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BUCKLING OF RECTANGULAR PLATES UNDER DISCONTINUOUS
LOADING ALONG BOUNDARIES

JAN GOLEC (LUBLIN)

The paper deals with a problem of buckling of the elastic isotropic elastically homogeneous
wectangular plates of small thickness, loaded arbitrarily along the boundaries, at the different bounda-
1y conditions assumed.

The solution presented contains two stages, 1.e., 1) the determination of the distribution of the
“internal forces in a shield subjected to the action of the arbitrary discontinuous load and 2) the
-computation of the critical parameters causing the plate buckling.

In the first stage the finite Fourier transform was applied, whereas in the second stage the double
Fourier series and Lardy’s method were used to find solution to the plate buckling problem in
two cases of boundary conditions of the plate: i.e., freely supported on the whole circumference and
<clamped along two opposite edges and freely supported on the remaining boundaries. In both
<onsidered cases the solution of the problem was reduced to the infinite linear homogeneous alge-
braic systems of equations.

The results of computations which are of great practlca] significance are presented in the form
«of tables and figures which can immediately be used in engineering practice,

1. INTRODUCTION

The subjéct of this paper is the problem of buckling of an elastic isotropic homeo-
geneous small thickness rectangular plate loaded in an arbitrary way along its
boundaries.

Although the problems of elastic stability of the rectangular plate may be consid-
ered as classic ones and are widely described in the literature [2, 4, 8, 9, 11, 12],
‘the known solutions however do not include many important cases occuring fre-
«quently in engineering structures. It is worth mentioning here the problems of
buckling of the plates loaded along boundaries curvilinearly or linearly but in a dis-
.confinuous manner, i.e., on certain segments.

From this range of problems we may cite only a few solutions WhICh are
mostly approximate solutions. One of them is an approximate solution given by
W. Nowackl [5] concerning the buckling problem of the rectangular plate subjected
1o the action of the point forces applied to two opposite boundaries. This solution
constitutes a generalization of the known Sommerfeld solution and consists of the
‘buckling of the rectangular plate freely supported on the remaining two boundaries.

N. Yamaki applying the Galerkin mefhod evaluated in [13] the critical load for
several cases of support of the rectangular plate loaded by two-point forces applied
at the centres of the opposite boundaries and for the rectangular plate loaded simply-
Hnearly on certain segments of two opposite edges.
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Tt is much more mathematically difficult to otbain the formal closed solution
. of the bucling problem for the plate subjected to the action of the C}lrvilinear or
linear discontinuous load along boundaries than for the plate loaded along boundaries.
in a linear continuous way. The reason for this fact lies in a feature of the sofution,
of the shield problem because only in the case of simply-lincar and continuous
loads along boundaries we obtain identical distributions of the internal forces
in the shield. The other loads of the boundary cause in the shield the internal forces
distributions different in particular sections and prescribed by means of the function
of two variables. Taking into account such functions in the differential equation
describing the plate buckling problem complicates its solution significantly.

In this paper a method for the solution of the buckling problem of rectangular
plates loaded arbitrarily along the boundaries is presented. The generality of the
considerations enables us the use of the proposed method of solution to the compu-
tation of the critical parameters in different cases of the curvilinear and discontin-
uous loads along edges and for different boundary conditions. The problem of
buckling of the plate subjected to the action of a uniform load distributed along
certain segments of the edges is examined in detail.

The solution presented contains two stages, i.e., the evaluation of the distributions
of the internal forces in a shield and computation of the critical load causing the
buckling of the plate. Two kinds of boundary conditions are considered, namely
the plate freely supported along its circumference and the plate clamped on two
opposite boundaries and the free supports on the two remaining boundaries.

The solution of the problem was reduced to the infinite systems of the linear
homogeneous algebraic equations. Thanks to the use of the digital computer the
critical loads were evaluated for different ratio of the plate dimensions and for
different length of the segments of the loaded boundary.

2. SOME FORMULAE CONCERNING THE FINITE FOURIER TRANSFORMS USED IN THIS PAPER

The finite sine- cosine transform of the function of two variables in a region
0<x<a, 0<y<h is defined by means of the formula {1]:

(21) Trs [f(x y)] fff(x’ y) ‘pr(amx) @s(ﬁuy)dxdy: i
where
= = 1,2 —0,1,2
Oy = P Bu= 5’ re=1,2, mn=0,12,..

and the symbols ¢, and ¢, denote sine and cosine, respectively. The function f(x, »)
may be presented in the form of the double Fourier series

«*r w0

@2 fep)= Z Z o T 11 (5 ] 01 (¥ 04 (B )

m=0,1,2,.., n=0,1,2,..,
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where
Amn = ’?-m /l{'n s

2.3 + for m,n=0,
( ) z’lﬂ! A’rl:- 2
E 1 for 'm, n+#0,

. The transforms of the derivatives of the function f(x, y) are obtained by inte--
grating by parts of the expression (2.1)

d d
r(L)=-mrzon, m(Z--nmon,

, of
@4 T3 ( &,C) =Bor( )+ 0w T (1),

af ;
T\ ) =B () To (1)
Y .
where

@) B ()= T7[f (e, I1-T71F O, p],

B (f3=(=1PToLf (6, B}~ T5 (f (x, 0)].

