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THE PROPAGATION OF ELASTIC WAVES DUE TO THE ACTION OF
FLUID SOURCES IN A CONSOLIDATING MEDIUM

R DZIECIELAK (POZNAN)

In this study the propagation of elastic waves due to the action of fluid sources in a fluid-satn-
rated porous elastic solid is investigated. The basis of these considerations are the equations of
motion formulated by M. A, Biot. In the first part of this work the equations governing the propaga-
tion of dilatational waves for the case of the action of fluid sources in such a medium are obtained.
In the next section of this paper the action of the point source varying harmonicaily with time is
considered. These considerations are restricted to the lower radian frequency range where the
assumption of Poiseuille flow is valid. The fluid source is due to the propagation of two dilatational
waves, A detailed discussion of the properties of these waves is presented in the Iast part of this work.,

1. INTRODUCTION

In this paper the propagation of elastic waves due to the action of fluid sources
in a consolidating medium is investigated. The basis of our considerations are the
equations of motion of a fluid-saturated porous elastic solid formulated by M. A. Bior
[1]. Using Biot’s equations, many problems of wave propagation in such a medium
were extensively studied, both theoretically and experimentally (literature ,in the
paper [2]). The equation of fluid flow for the case of the action of fluid sources in
the medium was obtained by W. Derskr [3]. This equation is valid for quasistatic
problems. Some problems of the action of fluid sources in a consolidating medium
were solved in the papers [4-7). To the author’s knowledge, the dynamic effects of
the action of fluid sources in such a medium have not been considered so far.

2. SYSTEM OF EQUATIONS OF THE THEORY OF CONSOLIDATION

* " Let us introduce the notations: #; — the components of the displacement vector
of the solid skeleton, U; — the components of the displacement vector of the fluid,
&,y — the components of the solid skeleton strain tensor, & — the dilatation of the
solid skeleton, @ - the dilatation of the fluid, 0;; — the components of the stress
tensor in the solid skeleton, 6= fp — the rediiced pressure of the fiuid (p is the
pressure in the fluid and fis the porosity of the medium). _ o

" The equations of motion have the following form [1]: ~

(2.1 Gyj, 7=P11 i+ py, U b (ai—.Ui)3
(2.2) . G =Py i+ pas ﬁl_b.(ai—"Ui)5
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) 'where the parameters Piis p22 and p,, arc the dynamlc coefﬁments wlnch take mto';'i'?
. account the inertia effect of ‘the moving fluid. These parameters are related to.;_;'. .
‘ ﬂ-mass densities of the solid p, and the ﬂuid Pr by the equations '

‘ (23) | P11 +p12=(1=f) Pn '
. Piat+par=Jps
' _..and satisfy the inequalities
249 P11>0 P22>0 piz =<0, Pi1Paa— P12>‘0
_ where p, , is the couplmg parameter The physxcal signtficance of these parameters
has discussed by Brot {1} and will not be repeated here. '
, Finally, the parameter b represents the damping coefficient between the fluid
.. and the solid. In analogy to Darcy’s equation, the cocfficient b may be related to the
permeablhty k, the poros:ty g and the fluid vnscosﬂy by the equatlon

nf 2
k

.:{_e(zs) R =

. . Reahzmg that the VISCOSlty [ may be dependent on the frequency and geometry
of the pores, a method for the correction of u was developed by Bror [1].

ik

the geometrlc relatlons )

(26) - 3ij_'""(“ij+“ji) e=t,y, O=Ug

" and the phys:cal relatlons :
(2-7)- B 0u=2N8u +(—431+ Q0) 9,

s | o=Qe+R6,

‘The remammg equatlons of the theory of consol:datlon have the foilowmg form, :

where the parameters A, N, Q, R represent the mechamcal propertles of the ﬂuld-satﬂ- S

rated porous medium. These parameters satisfy the mequahtles
PR— Q2>O Pp22+Rﬂ11_2Qp12>0

A detaﬂed discussion of these parameters was carried out by Bror and WILLIS {8]
_ The.equation of fluid flow for the case of the action of fluid source m the medinm
was obtamed by DERSKI [31i in the form ’ '

2.9 ' . Vo= —b@E—6-W). L
W is the dlscharge of the ﬁuld source. T}ns equatlon is valid for the quaspstatlc
‘problems. -
Introducmg, in accordance with Biot’s theory, the inertia terms mto Eag. (2.9), and

using the physical relatlons (@ 2) and (2 8), we obtam the foliowmg equatlon of
fhuid ﬂow Lo .

