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EVOLUTION OF REYNOLDS STRESSES IN TURBULENT WAKE-FLOWS
WITH LONGITUDINAL PRESSURE GRADIENT

JW.ELSNER and J, WILCZYNSK I (CZESTOCHOWA)

The report presented here deals with the theoretical as well as experimental analysis of the
development of Reynolds stresses in shear flows with longitudinal pressurc gradients. The obtained
resulls have pointed out that the negative pressure gradient accelerates the mean velocity field
equalization and damps the turbulent fluctuations of the flowing medium. The positive value of
dpldx, brings about the growth of the overall turbulence levz! which is probably due to an increase
of energy-flux transferred from the mean to the turbulent motion. Special importance has also heen
attached to the analysis of energy spectrum functions and their dependence on longitudonal pressure
gradient, The spectral coeflicient of double correlation between turbulent velocity components
has beeit found to be an increasing function of 8p/fx,, which may be treated as a tendency of ac-
celerated flows to a more intensive stabilization of isotropic structure.

1, INTRODUCTION

The set of problems concerning turbulent wake-flows belong undoubtedly
to one of the most interesting parts of contemporary fluid mechanics. The evolution
of velocity field behind a single isolated body has been the subject of many intensive
studies. Some of those dealt with the influence exerted on the wake-flow by the
impulsive (for example, [1] and [2]) or continuous [3] longitudinal pressure gradient.
Far less numerous are those works which concern the flow pattern behind the cascade
profiles immersed in a flowing medivm. This question was first investigated by
GRAN OLsON [4] and, later, by STEWARD [5], SATO [6], TAMAKI and OsaMa [7],
Eisner (8, 9, 10} and others. However, none of the studies mentioned above
analyzed the turbulence structure in accelerated or in retarded cascade wake-flows.

The report presented here deals with the results of empirical investigations
carried out at the Institute of Heat Machinery at the Technical University of Cze-
stochowa. Research was begun so as to explain to what extent the evolution of
Reynolds stresses in turbulent wake-flows may be affected by the longitudinal
pressure gradient of a constant value in a downstream direction.

2. SEMI-PRESERVATION ANALYSIS

Let us now consider whether the semi-preserving solutions — in the sense formu-
lated for the first time in works [9] and [10]— can be found for the cascade
wake-flows with arbitrary, longitudinal pressure gradients.
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At a sufficiently far distance behind the cascade, the equation governing the de-
velopment of a two-dimensional, incompressible turbulent walke, with the quantities
of the second order being neglected and the static pressure uniformed at every stream-
wise cross section, may be written in the form
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To describe the overall velocity field in a semi-preserving region of the cascade-
flow, let us introduce the relations
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stands for a space averaged value of velocity determined from the continuity eguation
and, 7=x,/I(x,) is a new relative coordinate. The quantities /, 4U,, u, and T, are
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of them (concerning the mean velocity  Feo b | Pix,)
field) have been interpreted in Fig. 1. . | -~
It is worth emphasizing that con~ _:/ 1
p g - —_————— = - l

trary to the conception of self-preserv-
ation (or self-similarity) as formulated
by Townsenp [11] and applied to T

—_— L i

= Ix
the plane wake, for example, by T~ Z
NARASIMHA atid PRARAU [1], the scales
mentioned above are inter-related so
. . U ™~
that their ratios o : }
AU AU, ' T Frc. 1. Mean velocity field behind the cascade
m b
2.4) SR T"z'_ , % plates,
‘ Wy T, u,

are not independent of the coordinate x; being the ceftain explicit functions of
the distance from the cascade.

In particular, the scales 7, and u, are mutually connected by means of a corre-
lation coefficient which, for 2D-flow, takes the form
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According to the detailed analysis presented in [12] for the type of flow considered
here

: ' 1 dp dU,
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Now, substituting Eqgs. (2.2), (2.3) and (2.6) in Eq. (2.1) we obtain
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where derivatives /' and 4’ have heen calculated with respect to the relative
coordinate 7. )

The regiont in which Egs. (2.2) and (2 7) are simultancously fulfilled for all
the streamwise cross-sections has been called in [9] and [10] a semipreserving region
of cascade flow. '

Under such circumstances there ought to be of course
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Let us now assume that according fo the numerous experimental proofs, the
velocity scales AU, and wu, appear to be the power functions of the distance from
the cascade, that is :

(2.9 AUy~ xT*, me~xp*
Introducing Eq. (2.9) to Eq. (2.8) gives

Uy~x1, [""x—cs

(2.10)
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The general tendency towcuds the stabilization of isotropic structure as observed
in the majority of turbulent flows, demands that the coefficient R 12 be the decreasing
function of the coordinate x,, which is equivalent with the condition formulated
in [10] )

{2.11) : 2k<{x+1).