In a similar way we can write the transforms for the boundary conditions

d
B (3%:) ~ o B (f)_,

aF )
|
'Bﬂll.l ( ay n "ln (f)
The transforms of the product of two functions f(x, ») and ¢ (x, y) one of which:
is expressed in terms of the double Fourier series :

(2.6)

o Z Z W TE@ 9, (:%) 0, (8, ),

i=0,1,2,.. j=0,1,..

are written in the form

4 o o
@7 T =0 Y Y wTH@TE,

i=0, 1, F§=0,1,...

where skl 14}
Trjmn (f):Tmn [f(x,y) Py (“i x) P (ﬁ_r y)] '
3. DETERMINATION OF THE STATE OF STRESS IN A SHIELD LOADED DISCONTINUQUSLY"
ON THE BOUNDARIES ’

The plane state of stress in a shield is described by the known system of the differ~
ential equations:

8N, &N Ny,  ON.

1 + 12 12 + 2

G- x o ay % o oy

L
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where ‘ '

ou au) (6v+ au) ¥ B(au_l_a-z:)
{3.2) Ny=4 ‘CT)—'?'VE; Ny=A 3y Vel 12=5 17, ,
.and

Eh Eh

£3.3) =(T_;;j‘, B=5—(TE.

Ly g In expressions (3.1) and (3.2), Ny =
[HI]{D | =Ny (%, ¥); Ny =N; (x, ), Nia=Ny,x

, = (x, y) denote internal forces, u=u{x, y),
7 - g=v(x,y) are the displacements of
the points, of the shield plane in direc-
tions of the axes x and y (Fig. 1), E, A,
and v are the Young modulus, shieid
thickness and Poisson number, respec-
tively.
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- Performing the Fourier transform
according to the formula (2.1) to the
5 system of the Egs. (3.1) we obtain

._i.._.i
et

_[ON, &Ny,
Wy AT

ax oy
(3.4)

a
— Ny, ON,
Flg. 1 Tm” ax +Ty°
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- et deletd
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“Using formulae (2.4) and (2.6) the sysiem of the Egs. (3.4) may be written in the form

= Oty T22 (N )+ o Taa (Ny2)+Bin (Ny5)=0,

33 2 11
Oy Tmir} (NJZ)'“ﬂn Tm: (N2)+B (Nj_z) =0.

.Applying the Fourier transform (2.1) to the expressions (3.2) we find

T22 (Nl) =4 [OCM Uy + U,S") +v (ﬁn Uy + V(j;;))] ’
(3.6) T2 (Np) = A [fyun+ Vi) +V (ot - vl

mn (Nl 2) =—B (“m U '}'ﬂn umn)A
“where
Tnj;f U Urgxln) ~—Bnltz i),
w,,,,.=T,§,2 @, Vi =Bn. ).

_After substitution of the expressions (3.6) to the system of the Eqgs. (3.5) we obtain

(4o + B Yttt (A + B gy Bt Aty (USD +9VEN — NP =0,
(AV+B) &y Byt + (A + Ber) O+ BB, (VUL — NG =

mn mn

«{3.8)
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where

(3.9) NOY=B.1(N,), NP=BXNN,).

mn HH ma

Solving the system of the Eqs. (3.8) with respect to the unknown u,, and v,
we get
1

uﬂli‘l = A {Oﬁm (ﬁf - VC'[.,Z”) I/tglfl) % [O!'I;:.'l + (2 +V) "2] U;Etil) +
HiL

1
\+ E [(Aﬁ:? +B°°§:)N:Si1) —(Av+B) a,, B, M(nj;:) } s

(3.10)
N lUm.u = A {ﬁil (GC,ZH —Vﬁ:} []?SI:I) - ﬁ" [ﬂnz + (2+ V) Ocli] I/1'5111) +
1
i (A2 BB N~ v+ 1) V2,
where
(3.11) | A= o+ 7).