Sl QVz'eéFRVz 6=p12‘é+pz2é—b(é—,9—:j'ﬂ’)-f
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- This equatmn i8. va]Jd for the dynamic case. Applying the d.wergcnce opcratmn to
Eqs. (2.1) and (2.2), substituting the physwal relations and taking into account

Eq. {2.10) we get

D sE+D =0,
@11) HETT

D,, £+D229 bW,

whete the operators Dy, 1)12 and D22 have the form

22 S8 -
P=A+2N,

11=PV2_fP11~_a';'_2‘f“b_a_t“’

212 -DIZ"'QV .--—p12 atz +b bt
' 82 P

Di2 RV —Pzz EYE _b'a‘t”-

Equatlons (2.11) govern the propagatmn of dllatatlonal waves for the case of actien
of the fluid ‘sources in the fluid-saturated porous mcdlum The uncouphng of the
~ system of Eqs. (2 11) leads to the equations O

@13 (Dllﬂzzmblz)am—bnlz

ew. (Di1 D;,—D%,) 6=bD,, W, *
~ in which -
o R 2
Dll.Dgg -—Df2=a1 Vzvz (a_z 812 —+ a5 )V +ﬂ4, .

where : : | _ L
o @ =PR=0%  @=Rp\,+Pps—20p.s, ay=b(P+204R),
As4=p 3 Pzz“sz: : 'a5'-'—=b (I)il + 01y +'2P'12)-

3 POINT SOURCE OF FLUID IN A CONSOLIDATING SPACE

_ Let us conmder the action of a pomt source of ﬂuld havmg an mtens:ty
@B = Wao 6 (R) e, R_x,, %o k=1,2,3

varying harmomca]ly with tlme where @ is the radlan frequency of oscﬂlation :
The dJlatatlon of the solid skeleton and the fluid can be Wwritten in the form.

(3.2 L g=g* (R) e 9=0% (R) i, |
. Substltutmg the dJlatations (3.2) into Eqs @ 13) and (2. 14), we obtam
(33 ay (V2 o) (V=) s*——bWo @V +pys & +1bco) 3(R),
G4 q (Vz-——al) (Vz—mz)ﬂ*—-bWo (PV2+p”a) %zbw}é(R)

'

-
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where o, and «, are the roots of the equation ,
(3.5 ay ot -+ (a, w* —ias w) o? +(dq 0%+ —ias ®*)=0.

Applying Fourier-Hankel transformations to Egs. (3.3) and (3. 4} and using the
relations (3.2), we get

. B bW, ( + p1a W2 +ibo )(e“‘“R =k glot
(.6) 5= e, R \2 @} " ’
bWQ ( Pn a)2+ib(£) ) R R
_ V(o2 R__o—uz tot
(3.7 @ 4na, R P+ ocf—ot% (e e ) et

These formulae show that the fluid source is due to the propagation of two dilata-
tional waves with the phase velocities

w

(3.8) 5= o I=1,2.

Imo,

Both have a dispersive character and are attenuated.
The attenuation coefficients are '

(3.9) 9;=Rea;.

A detailed discussion of the properties of these waves is presented in the next part
of this work.

4. RESULTS OF NUMERICAL CALCULATIONS

In order to consider the properties of the two dilatational waves, numerical
calculations were performed. The values of the material constants for kerosene-sa-
turated sandstone were taken from data given by I. FATT [10] and H. DERESIEWICZ,
J. T. Rick [9]. The following data were used:

A=0.44492 - 101° N/m?>  N=0.27551.10'° Njm?, Q=0.07432- 101 N/m?2,
R=0.03261 - 10'° N/m?, p,=2.60-10%kg/m>  p,=0.82-10° kg/m3’
#=2.00 - 1073 Ns/m?,

f=026, k=7.50-10"13 m?.
Since no measurement of the dynamical coupling coeﬁictent was available, its values
was taken as p;,=—0.001 [9}. '

We must remember that the equations of motion in the form (2.1) and (2.2) are :
valid for Poiseuille fiow only. This flow takes place for a small Reynolds number