However, it should be stressed that the semi-preserving conditions could not be
achieved in cascade-wake flows having a constant different from zero Jongitutinal
pressure gradient in a down-stream direction. This issues directly from the fact
that in this case there is no possibility for both relations (2. 6) and (2.8) to be
fulfilled at the same time. i
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3. EXPERIMENTAL DETAILS

According to the conception presented above the semi-preserving conditions
of cascade-flow may be achieved (beyond the case dp/dx,=0) only when the longitu-
dinal pressure gradient shows the power-functional dependence on the coordinate
X;. As it has already been emphasized, the aim of this report is to find the influence
exerted by dp/dx, on the components of the turbulent stress-tensor. For the quanti-
tative description of this effect it was necessary to maintain a constant value of
dp/dx; along the whole length of the measuring section while the experiment was
being performed. -

The experiment was carried out in a low-speed, open circuit cascade-tunnel
in a wake-flow behind the row of parallel flat plates, shown schematically in Fig, 2.
The initial turbulence of incoming flow was generated by means of special grids
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Fi1g. 2. Measuring section of the wind-tunnel,

installed in a channel upstream of the plates. The regulation of ihe distance between
the grids and the inlet edges of the plates allowed to obtain the variation of the initiat
turbulence level up to 10%. ‘

The flexible top and bottom walls of the outlet channel were formed and adjusted
in such a way as to achieve a constant value of a pressure gradient in the downstrean
direction.

The velocity field in a wake-flow was examined by measn of two DISA hot-wire
anemometers. (CTA-55M System) and a set-up of time correlation analyzer. The
block diagram of the measuring equipment applied in the analysis of turbulence
signals is shown in Fig. 3. The traversing mechanism of a hot-sensor was electrically
connected with a X'Y-recorder which made it possible to get its response in the form.
of a graphical plot.
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Fic. 3. Block diagram of the measuring system.

3.1. Empirical results

The typical How pattern in the region of its periodicity that is downstream of
the three middle cascade plates is shown in Fig. 1. -

Considering the process of mean velocity field equilization it is convenient to
introduce the notion of the degree of mean flow non-uniformity as defined by the

relation
1 _; Ul max U.l min Aljm

o

Here, the quantity AU, designates the maximum difference of mean flow velocity
in a given ¥, plane; U, was already defined by Eq. (2.3)

The evolution of parameter £ in the downstream direction is demonstrated
in Fig. 4. As it can be seen in a certain distance behind the plates, § becomes a power
function of the coordinate %,

Blxi)~x"

with the exponent i depending on the value of the longitudinal pressure gradient
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The results presented here show clearly that the process of mean velocity field
equalization is more intensive in accelerated flows than in retarded ones; the negative
pressure gradient is then the factor which causes intensified mean-flow uniformity.
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The evolution of Reynolds stresses in flows with different pressure gradients
may be estimated on the base of empirical data presented in Fig. 5, comprising
normal as well as shear. components of turbulent stress tensor, respectively. By
analogy to the results previously discussed it is worth noticing that at some distance
from the cascade plates all the curves plotted hete show power-law dependence
on the variable &,

"5 7 o —
Wit~ F7, Ui~ X

Besides, it may be clearly seen that the slopes of the shear stress lines are consid-
erably greater than those corresponding to the turbulent mormal stresses. This is
simple evidence of the fact that the decay of shear stresses in a downstream direction -
is more intensive than that of normal ones. Now, one may draw the conclusion that
the correlation between turbulence velocity components is expected to decrease
with the growth of the coordinate &,. This means that at a sufficiently far distance
from the plates the turbulence is supposed to reach the state of isotropy.