Consider the shield supported and loaded as it is shown in Fig. I. Then the
following boundary conditions hold:

, u(0,y)=ula,y)=0,
(3.12) Ny (x%,0)=N; (x, b)= —q(x),
Nz 0, 9)=Ny(a, ) =N (x,0) =Ny, (x, b)) =0.
Using boundary conditions (3.12) and the expressions (2.5) (3.7) and (3.9) we obtain

. U(1)‘:Nt1)=N(2)=0,
(3.13) D T2,
. 28 s (— I)m T:; [.z;(x, b)] —_ T;; [Y) (JC, 0)] .

mn

After substitution of the expressions (3.13) into the formula (3.10) we have

aﬂl

A

(B —vad) VY

Yo = na ?

mn

(3.14)

(B2 +(2+vy a2 VED

Z, .
nm i

H
mn T A

mu

The functions deséribing the displacement of the points of the shield edges
appearing in the Eq. (3.13) and the load function g (x) may be expressed in terms
~ of the single Fourier series:

2 2 ’
‘U(x: 0)= - (xp b) =-‘£‘1—' Z ;{m.zj](r:)cos (xmx,
(3.15) : - m=0,1,2,..
2 1
g(x)=— 2 Aoy @y ©OS Gy X,
a m=0,1,2,,.,

Rozprawy Inzynierskie — 7
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Substituting the Eq. (3.15) into the Eq, (3.13) and using formulae (3.14), (3.6),
and (2.2) we obtain the double Fourier series describing the distributions of the
internal forces in a region of the shield

2vd
Nl(x:y): - ab v
84 . - VoA L
T (1—-v?) Z 2 o, Brcosay xc0s f, ¥,
m=1,2,3,... u=2,4,6,... it
316 Na(ey)=— o ,
44 = IRCEER!
- ab (I“vz) 2;/ J(lf) ll +2U’iﬂ Z A GOS ﬂﬂ y] Cosmll[x’
m=1,2,3,. p=2 46, "

16 B v 3 3 ‘?)"i
Ny(x,y)=— 5 U —v*) Z Z L Sift &, X SiN f, 1.

m=1,2,3,... p=2,4,6,,..

After substitution of the series {3.16) and (3.15) to the boundary conditions (3.12)
we have:

‘UE]I)EEA_‘IO’
(3.17) = 7 bgm _ 3
2 4 N .
2A(1—v)l1+2a,,. _};_J e
n=2,4,6,..

The sums of the series appearing in the formulae (3.16) and (3.17) are as follows:

- n.o. b
E A4 st ﬁny= 80’2 Shz— [0(,,,)} sh Ko ch @ (y - 3} — Ky sh Pom J’] 3
n=2.4.4,.. e ot w |
i 2
' b b
T 8, shZ i, = )+
Z A cos ﬁny 8ct,, sh? [l [Sh o oh % (y 2)
n=2,4,6,..,
) b
(318) ey sh K sh U \F ™ —2—~ — Ky ch G V | >
1 + 2 N 1 . _ K i 1 b
Of.m"_ 2 cos By =547 Py {s 1 K,s Ch o, ( 2
O ¥ sh Kn sh oty ( ) + Ky ch e y]
@ 1 "
1+2ef 2 0 4sh2 (21cm+ sh 2k, ,
nﬁz, 4-‘ 6’,' i

where x,, =u, b/2.
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Substituting the determined sums of series (3.18) into the formula (3.16) and
using relations (3.17) we obtain the single Fourier series describing the distributions
of the internal forces in the shield

do 4 a Y In . b
N (x,y) L z Qi ishon) [Sh 1, Ol (y 2)

m=E 203,

b
+ o, ¥ shi, sha, (y— 5) ~HKy, Ch oy, y] COS y, X,

4 ¢ I [ b
(3.19) N,(x,)=— TS 2 mﬁ [Sh K Ch o, (J’_ ’2') -

m=1,2,3,.
b

Uy Y sh K sh o, (y - 2) T K ch Lo y:l CO8 oy Xy

o

Mo i) = — D S RS
125 Y . a (2, +8h 21,)

m=1,2,3,..

X [Dim ysh,cha, ( y— -g—) — iy Sh oty y] Sin o, X .

Identical series were obtained while solving the problem considered by means
of a single Fourier series and with use of the displacements functions.

The distributions of the interior forces in the shield we shall determine for a case
of the load uniformly distributed on the segment of the shield boundary of the length
equal to 2¢ (Fig. 1), g (x):qf:'const and dfa=0.5.

Thus on the basis of formula (2.1) we find:

go=24c,

m

(3.20) Gu=2(—1)7

sine, ¢, m=246,...

~m

We assume further the following dimensionless coordinates

X

a > r] b > a 3 ﬂ »

and the value of the Poisson number v=0.25.