[11]. From Biot’s considerations [1] it follows that the assumption of Poisemlle ;

flow breaks down if the radian frequency exceeds a certain value

w2y

(4.1) _ Q=5
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where v=yt/p, is the kinetic viscosity of the fluid, and J is the diameter of the pores. -
For the present case we may fake d=10~%m [9], and we have @w,=1.2-10% s~—!,
it is known that in engineering practice the radian frequency is lower. Therefore
the equations of motion in the form (2.1) and (2.2) are considered in this paper.
Let us introduce:
a reference velocity

. A
(42) V.= (?) s H2P+R+2Q: P*(i _f) ps+fp!=
a characteristic radian frequency |
(4.3) ’
‘ ‘ wc = H
Tos
a characteristic length
44 : [ = 27V,
( - ) ) c o, »

and a characteristic attenuation coefficient

1
(4.5) =
Now Eq. (3.7) takes the form
4 2 - B3 2 4 . BS 31—
(4.6) By x* +HiB, g —i o gl x*+ B_4w0—z—a;~* wy 1= 0,
where
_a @
X = @, » g = @, )

the phase velocities of the dilatational waves are

47 - ~_ Do I=1,2
(') 'v!—Imx'J =1,

and the attenuation coefficients are
(4.8) _ F=wm, Re x,.
The coeflicients B, in Eq. (4.6) have the form

-

— 2 =
Bi=11 83— K55, By= 2 (1011 V221622 P11 — 262 ?12),
c

b i ’ 3 B3, .

4.9 33:*}}“’ By= Ve (711 Y22—732), Bsz“i}c?,
o F . 0 R P11 P12 , P22
Icil_E’ 1‘712“?, "727.=7{—: ?11=—p—; Y12 = P 3’222""0‘"
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The dimensionless elastic and dynamxc constants deﬁncd n Eq (4 9) were found
to be : .

K13=0.8460, #,,=0.0631, K,,=0.0227,
111=09012, y,,=—0.0010, y22='0.1008.

: Characteristic quahtiﬁes are: V,=2347 m/s, coc-—8 0278 - 105 9= 54 44m=-1,
The results of the numerical calculations are showed i in figures.
Figure 1 illustrates the variation of the dimensionless phase velocities

Vo=,

with the dimensionless radian frequency we. It was mentioned above that our con-

siderations are restricted to the lower frequency range

o,
L x0.15,

<

Wo <

‘where the .assurﬁption of Poiseuille flow is valid. Fig. 2 shows the diménsioniess
- attenuation coefficients as functions of the frequency w,. We neticed in Section 3
that there are two dilatational waves denoted as waves of the first and the second ‘
kind (Biot’s terminology). The waves of the first kind are the fast waves (Fig. 1).
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Frc. 1. Dispersion curves of tl;e dilata- : . Fia. 2. Attenuation coefficients of thc dlla
tional waves of the first and second kind, : tatlonal waves of the first and second kind- )

The dispersion of these waves is practically negligible and thé attenuation' is _
small. The waves - of the second kind (s]ow Wave) are hlghly d_tspersWe and
hlghly attenuated . :
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The dllatatlon of the solid skeleton and the ﬂutd can be - descubed by the
followmg formulae

bHW,
(4:10) &=

raevens(r- )
(f—l)’A;(R,a‘)O) exp | iw t—;—+ ,

dna, w
- bHW, [ ( R 8(we) )]
. . . A ] " o
(4.H) s ey 1) 4, (R, o) exp {iw | ¢ . + P .

The dimensionless amplltudes of the dilatation of the sohd skeleton A, and the
fluid A, are

‘. ,— R Rewy
(4.12) A (R, wo)=¢,, (Cﬂo)‘—R-_:
. ) ‘7—‘R Rea}
(4.13) Ay (R, wp)=¢ 1 (wo) TR’
where
Pra’ 2 BB
s T S
. H wo w, o )
G IAnl Apy=icpgt R W,
1% .
- O (wo)=arg Ay,.