Omne of the particular questions the experiment was to solve was to what extent
the development of turbulent stresses could be affected by the value of a longitu-
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dinal pressure gradient. The qualitative answer to this may be deduced from the
figure already described. However, a clearer interpretation is provided by the data
of Fig. 6 where the turbulence stresses — for several fixed control planes ¥; =const
— are plotted against the pressure gradient dp/o%,.

The empirical results shown here allow one to formulate the following rule; in
flows with a negative pressure gradient, that is, in accelerated flows, there is a tendency
for the overall turbulence level to decrease; in flows with a positive pressure gradient
(retarded flows in space) a tendency is noted towards an increase in turbulence.

This conclusion can also be supported by the turbulence energy equation,
which is usually written in the form '

d qz) ey, @ _("p qu i '(&[_,-)2
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For the two-dimensional shear flow analysed here this relation in the x; — direction

(3.3)

reads
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Let us consider an accelerated flow (U7, /dx,>0); then, the first term in Eq. (3.3°)

- gives a negative contribution to the whole kinetic energy of turbulent motion (in

retarded flows the influence of this term

is naturally adverse). On the other q':f ol
ry

hand it should be emphasized that the . Sl {‘- j

second term of the energy equation — ‘b‘ 7 3;, - #::, L

the so-called “production term” re- v /,c’ .

sponsible for eaergy transport from the s AP /l :

mean to the turbuleni motion —— always RE.dP ';/' . Lo

makes a positive contribution to the - : _"___': e ,,'A

temporal change in the kinetic energy ! : S

of turbulence. Its value, however, is | M - @ &g - SRy

supposed to be under the distinct ! Hes

influence of the longitudinal pressure e,

gradient which is experimentally con- A ErB27

firmed in Fig. 7 where, for a negative e 7 ’:‘:"-g'g:

pressure gradient, the energy flux from o Vv "

mean to turbulent motion falls off HP=ayd he

evidenily. And that is undoubtedly 2 ::___, <

the second teason which explains the

more intensive decay of turbulence in T - b R

accelerated flows. ) - Fig. 6. Turbulence stresses in terms of longitudinal
In order to have a more careful look pressure gradient.

in sight info the changes cccurring in the
turbulence microstructure under the influence of a longitudinal pressure gradient, lct
us consider the double correlation coefficient R, between turbulence velocity com-
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ponents. It is worth observing that at a sufficiently far distance from the plates this

coeflicient — according to Eq. (2. 5) — may be expressed as a product of two com-
ponents

R12=R12max ('fl) F('T) :

the last of them being the universal fuaction of the relative coordinate 5=ux,/! (x.).
The universal form of this function is shown in Fig. 8 where the coeflicient R,,
for several different control planes %, =const is plotted in terms of the coordinate 7.

w . 20 The evolution of the correlation coefficient in the
R \ downstream direction is presented in Fig. 9a. Its decrease
/3*——:-53‘{0 \ \ according to the growth of the distance ¥, reflects the
=8 NELNETST general trend towards the state of isotropy as observed
ru|ccég 3 Y in the majority of turbulent flows.

I:;-—;}; \ Wi The influence of pressure gradient on the develop~
S5 ‘\ ment of turbulence structure is exhibited in Fig. 9b,
W ¥ x @\\ where the correlation coefficient is plotted in terms of '
1 apjox,. As it should be remembered from the figures

43 7 N1 previously shown, all the components of the turbulent

& NEH|  stress tensor decrease more rapidly in accelerated flows

2 NN than in retarded ones. However, the decay of shear

'_3 A stresses is more intensive than the decrease of the nor-

2 \;% mal ones. This indicates that the turbulence structure is

. e B2% \ closer to isotropy in flows with a negative rather than
4l los positive pressure gradient. Moreover, -an analysis of the

08 __*3’22 5 on experimental data presented in Figs. 4, 5 and 9a and
08— pp -v- ! Jjuxtaposed in Table I verifies the thesis previously for-
:g‘z_'a”‘ﬁ"“f mulated which claims that the semi-preserving con-

i | ’Jl‘bL‘fﬁ 7%, gi_t;;)ns aée fulfilled with satisfactory accuracy only for

iplox, =0.