The numerical values of the internal forces computed on the digital computer
ODRA 1204 in different points of the shield for the chosen values of & and u are
~ presented in Tabies 1 and 2, on the basis of which the corresponding diagrams are
made. For £=0.25, £=1.00 the verification of the results computed was performed
by means of the finite difference method and a practically good agreement was
achieved. In Fig. 3 the broken line denotes the ordinates computed by use of the
finite difference method. '



Table 1

E=z A= 05 =1 AL=1.0
N E TR
’ r) = .00

00| 0458372 i — 034058 —_ —_—
00| 069273 0.38230 - -
o200 077278 036171 — _—
030! - 1.02280 100000 E—— R N Y| 1.00000 -
040 - 0.94273 1.00000 — - ||-063230 1.00000 —_—
05p| - 0.81372 100000 - 0.59058 1.00000 _—

"Rz od0

go [ 031972 031678 001124 [-0.02627

0| 027300 0.34286 |- 003035 - 0.02865 - 0.04729 0.06347
0201|- 001783 0.26993 018618 -0.12696 |- 022668 0.22273
0.3 -023217 |- 1.9%6990 0.18618 - 012304 |-077332 0.2227%
040)- 052300 |-1.38290 |-005035 |-022134 |-095271 006347
0.50| - 056972 |-~ 1 31680 - 026124 |-0G737%

‘ =020

00| Gos001 0.39427 - 017243 |- 0.10033
0.90| - 001451 0.36146 | 000438 | -017625 |-015370 010214
0.20| - 0.16080 |+ 0.03096 0.24056 | - 0.5568 |~ 0.35094 0.20448
030|- 008920 |[~-103100 0.24056 |- 0.09432 |- 0.64096 0 20448
0401~ 0.23549 | -1.36150 000438 | ~0.07375 |-0.84630 | 0.10214
0301 - 030001 | -1 30430 - 007757 |- 089967
P=030
0.0 |- 015147 0.44150 -0.22389 | -019278
010 |- 018717 0.35012 0.02948 |- 0.21373 | -0.24592 | 0.0813f
020|-049538 | -p.0878% 018714 | -0.16128 - 0.39953 0.14049
030| - 0.05462 | -~ 0.91217 0.18714 - 008871 |~ 060047 | 0.14049
040|- 0.06283 | - 1.35010 0.02948 || - 0.03627 | ~ 075408 | 0.08131
050| - 0.09853 | - 1.44450 ‘ - 0.02011 | -0.80722 -
p= 040 )
0.0 |- 027466 0.46568 ~-0.23956 |- 025646
0101 -0.27918 0.34140 0.02409 | -0.21854 |-0.30216 | 004204
020 ~021107 | -0 13960 0.09911 |- 0.16126 |-042363 0.06978
030|- 003893 |- 086040 0.09911 | - 0.08874 |-057637 0.06978
040|- 0.02918 | - 1.34140 0.02409 - 003146 |- 0.69784 0.04204
050| 0.024566 | - 1.4§570 - 0.01043 | - 0.74354
n=050
0.0 |~-032578 0.48204 — [ -0.23963 | -0.27812 _
G101~ 0 31659 Q.34314 e - 0.21797 |- 0.3202¢ S
020|-0 21958 |- 0.14791 1 ~116074 | -0.43104 -
030|~ 0.03042 | - 085209 ——— | ~0.08925 | -0.56896 _
040 0.06659 | -1.34310 —~  1-003203 [-067979 B
0501 0.07579 | - 148200 1 -0.01037 | -0 72188 —

{1001



Table 2

05

£ & Ab= £ 4 AL=2.0
ii jé— Ny f%‘fvz "1%— Ny 7%* Ny A%fPJQ —%“ Nz
B 7= 000

00 | 007374 - 0.01859
010 | -000458 - 0.00198
020| 008752 0.01840
030| 002818 - 0.00125 R
040 | 010962 — 0.01518 - -
050 | -0.01697 1.00000 —— |-043848 1.00000 —

n= 010
0.0 { 002057 001736 - 000818 |-001873
0101 002314 00%666 |- 000563 -000885 |- 001957 0.00271
020 001957 002809 |-000749 |-(0.01867 |-002206 0.00660
0.30| 000815 0.03431 |- 000612 -001198 |- 0.03023 0.01271
040 |- 0.07002 0.01158 006242 |- 000685 |-005083 0.01661
050 | 003648 |-072930 0.00158 |- 0.06965

Q=020

go | 000902 |.002355 -0.011658 |- 0.02502
o1 000665 0.02543 - 000634 ||-001135 | -~002610 0.00305
020 | - 0.00210 002859 |-0.00878 |-00102 -002947 | 000572
0301 -002327 0.02041 0.00724 -0.00786 |- 003509 0.00698
040 |-0.05013  |-007028 0.08584 | -0.00480 |- Q04135 0.00514
g5 0.05625 | -038017 0.003524. - 0.04429

?=a30
g0 [~000253 003040 1 -0.01039 -0.02977
010 |-0.00631 0.03105 | -000514 -0.01005 |- 003038 000155
0.20 {-001711 0.02793 |-000544 |-000909 |-003207 0.00253
030 {-003008 0.060407 o.01311 -000776 |- 003435 0.00278
940 |- 001293 |- 011030 006147  |~-0.0065%5 - (0 (3638 0007180
050 005284 -0.26284 -000605 | -003720 -