“From the formulae (4.12) and (4.13) it follows that the changes of the ampli-
tudes of both waves are connected with the attenuation which depends on the me-
chanical parameters of the medivm and have an exponential character. These changes -
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- Fig, 3, Amplitude decay of the dilata- © Fic. 4. Amplitude decay of the dilata-
tional wave of the first kind. tional wave of the second kind

depend on the geomctry of the waves, too. For the Spherlcal waves this dependence‘
is of the type R~
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Fig. 5. Amplitudes of the solid skeleton Frc. 6. Amptlitudes of the fluid dilatations
dilatations of the first kind waves as functions of the first kind waves as functions .of the
of the frequency. frequency.

Figures 3 and 4 show the amp]itudes A, and A4, as functions of the distance
from the fluid source for various frequencies. The amplitude of the slow wave de-
sreases rapidly with the distance (Fig. 4) and this is caused by high attenuation of
this wave. '
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The curves in figs. 5 and 6 show the change of amplitude of the first kind of
waves with the radian frequency w, at various distances from the source. The mo-
notonic increase of the amplitude of these waves is observed for small distances
from sources. The curves have the maximum for the larger distances and this maxi-
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Py S
g T ao3 8as 809 o1z 015

. Radian frequancy w,

Frs. 7. Amplitudes of the fluid and solid skeleton dilatations of
the second kind waves as function of the frequency.

mura moves in the direction of lower frequencies if the distance R increases. For
large distances the amplitude decreases with an increase of frequency. The ampli-
tudes of the second kind wave in the solid skeleton and in the fluid decrease
rapidly with an increase of frequency (Fig. 7). This is caused by high attenvation
of ‘this wave. ' ' - '
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STRESZCZENIE

PROPAGACIA FAL SPREZYSTYCH WYWOLANYCH DZIALANIEM ZRODEA CIECZY
W OSRODKU KONSOLIDUJIACYM

W pracy rozpatrzono propagacie fal sprezysiych wywolanych dziataniem Zrédla cieczy w odrod-
_ku porowatym o sprezystym szkielecie nasyconym ciecza’ Podstawe rozwaiaf stanowia rHwnania
_ruchu sformulowane przez M. A, Biota. W pierwszej czesci pracy podano réwnania propagac_n.
fal sprezystych dla przypadku dzialania Zrodia cieczy w tego vodzaju orodku. Nastepnie rozpatrzono -
dziatanie #rédla punktowego, harmonicznie zimiennego w czasie. Rozwazania sg poprawne dfa niz- .
szych czestodei, przy ktorych pozostaje prawidlowe zalozenie o przepiywie Poiseuille’a. Zradio
cleczy powoduje propagacie dwoch fat dylatacy}nych Szczegolowa dyskusje ich whasnodci preed:
stawiono w ostatniej czedci pracy.

Peszwome

_ P ACTIPOCTPAHEHHE YIIPYTMX BOJIH
BLIBBAHHDBIX AEMCTBHEM HCTOYHHKA KHAKOCTH
B KOHCOJHAAPYIOMER CPE/E

B pdﬁoTe PACCMOTPEHO PACTIPOCTPARCHHC ynpynfx BOJIH, BHIABARHLIX ncﬁcmncM MCTOUHKRL -
AHAKOCTH B HOPHCTOH CPEfe ¢ YOPYTHEM CKeAeTOM, YACHIUCHHOH RBIOROCTLI0. OCHOBY paccyxsae- .
HIH COCIRBIMIOT YpasHeHds aswmenus, chopymmponandeie M. A, Buorom. B nmepeoit acTe
pabOoTEl IPEBEHCHE] YPABHEHAS PACHPOCTPAREHHSA YOPYIHX BONH JAA CAyYar JeHOTRAS HCTOMHUKA -
AUIKOCTH B 5TOTC POJa cpeme. 3aTeM pacCMOTPeHo NeHCTRHE TOMCYHOI( HCTOUHHKA, TapMOHR-

YECKH MEPEMEHHOTO BO BPEMEHH. PACCY)KAESHTER COPEBESHTNBS! s HE3NILX YACTOT, IPA KOTOPHKX
" 0CTacTCA CITDABEIIHBEIM HPE[MOOKERMe O TCHEHHA Tlyasetina., VICYOMHMK RAKOCTE BH3LIBAST
| PacHpOCTPAHEHUE BYX AHNaTOLHOHHLX Bom IToppobioe chymnemre HX CBOMCTS Tpe/CTABIEHO i
B MOCHENHEN YacTH paGoThL -
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