Fic. 7. Energy flux from A more subtle insight into the problem of turbu-
mean to turbulent motion

: lence microstructure may be gained through spectral
and its dependence on the . s
quantities ¥, and &p/dx,.  analysis. If we assume the field of turbulence quantities
' to be quasi-steady, that is, statistically homogeneous
with respect to ‘ume we can-introduce the concept of energy spectrum tensors
Ejor yw;; which are defined by the relations

(3.4) Lm:J E;(nydn, f E”(n) Ledn = fl,.yu(n)dn
0 o]

i,

and describe the distribution of kinetic energy along all the frequencies existing
in turbulent fluctuations. _

The exemplary distribution of the relative energy spectrum fuaction w,, is
presehted in Fig. 10. The results exposed here concern the given control plane %, =12
and are telated to all the three considered values of the longitudinal pressure gradient,
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One can see that the Shapc of these functions depends strongly on the value of
Ap/6%, whose growth—that is, the retardation of flow velocity — induces the
tendency of energy spectrum to move towards the range of lower wave numbers
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"F1G. 8. Universal form of the  Fia: ‘9, The correlation coefficient in terms of the coordinate x,
correlation coefficient.- : : (Fig. a) and pressure gradient (Fig. b).

k=2mn/U ia which the big eddies begin to prevaiL The same analysis has been
applied to the other components of the energy spectrum tensor. All the results
obtained have confirmed the conclusion previously drawn which claims that in
retarded flows there is 4 gréater contribution of large eddies responsible for the
statistical connection between turbulence velocity components.

- Table 1

Expevimental data Semi-preseting conditions
Relotions A ox® W~ [T, <0 R~ x¥ '
7| o ok |28 | ¥ 20-(F )0 | 2 +§-(FeARD

+0026 | 174 [0.89 | 278 | 487 0.07 0.45

00 2564 |132 |3B1 |2256 | -0.03 0.03

0045 |28 |16 |449 |282 | 020 0.02

The next figure (Fig. 11) demonstrates all the three functions y,; determined
for a zero pressure gradient dp/ox, =0 in the same, fixed point of the velocity
field. Tt is worth noticing that in the range of higher wave numbers the w,-function,
corresponding to the turbulent shear stresses, decreases more rapidly than the other
two ones. To interpret this phenomenon let us introduce now, by analegy to the
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overall correlation coefficient ‘R, ,, the notion of the partial or rather spectral corre--
lation coefiicient

(35) (—Rl 2))1 E[ L (nmiw H

which describes the degree of statistical dependence between longitudinal and lateral
fluctuations of the same frequency n. The spectral correlation coefficient determined
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Fia. 10. One-dimensional energy spectrum for different longitudinal pressure gradients.
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Fig. 11. Energy spectrum functions for a'constant value of dp/dx;
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in such a way is plotted in Fig. 12 against frequency » for the three censidered values
of the pressure gradient. One may observe the distinct influence of 8p/d%,, the growth
of which causes a simulianeous increase of the coefficient (R,,), i1 the whole tested
frequency band. However, this phenomenon becomes quite clear if one only keeps
in mind that retarded flows are characterized by a greater contribution of big eddies
responsible for the state of anisotropy and that the overall correlation coefficient
is a slightly decaying function of the longitudinal pressure gradient.
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Fro. 12. Spectral correlation coefficient for different values of &p/dx, (Fig. a) and coordinates x,
: (Fig. b).

Mofeover, it seems to be worth noticing that in the higher frequency range the
value of the spectral correlation cocfficient decays evidently. It reflects the fact
that even in anisotropic turbulent flows the higher wave number range is very close
to isotropy; this is in agreement with the hypothesis of local isotropy in the tur-
bulence spectrum as formulated for the first time by Koimogoroff.