?:Q#Q
o |- 0.01089 003547 -0.00931 " [-0.05188
040 | - 001508 003468 |-000276 |- 000913 |-00325 0.00055
020 | - 0.02501 0.02637 |-000224 | -000865 |-0.03287 0.00091
030|-002785 |-001458 000929 |-000804 |-0033577 0.00092
040 000828 |-012283 002980 | -000752 |- 003452 0.00058
G501 005093 |-02648 - 000732 |- (03482

. p0S0

00 |- 00496 003828 ——— |-000898 [-0.03243 T
00 |- 001902 003709 ~—— |-000886 |-003260 -
0.201-002776 0.02599 —  [-O00854 |-003305 I
03| -002589 |-002019 —  |-0o0p8f3 |-0.03361 e
0.40| 001272 | -012628 — |- 000780 |- 003407 —
050 005155 |-0.20485 —eee |- 000767 [-003424 | —

[101]
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4. BUCKLING OF THE PLATE FREELY SUPPORTED ON THE CIRCUMFERENCE

The subject of the considerations of this section is a problem of the elastic buckling
of the isotropic plate freely supported along the whole circumference and subjected
along boundaries y=0, y=>b to the action of the discontinuous load p () which
does not permit for the horizontal displacement of these edges (Fig. 6).

The solution of the problem is reduced to the evaluation of the eigenvalues of
the cquations

. 2w 62w 27w
4.1 DV4w=N, W-PZNME;-FAB—&'J—);,

3
where w=w (x, ) is deflection of the plate, D:TE??—TZ) denotes the bending
rigidity of the plate, Ny =Ny (x, ), Na=Nz (x, 1), N2 =Ny, (%, y) are the internal
forces acting in the middle surface of the plate which are found from the solution
of the shield problem.
The equation of the deflection of the plate subjected to the action of the critical
load is expressed in terms of a double Fourier series

: @ @
Wi . .
“4.2) wix, )= 24 Z Wy sine; xsinf;p.
i=1,2,3,. i=1,2,3,..

Substituting Bq. (4.2) into the Eq. (4.1) and orthogonalizing this equation with
respect to the function sin oy x sin §; » the following infinite system of the linear
homogeneous algebraic equations is obtained:

(4.3) T w, A =0 k=123,
1:1;’3, L i=E 2.3, '
where
X ab .
{4.4) Aklij=”4_DAij B1k 057+ By
and
Eyny= “?'f'{:tu —20; By S+ Bites»
a b
Frgp= f f N (x, y)sin o, xsin f§; ysin «, xsin fy ydx dy,
o 0 -
@.5)

a4 b
Skm,:f lez(x,y)cosocixcos ﬁjysinockxsinﬁ,ydxdy,
e 0
a b

rkllj-:f fNZ(x,y)sinoctxsin[)’jysinakxsinﬁlydxdy,

00 .

Sy and J;; denote the Kronecker’s symbols.
1
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By equating to zero the determinant of the basic system of the Eqs. (4.4) we obtain
‘the characteristic equation

{4.6) © o det [Ayy =0,

the smallest root of which enables us to determine the critical load.

Substituting the series (3.19) into the formula (4.3) and performing integrating
and the simple transformations, the integrals (4.6) are reduced to the following
form for ik, j#i

Vioa B Vier )+

i+k =1 Ai+k,j+i’

+bgi-k’€ruk’5‘1‘k(

i =04k K an Sien (A

2 2
Yivr Vi

Aiwk,j-}-I Ai-—k,j-—tf

3

Viee o Vi )-I—

itk j1 Ar, s

“.7) Skltj=bQi+r:7¢i2+kSi+k(A

Vivt Vi
+bg;_pxi_ . Si- ( - ),
L ‘ A givr g i
s ( i 1 )+
g =0g 4 5; S e -
ki i =0y x Ky Divr Aivisot Aies et
sl
TOGi ety i - 3
fimilii-c g Aiijrr dicg i
where
b
Kpgp==¥K; LK, _Kr:mri:‘ r=ik, J+!=27456’1
(4.8) | b A
’ yjilzyji'yh yu:ﬁuza “:Jv]: Iik:1'73559"'3
sh?#; 4y
Sipn = Aiik,jilz(‘rcf+k+3’?il)2‘

= 3
2r¢; i +sh2ic, 4,

Fori=k, j=1 we have

b 1
Frme ™ VZ 4o _m ok ?iz KiSag
b 2
4.9) Sfcrk} = _‘2‘2‘;" Qo V11 Sk
o b . b a2
beagr = Z‘Io Jrjckzr; Gax V7 2>+ 77) Sars
where
' F sh? 2,
(4.10) A= (e + yz)z: S

- i +shdr,
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After substitution of the expressions (4.7} and (4.9) into the Eq, (4.4) we obtain for
i#k and j#! :

4 1 (i +vied* (e —ps10)°
(4.11} Akh’j=g GisxKivr Siti - +

Ai+k,j-.l Ai+k,j+[

+ 4 .S [ (yrxci+yi70)° (yorei— s ’0.-)2}
gy g K i - E)
b e Aix i dyoy, 51
GE1=2,4,6,..., 51=1,2,3,...,

_ i+k=1,2,3,..., Bk=1,2,3,..,
and for i=k, j=I ’

b'.’v

The infinite system of the Eqs. (4.3) consists of two independent systems. In the
first system the indices run the values i, k=1,2,3, .../, /=1, 3, 5, ..., in the second
systemt — thevalues/, k=1,2,3, .., . /=2,4,6, ...

