &,5) 03 (&, 5)dé— ca'z'(é =0,

K
where K;; (u, &;5) are given by the formulae (3.6).

Equations (4.15), as it is easily seen from the relations (4.12), constitute the system
of differential-integral equations of the second kind with the continuous and bounded -
kernels. In the papers [1] and [2] a complete analysis and construction of the solution
of the similar integral equations derived for the contact problems of the consolidation
theory is presenied. Therefore we omit in this paper the detailed discussion and treat
the problem considered as the illustration of the method of solution presented
in the section 3. Having obtained solution of the Eqgs. (4.15) we are able to evaluate
the all states of stress and strain interesting for us in the thermoelastic halfspace.
In particular, with the help of functions ¢; (u, 5} and @ (v, 5) it is easy to determine
the distribution of the contact stresses and the distribution of temperature under
the punches since the Laplace transforms of these functions are

4.16)  g(u, 5)= &, (u, S]————f b, (v, 5) Jy (uw) do=

u-<1

f f o1 (&, 8) cosvl d Ty (ue) do=

_ @1 (1, 5) f @1(5,-3’) .
BYi—p R I/CZ% ’
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1 o
@1 T @)= Of B, @, )T, (u, 0) de =

p2(Ls) 1~ pl(E ) IR )
e — ﬁ——_Ad = — ——— e u_
R2Y 112 RZ! VE £ ¢ R ‘f Ve @

Vanishing of the singular term in the last formula results from the boundary condi-
tions superimposed on the function g, (u, 5).

Thus, basing on the method presented, an effective exact solution of the mixed
boundary-value problem is obtained. For evalvation of the final solution the system
of equations (4.15) should be solved and the inverse transforms of the Egs. (4.16)
and (4.17) found. These problems are not discussed in this paper since, as it is seen
from the results of the papers [1] and [2], they do not exhibit any essential difficulties.

]
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STRESZCZENIE

ROZWIAZANIE PEWNYCH UKEADOW DUALNYCH ROWNATN CALKOWYCH
Z JADRAMI BESSELA I ICH ZASTOSOWANIE W TEORI] SPREZYSTOSCI

Przedmiet pracy stanowi konstrukeja rozwigzan ukiaddw duoalnych rownan calkowyeh postaci
- )
J Giit) 6,3 7, (o) do=1; (), w<1,
o

0)) o
[ @) 7, (wn) dv=0, w>1, v=0,1,
0

gdzie funkcje wagowe G, (2) sa nastepujace:

Giy{v)=v {f;fj‘f‘f;ij (@)j+o-? [;Z”FI}:;'(”)}
fub
Gy =v™* ! [+ H ()], k=01, ...

6§ — Rozprawy Ingynierskie
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W pracy przedstawiono metodg sprowadzenia uktadéw (1) do ukiadu réwaan rézniczkowo-catko-
wych drugiege rodzaju i drugiego rzedu, Otrzymane rezultaty zilustrowano rozwigzaniem kontak-
towego zadania sprzeionej teorii termosprezystodcl z mieszanymi wartinkami termicznej izolacii
brzegu. :

Pesiome

PEMIEHHME HEKOTOPRIX CUCTEM [OVAJIBHBIX HHTEIPAJIBHLIX VPABHEHWI
C AOPAMM BECCEI W WX IIPEMEHEHME B TEOPUI VIIPYTIOCTHU

TTpepmeroM paGoTel ABHETCA IOCTPOGHHE DEUIEHHHE CHCTEM. HYANBHBIX HHTErpPafLHBIX.
YpaBHEHHH BHZA.
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B pabore mpopcTapned MeToj ceefeHHs cHcrem (1) K cHCTeMe mHTErpo-mud@EepEHUHATBTBIL
YDEBHEHWH BTOPOTO poja M BTOPOTC HOpAAKa. [1OAyYeHHEIE PE3sYNbTATH! HINIOCTPHPOBAHBL pe-

IDepHeM ROHTAKTHOR 3aHa4i CONPSOKEHHOH TEOPHH TEPMOYHPYI'OCTH €O CMEIMAHTLIMA YCIOBHAME
TEPMOHIONAIHN I DANIEEL. o
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