The idea of how the turbulence structure may change with time or with the
distance from the plate is given in Fig. 12b where the spectral correlation coefficient
has been plotted in terms of the coordinate X,. According to the statement mentioned
above, the correlation between turbulence velocity components decreases in the
downstream direction. Its decay is, however, more intensive in the range of higher
wave-numbers where the trend to isotropic structure of the smaller eddies is particu-
larly visible. '

CONCLUDING REMARKS

The empirical data presented here allow one to formulate the following con-
clusions: '

1. The negative valuz of the longitudinal pressure gradient accelerates the process
of mean velocity field equalization and damps turbulent fluctuations of the flow.
Its positive value, characteristic for retarded flows, leads to the growth of the
overall turbulence level which results from the decrease of the energy flux & from
mean to turbulent motion. ‘ I '

2. The spectral correlation coefficient. (&,,), describing the degree of statigtical
connection between turbulent fluctuations of a given' frequency n is 2 monotonically



710 J. W. ELSNER AND J, WILCZYNSKI

decreasing function of the distance from the cascade plates. Moreover, the coeflicient
(R12). decays at a higher rate in accelerated flow than in retarded ones; this means
that a negative value of @5/6%, brings the turbulence structure nearer to the state
of isotropy. ‘
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STRESZCZENIE

EWOLUCIA NAPREZEN REYNOLDSA W TURBULENTNYM PRZEPLYWIE SLADOWYM
 Z PODLUZNYM GRADIENTEM CISNIENIA

Praca niniejsza dotyczy analizy teoretyczne i do$wiadczalne] rozkiadu napreZed Reynoldsa
w przeptywach ze scinaniem | podtuzaym gradientem ci$nienia. Otrzymane wyniki wskazuja, Ze ujem-
ny gradient ci$nienia przy$piesza wyrownywanie $redniego pola predkosci i ttumi burzliwe fluktuacje
przeplywajacego ofrodka. Dodatnia wartosé wyrazenia dp/éx s wywoluje wzrost catkowitego poziomu
turbulencji, ktory jest wywolany prawdepodobnie wzrostem strumienia energii przenoszonego
z ruchu $redniego do turbulentnego. Specjalna uwage podwiecono analizie funkcji spektrum
energii i ich zaleznoéci od podiuznego gradientu ciénienia. Wykazano, %e spektralny wspoOlczynnik
podwajnej korelacji pomiedzy skiadowymi predkoict turbulentnej jest funkcja rosnaca dp/éx,, co
nalezy traktowa¢ jako daznoéé przyépieszanych przeplywéw do bardzej intensywnej stabilizacii
struktury izotropowej.
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PezwmMe

SBOAIOINSA HANPAXEHWNA PEMHONLACA B TYPBYJIEHTHOM TEYEHMHK CO
CAEAOM C TIPOOONBHBIM 'PAJTVEHTOM IDABNEHNA

Hacroanas pafoTa KacacTCd TLOPETUIECKOFO M DKCACPHMEHTANLHOTO aHAMH3a pPacnpelie-
neEwd HAOpsKeHuil PelHONDACA B TCHSHIAX CO CABMIOM H MPOAOALHBIM FPAAHCHTOM J2BICHAA.
Tlonyyennele Pe3ViBTATEL TIOKA3LIBAIOT, YTO OTPHMUATENBHBIH I'Paa#eHT FAaBNCHMS YCKOPACT
BRIPABHHBANME CPEOHCTO TIOMN CKOPOCTH ¥ TYIMT TYPOYJCHTHEIE (nYKTYAnWH IIPOTEKAFOIIEH
cpensl. T1ONOXATCTHHOE 3HAYCHHE BRIDAXKEHHA Jp/6X, BBUILIBAET DOCT HONHOTOG yposus TypSy-
NEATHOCTH, KOTOPLIL BBI3RIBACTCA BEPOATHO POCTOM MOTOKA SHEPIUH NEPSNOCHMOLIC H3 CPEAHENO
B TypOyneuTHoe nswxende. CHEIMalbHOS BHWMARME OCHNBRILSHO aHAnU3y @YHKURKM Cnekrpa
DHEPTHHM H €0 33BMCHMOCTH OT DPONCNBHCIO IpaJdeHTa OableRHs. Ilowxalzano, uTo CrekTpa-
AeHbi ko3PIHEHT OBOHHON KOPDENFOMHE MCXKEY COCTABIIIIOMIAMII TYPOYNeRTHON CKOPOCTH
saygeTcy QyHKIEER Zp/6x, 4TO CHEYCT TPAKTOBATS XAK CTPEMICHHE YCKOPAEMBIX TeueHuil K §o-
Jiee MHTEHCHBHOH cTabWrIH3anyl H30TPOOHOH CTPRYKTYPSI,
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