4 1 2
(4.12) Ayu= Da Am_z% (}’12+V’ff)+ brc dax )’f Sae K L=1,2,3,....
% .

The critical load corresponding to the smallest value of the root of the charac-
eristic equation (4.6) for indices i, k=1, 2, 3, ..., j, /=1,3, 5, ..., causes the symmet~
ric mode of the plate buckling in p direction, whereas for the indices i, k=1,2, 3, ...,
»1=2,4,6, .., — the antysymmetric mode.

Table 3 shows the numerical values of the coefficients computed from the Eq.
{4.6) with the use of the expressions (4.11), {4.12) and (3.20) for the successive values
of £ and u and for v=0.25 ([14, 15]). The critical load is evaluated from the formula:

‘ D
(4.13) P =20q.,.=K P
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The corresponding diagrams are shown in Fig. 5. In the case of e=1/4, u=1.00
the value of the critical load was verified by means of the finite difference method
and practically a good agreement of the results was achieved.

5. BUCKLING OF A PLATE CLAMPED ALONG THE BOUNDARIES X =0, x=a AND FREELY
SUPPORTED ALONG THE BOUNDARIES y=0, y=b5

In this case (Fig. §) an attempt at obtaining the solution by means of the finite
Fourier transform has led to very complicated transformations and cumbersome
formulae. Therefore this approach was neglected and instead of it "the P. Lardy
method ({6, 4], p. 402) was used.

The equation for the middle surface of the deformed plate is assumed in. the form:
G.1) win= S D wue®w0),

. i=1,2,8,.. i=1,2,3,.. ’

where ¢, (x), w;(y) are the orthogonal functions describing the modes of the

eigenvibrations of the rod and satisfying the differential equations

d* p; (x) d*y;(y) "

(5.2) . 9t @i (%), Tt =prw: (),
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with the following boundary conditions

(5.3)

The solution of the Egs. (5.2) satisfying the boundary conditions (5.3) are the-

de; (x) dp; (x)
. (,0;(0)=(01(a)— d.x ".=;!ﬁ dx — b =u,
d*y; (1) d*w; (y)
w; (0) =y, (b)= A7 o @ e
4y
v
Ania
.
R,
4.
7
'/’
Z
d. ”
Ll £ /
Ly 7
w7
HiBiiE
\ . |
™
Fig. 8

functions ([3], p. 766):

(5.4)

where

(5.5)

Substituting the formulae (5.1) and (3.19) into the Eq. (4.1) and orthogonalizing:

a a
ch9; (x—- 7) cos 9, (x— -a—)
?u(x) = ch o, B cos a; ’
a 4i—1
o,=2.365, 01:7.95?= P
Jr :
ﬁj“—‘-?, i=1,23 ...

wi()=sinf;y,

7z, i=1,3,5717 ..,

11

the equation obtained with respect to the functions g, (x}, y, () we get the following:

infinite system of linear homogeneous algebraic equations (4.3) in which

(5.6)

Ak!ij =D [

ab
2

(‘9‘: +ﬁf) 5Ikﬁ2‘9112 JB_,-Z hki’lj} 5,1'.! &Eklij >
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where
2
Ez =% ruaj+ 2% Bi s = B taiis
a b

bais= [ [ 4.0 00y )i G dxdy ,
0 0

Ny e, ) e () 0 ()9, )y () dxdy

°© L=l

ety =
(57) kiid (‘)f

k1=

OL_ﬁ:
Ok_ﬁc:-

N (x, )0 () 9 () 8, 0w () dx dy

i

b - .
tag= [ [ N2 05 2) 00 () e ) wy Dy ) dvdy -
0 0 '

a a
chdjx— 5 cos 9 lx— Y

i - + — : 2
Y (x) cho, cosg;
(5.8) ' a ) a
shd {x— > sin 9, x—
- = > + 3
v (%) cho; cosa;

gi(y)=cosf;y.
After integrating we obtain for ik, j#I:

