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THE EFFECT OF COUPLE-STRESSES ON STRESS CONCENTRATION
AROUND A RIGID CIRCULAR INCLUSION IN A HALF-PLANE
UNDER TENSION

S. ITOU (HACHINOHE)

The two-dimensional linearised theory of couple-stress elasticity has been applied to investigate
the stress distribution in a half-plane having a perfectly rigid circular inclusion. Simple tension acts
in parailel to the plane boundary. The sohttion is illustrated by some numerical results.

1. INTRODUGCTION

The couple-stress solution for uniformly loaded plate - containing a..circular
hole has been investigated by MiNDLIN [1]. A considerable decrease of the stress
concentration factor is observed. In conirast to the solution, the couple stresses lead
to an'increase of the stfess concentration in-the case of a rigid circular inclusion [2].
Recently, SHIRIABY has verified the above results experlmentally using the photoelastic
method [3, 4]. : .

In the present paper, a theoretwal solutlon is given for the stresses in an elastic
Cosserat half-plane having a rigid circular inclusion under tension. The Schiidt
method is used to solve the problem because the bipolar coordinate system can
not be used [5]. The numerical calculations are carned out to clarlfy the effect of the
copule stresses on stress concentration.

.. 2. FORMULATION

A polar coordinate system r, § and rectﬁngular Cartesian coordinates :x, y are
chosen in the plane perpendicular to the axis of the cylindrical rigid inclusion of
radius @ as shown in Fig. 1. The relation between the two systems of coordinates is

2.1 x==pginé, y=rcosd,

‘The semi-space is bounded by the plane boundary y=»b and the center of the inclusion
is at the origin. Far from the inclusion, a uniform tensile stress P acts parallel to
the x-axis, The problem is considered in 2 state of plane strain without body forces
and body couples. The fundamental equations are given in reference [1]. The
boundary conditions of the present problem are

i) at infinity x= 400,

(2.2) rax=P: Oy =Ty =Tyx== Ju'x #,=0,
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Fig. 1. Coordinate system.

ii) alongthe plane edge y =25, ‘
23) Oy =Ty =ty =0,

.1ii) and along the contactmg surface r=a,.
2.4) i, Mug—a),_O

Then the Au’y stress functlon P and the couple—stress functlon v have thc forms

P
qo~—r2{1+cos(29)} D Iogr+ Z {D,,+1/r +E,,/r" 2}‘::os(r.u?)-[-

nl

es +1/@)- f (A+By)emv g,

W= Z{E,/r"—{—G K, (r/l)}sm(n@,}+1/(27z)f {A1 e|¢|y+cle"?+clé‘i‘f’°}d§

n=1 —~ o
where k=(£* >+ 1)"2/l, [ is the new material constant, and K, is the modified
Bessel function of the second kind. From the compatibility equations 4;. and F,
are represented by B and E, respectlvely, .
- Ay ——4(1 v)lzzéB e
RS- (-APE,

where v is Poisson’s ratio. Using Eqs. (2.5) and (2.6), we obtain the stress, displace-
ment and rotation components. For instance, the dlsplaccment and  rotation
components are written .as ' ! :

(2.6)

(2 7) 2 pe,, HP(I v} F st 9+D1 sin G/r -+ 2 D,,H {nsm {(n+ 1) 6}/r"+1}+

n=1

+ 2 E,(n—1)sin {(n-+ 1) 0}/r"~1 =8 (n— D n(1—) I s;n'{‘('n; 1‘)&}/9-+1 -
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en f(3—4v)sin.{(.n-—.1.) 0}/}‘”‘1]4—- Z G;,[—gK,,(r/i)céﬂnﬂ)sinﬁ—

[cont.]
oy 01D+ K1 07D} sin 000 vose/(zf)]+—-— f [Ai[celD] 4

+ B2 (1D A+ Ep+ A (L —NEEEL M1 C T ke e dE 41, (5),

2pu,= —Pyrcos@+D; cos Ofr+ Z Dy [ncos{(n+ D)0} ]+

n=1
+2 E,[(n—1) cos {(m-+1) B}/r"™ 1+(3 4v)cos {(1—1)0}fr"~* —
n=1 —8(11— 1)”(1—v)lzcos{(n+1)0}/rll+l}+

+ Z G, [—nKn(#{i)cos(nf) cos 8/r+ {K,,_ GRS

+Kn+1(r/l)}sm(nﬂ)smﬁ/(ﬂ)}l+(2) f [A = [¢] et

- Bl -2v— Ly —4( —ﬂlzfz}é[‘f'” +icl[—é‘é"”]]ie"”’“d\f+fz(x),

[es]

2.8) 4;@ ZE,,[ 8 (1 =) (1= 1) sin (aB)r"] + DGl Ko eft)fr+

= H= 1

K, l(r/z)+r::,+1(r/1)}/(zrn Ko (125, 01+
K G s ) 75 f BELAU) Ll
. R C (&= kz\ek"]]]e"”xdf-l'fg(x) f10)s

where g is the shear modulus and the functmns i and J2 (x) are produced when
we integrate the strain components. Considering the supplemental conditions