My =2abo? T

ik 9
mw Vs
B 1 § L L
Frig= —2vbgy ‘7? Ti(k) 511—2b G o Sy ( p;
m=2,6,10,.. 4L

2
Vit1
. ) (o1 +04) Ti(i)k, mt (01— 0% Ti(i)k, mt TIE?3+ mt

my, j+1

+ T2 (O 1) TR st 20— 1) T 1,

(5.9) ) |
Vit Viwe
Sy = T 2b Z G chn S - [nm Ti(i)k, mt
Am,j—l Am,}'+!
m=2,06,10,..
+ P Ti(i)k, m + '1'}5,:‘13+m - Tlg,st?wm - 26!' (G-i -+ ﬂm) Ti(,‘tk)i-m +
N 2Gi (O-l! mﬂm) Ti(,4fg)— m] E
< 1 1
tkl” =2b E G ]C':‘:! Sm ( Ay i I B A f+1 ) [ﬁ (Gi + Jk) Ti(i)k, m
m, J— H, J
m=2,6,10,.. .

3 e 2 2 {4y
—{oy—0y) Tl(i)k, " +ch(, ?+nﬂL TfE, g»m"“zai Tt(, rc)+m +20; Ti(,;f_m] s
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where

Ti(’iz = ) (O-i th Ui — Ty th (Tk) N

()
tho;ttho,

6 = opthoy—(o; ) the,
(5.10) ST it ectm)
Uithai—(akiﬂlri)thak

T_(4) =
bR of —(outn)®
sh®x,,
Sfﬂ P — >
and 2k, +sh2K,)
a b
(511) ifmzam?: Vis1=Vit Vi, yrzﬁrE: r=jalr

Alﬂ,iil’.:(xri_!_y?il)z: jil:2943 63 “ee e

~For i=k, j=I we have

ab .
Iy = 4 G,
o .
_ -El % 3 qﬂl ]Cﬂl
Frg= —V 4 go Co 250y, 0y btho, § A7 Ss ;
mi km
m=2,6,10,,.

o 3 3 B
, Gutp | 21,  optm O —
\(5.12) Sk[kl = - 8])1 bthak E ;(1:1 [ I -+ ]\; M A; 7;,'"1 Sm’
m=7.6,10,... mi kit k, k+m Ky k—m -

W Qm (‘rcil + 23}12) ™
Koy A7

mi

1
Teg = _EQOb+32b }le tho,

m=2,6,10,..

[ 1 4Uk i 1 I ]
x + : - Sﬂi‘ 3
Nk, k~m Lk, m _Nk, k+m

where _
Ny _ .2 2 4 4
Am[ - (Km + 4?1 )27 Lk, m= O, — s

¢ I I 2the
Nk’ ktm™ G; + (Uk iﬂm):z; Ck = + £ .

ch? ék cos? gy, I
Introducing the formulae (5.9) and (5.12) into the Egs. (5.6) we obtain for i #k,
J#L
D v
(.14 Akl.ij= _160}2 o T,E,? (43’12 ?mg%) Gu—

o0

(%) 2y
___E q FCZ S [ I{i‘(!ijm " Hlstijm :l
E m m .
b " Am,j—l Am,j+1 ’

m=2,6,10,.,.

Rozprawy InZynierskie — §
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(5:15)

where

(5.16)

(5.17)

(5.18)

JAN GOLEC

1 2 1 2 2 3 1
HJEIi)jm = T1g+)k, L egcl%jm + Ti(—)k, n eglzﬁ" + TIE, g"'m 1(11'2" +

a) {2) 4) 1 4) 2
+ TJS, t—m.sLijm + 2Ti(, k4 g}r[%jm + ZT:(, k—m gg(lgjm *
) . pl2) 3 2 4) 3 3
HJSIi)jm - T1(+ k, mi egclgjm -+ T( y egcli,im + TIE, g-}-m fl(ijzn +

ik, m
+ Trgs 3+m I(i‘IJ-'}n + 2Tiﬁ?+ m& El’:?jm + 2Ti( ,4k)— m8 ﬁﬁjm ’
e D = (o, ko) [o7 12 (v;— v — V] Kl 20, (25— 1) Vi Ko s
e = (o, ay) [oF 12 (74 )2 — v5 161+ 205 2 (35 90 Vitom s
LB =lor p (=~ 1) %y 000"
S =Ty p O+ 70 2750017
Sl =[u(r;— Ot 1) T 1y 5n)* 07,

2D [ (y;+ 7 (O ) F vs 7l 07

For i=k, j=I we have

r

b

!

e |

N ‘

) = ) 1
4 s e o

4 RS —

40 \////// | | =

® v .