1, =0 for x=0,

.(,2.'9) wy=comst. for ~x=t4ce and y=0,
we obtainm ..o '
@1y f1(y)—fz(xJ -0,

From Eq. (2. 3) the next relamons are to be wntten by usmg Founer transformatlon,

A= 2 g "+1+Z ng’n"‘Z 9'3 ns
@ 8= 2 ah ,,+1+2 q2E}+2 74 Gy,
Cl—rz g7 ,,+_1+z2 ng,,-lﬂqu



176 s, ITOU. .

where g, ¢%, ..., ¢y are omitted. Then, through Eqs. (2.5) and (2.11) we obtain
the stress, displacement and rotation components which satisfy Eqs. (2.2) and (2.3).
The remaiuing boundary conditions at the contacting surface r=a give the following
-equations:

2 Dn-i»l Rna)+ 2 EIIRSJ:;)—_[_ Z G Rfjt): —_PI‘(SiIIZB—V),

o o
@12) Y Dupy B N E, RO+ Z G, R© = —Prsinfcosd,

 2@@@$+2E£ﬁ.2GR”
M= 0 n=1
where R(i) R(Z) R(g) are omitted. Equation (2.12) can be solved for the coeffi-

ita?®

-cients D, .1, E, and G, by a modified version of the Schmidt method [6]. Once these
coeflicients are known, the entire stress field is completely determined.

3. NUMBRICAL EXAMPLE AND RESULTS

" The stresses 6, and o, at +=a are ‘computed numerically for Poisson’s ratio
v=0.25, It is easy to estimate the numerical integrations which occur in the present
calculations because'the integrands decay rapidly. The first.ten terms of the infinite
series are retained. The coefficients D, ., E, and G, are shown, as an example in
‘the Table I for a/b=0.6667and Ija=0.5. The results of /P and a,/P at r=a are

Table 1_._Coef_ficients D1, By and G, for afb=0.6667 and lfa=0.5.

n=1 2 e 9 10
D, —0.10988 % 10-° —0.82528 %X 1077 oo 0.27583 x 103 0.87786 x 106
E, 0.15792% 1071 - 0.17356x 10° it 015976% 1075 © 089578 % 107

Gy 1 —0.34360% 101 “0.10395x 10 ~ 7 0.18663x 107 —0.08076x 1072

-shown in Figs. 2 through 7 versus 8. In Figs. 8 and 9, the stresses o,/P at r=a and
F=90" and v,/P at r=a and #=0° are plotted versus /g, respectively. The results
for afb=0.2 are almost coincident with those given by BANES and SOKOLOWSKI [2].
The foregoing analysis is limitted to plane-strain conditions. However, it can be
shown that all-of the same equations apply for generalized plane-stress conditions if
the following transformations are made [7]:

V> Vﬂ/(l +V) )
L= I [+ )14 2142,

‘where the quantities with a subscript o refer to generalized plane-stress conditions.
From the above results it may be remarked,

i) For the case of a rigid inclusion, the couple-stresses lead to a considerable
increase of the stress concentration as pointed out by references [2, 4].

3.1)
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ii) The position at which the maximum stresses of ¢, and ¢, at r=a occur is
less affected by both of the values @/b and Jla and it is about #==90°.

iii} The value of a/b acts little upon the peak stresses of o, and 6,.

iv) The stress g, at r=q¢ and §=0° decreases as J/a increases and the decrease
is somewhat strong for a/b=0.5." ‘
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STRESZCZENIE

WPLYW NAPREZEN MOMENTOWYCH NA KONCENTRACIE NAPREZEN WOKOL
SZTYWNEJ KCLOWEJ INKLUZJII W POLPRZESTRZENI PODDANEJT ROZCIAGANIU

Do badania rozkladu naprezen w polprzesirzeni zawierajacej idealnie sztywna kolowa inkluzje
zastosowano zlinearyzowana momentows toorig sprezystosci. Proste rozcigganic odbywa sig
rownolegle do plaskiego brzegu, Rozwiazanie zilustrowano na kilku przykiadach liczbowych,

Pesiome

BIIUAHWE MOMEHTHBIX HAIPSDKEHHIT HA KOHLUEHTPALIIIO HANPSKEHUN
BOKPYI" XECTKOT'O KPYI'OBOT'O BKNIOUEHHA B HONYIIPOCTPAHCIBE
- NOJBEPFTHYTOM PACTAXKEHHIO

,D;JISI HCCICIOBAHRS PacipelencHna HanpaxeHyl B IONYIPOCTPAHCTEE, CORCPKABIICM HICAIbHO
HECTHOC  KPYTOBOG BRIIGYOHHS, NRWMCEHSHA JIAHCAPHIOBARHAA MOMCHTHAA TCOPHA YIPOTOCTH.
HpOCTOB pacrsKeHue TPOMCXOMHET IADAJINebHC HIOCKOH Fpanuie, Pemense MIITIOCTPAPYSTCA
Ha FECKONBKHX 4YMCIOBEIX HPUMEpax.
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