(5.19)

ofs o 1% B0 1 zov 2 20 2795 a0 325  aso ars 40 A

Fig. 9
_ 8 1 2ay
Amt"az—#DKm']'vﬂ%E% Cy— pa Y —
2 [+ 2]

7t Gm
“647&1 Ty 2 4D S Gram s

K"’I
m=2,6,10,.. m
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where B
K=ot bz t-oii G
(5.20) e @ o
G. =7kfm,l 72 ki _]_Wﬁi‘,f""l .
klin Nk o Lkm Nk - 3
.21 ' t.'El-I-)m 1= O I (G ) f— 297 (2 + 290 s

L =0y, (O-I.: Km w _|Km T?ru M 4?1 'fm ]Cm - 877;:;'; 7’?) .

The infinite system of the Egs. (4.3) the matrix elements of which are determined
by means of the formulae (5.14) and (5.19) is composed in the same way as those
in the previous section, of two idependent systems. The first system contains the
indices i, k=1,3,5, ..., j,1=1,3,5, ..., and the second system contains the indices
i k=1,3,5,.., j,1=2,4,6, ...

The numerical values of the coefficients x computed from the Egs. (4.6) correspond-
ing to the numbers 4, 8 and 12 of equations in the system (4.3) differ very slightly.
The largest discrepancy does not exceed 0.04 7.

The coefficients x computed for the consecutive values of ¢ and u on the basis of
the Eq. (4.6) with the use of the formulae (5.14), (5.19) and (3.20) are put in the
Table 4. The corresponding diagrams facilitating the application of the results
of calculations are shown in Fig. 9. .
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STRESZCZENIE

WYBOCZENIE PLYT PROSTOKATNYCH POD WPLYWEM OBCIAZFENIA NIECIAGLEGO
WZDLUZ BRZEGOW

Przedmiotem pracy jest problem wyboczenia sprezystego plyt prostokatnych, izotropowych,
sprezyicie jednorodnych, o malych grubosciach, obciazonych dowolnie wzdluz brzegow, przy
réznych warunkach brzegowych. Przedstawione rozwiazanie obejmuje dwa etapy, tj. wyznaczenie
rozkladdw sit wewnetrznych w tarczy poddanej dzialaniu dowolnego obcigzenja niecigglego oraz
obliczenic parametréw krytyeznych, powodunjacych wyboczenie plyty, W pierwszym etapic zasto-
sowano skonczong transformacje Fouriera, w drugim podwdine szeregi Fouriera i metode P. Lar-
dy’ego do rozwiazania problemu wyboczenia plyty w dwdch przypadkach warunkow brzegowych,
13. swobodnie podpartej pa calym obwodzie oraz utwierdzonegj wzdiuz dwoch przeciwleglych kra-
wedzi i swobodnie podpartej na pozostalych brzegach. W oba rozwazanych przypadkach rozwig-
zanie problemu doprowadzono do nieskonczonych ukladow algebraicznyeh, liniowych réwnan
jednorodnych. Wyniki obliczen zestawiono w tablicach oraz na ich podstawie sporzadzono wykresy.

PeswmMme

NPOAOABLHEI W3Irus NPAMOYIOJIBHBIX IUINT ITOHA BIIAAHUEM PAIPLIBHON
HATPVY3IKI BAOJEL KPAER

TipeaMeToM paboTsl fApmseTcs npolreMa  yOpyroro IpPOAOHLHOTe H3r#ba  HIOTPOIHLIX,
YOpyro OJHOPOMHEIX, Malloil TOJIIMHEB], OPSMOYTONBHBIX TUIMT HACPYXKEHHBIX BIONL Kpach OPK
PasHBIX TPAFIYHERIX Yeaonusx. IIpencTasneHsoe pellieHre OXBATEIBACT OBa 3TATA T.C. OIPEISHCHHE
pacnpefeIeHHll BHYTPEHHEX CHJI B JHMCKE NOJBEPIHYTOM HEHCTBHIO IPOHIBOIBHOE DAa3pLIBAON
HATPYSKH W BRIMHCIACHME KPUTHYCCKMX TAPAMCTPOB, BRISBBAIOWMX OPOAOALELIA HIrEd ONMTEL
B nepsoM 3TANe IPHMEHEHO XoHeuHoe npeobpasopanure $ypbe, BO BTOPOM ABOHHEIC paasl Dypse
u verod [1. Jiapan ans pewesust mpodremsl IpOIOIIBHOTC H3IN04 TNKRTH B OBYX CIydasy rpaHed-
BBIX YCHOBHMH T.6. ¢800ONHO nounepTol Ea HenoM HEPHEMCTDE, a TAOKE 3AKPEIICRHOH IBONB
ABYX NPOTHROREHKAMX KpPaeB U ¢BCOONHO NoAmepTod Ha OCTAILHLIX Kpaax. B obomx oGy xIachMETy
cayuasx pemenyne npobaemil CoengHo K OECKOTCTHLIM CHCTCMaM anreSpamTecimx, nnHECHHEIX
QAHOPOANLIX ypasHenuil, PesynbTartel BEMACICHAN COCTABACELI B Talm#liax M HA HMX OCHOBS
AQCTPOCHBI TPaduim.
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