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THE POST-BUCKLING STATE OF A MULTILAYERED SHELL
IN A FORM OF A CYLINDER SECTOR SUBJECTED
TO AN UNIDIRECTIONAL COMPRESSION AND SIMULTANEOUS SHEAR

W. WALCZAK AND N.X. LUU (LG6DZ)

In the paper are presented the results of theoretical analysis of post-buckling state of a thin-
~walled, elastic, multilayered shell in a form of a cylindrical sector, subjected to the action of uni-
directional compression and simultaneous shear. The shell consists of orthoiropic layers and has
a symmetric structure, The problem is solved approximately on the basis of the non-linear version
of the anisotropic shell theory given by S. A. Ambarcumian, The detailed numerical computations
are made for a shell consisting of five orthotropic layers, and results of these computations are
presented in the form of diagrams. The numerical computations were made on the ODRA-1204
computer.

1. TNTRODUCTION

Load-carrying elements of many contemporary engineering constructions are
made in the form of thin-walled shells. Very often these shells are shaped like cylinder
sectors and are built as multilayered constructions consisting of anisotropic or
orthotropic layers.

Shells, as load-carrying elements, generally work in a composed loading state.
Often, at short-lived overcharges, values of these loadings exceed the critical values.
In this regard the knowledge of the behaviour of shells in post-buckling states, in
particular at composed loadings, is now of great significance both cognitive and
practical. '

The bases of the theory of muliilayered shells consisting of anisoiropic layers
are given by S. A. AMBARcUMIAN [1]. Nonlinear differential equations describing
multilayered shallow cylinder shells are presented, among others, by B. I. GRIGOLYUK
and P. P. CouLkov [3]. Many authors, including L. M. Kursuin [4], O. N. Lenko [5]
and W. Szvc [6], investigated in a nonlinear conception the stability problem of
three-layered cylinder shells at different loadings. T. NIEZGODZINSKI [7] analysed
the stability and the post-buckling state of a multifayered shell in a form of
a cylinder sector subjected to shear.

This paper presents a solution to the problem of nonlinear stability of a multi-
layered shell-having the form:of a cylinder sector under shear and simultaneous
unidirectional compression along cylinder generating lines. This problem has been
solved in an approximate manner.
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2. ASSUMPTIONS AND GOVERNING DIFFERENTIAL EQUATIONS

The subject of our considerations is a multilayered shell at a litile shallowness
in the form of a cylinder sector with a radius R, consisting of homogeneous oriho-
tropic layers. The constant whole thickness is h and the length of the edges of the
considered shell. are a and 6.,

It has been assumed . that the shell is s:mply supported along Its penmeter and

subjected to an action of compression. loadings p and: shear loadings s — per unit
of edge length of the shell (Fig. 1).

In practical solutions of engineering constructions, the multilayered shells having
a symmetric structure are the most often applied. The cross-section of a shell built
from (2m+1) layers — symmetrlcaily located about the coordmates surface x, y -
is shown in Fig. 2. - : ; :

z¥-
FIG 2.

The problem has been conmdered on the basis® Of the nonlmear version of the;-
theory of anisotropic shells given by S:A: AMBARCUMIAN [1]. In the case of a multi-
layered anisotropic shell the sectional forces acting on the edges of any. shell element
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(Fig.:3) are.expressed;-in terms.: wof lmear functions. of: strain. state components;. as -
follows [13: : : : o

Ny=Cr18,+C128:+Ci Vo
N,=Cis 60+ Caz65+Cag Yo,

.Tx,, Tye=T= C1681+C2682+Css'}'o:
M, =D11]"L+D12’€2+D16.¢C? . ..
M, D12761+D227C2+D26Xs'

M M H~D15W1+D26K‘2"§‘D66?{

@1

In the above formulae 31, s?_, and yo denote the stram state components of pomts
of the cootdinates sarface”x; ¥’ expressed as functions of the displacement state
components 1, v and W, appearmg in the d1rect10ns X, y and z, respectweiy, of the

My

OMyy > -0
Mxy-fa—dx M +a_jidg \ng-}- ()yg dy

: Fia., 3.

accepted system of coordinates. However, changes of the curvatures 1y and x,
respectively in the directions ¥ and y, and of torsion y of the coordinates surface
are dependent only on the component w [2}. The coefficients C, and D are adequate-
rigidities of a multilayered shell. If the shell is built from (2m+1) layers (Fig..2,) -
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symmetrically distributed with respect to the coordinates surface x, y, the rigidity
coefficients €, and D;, are determined by the formulae:

Ci =2[B'}';c+1 Ppss + 2":1 Bjk (ki"ki+1)] >
i=1

2.2)

2 [ ] ™
D= (B Bt 3] B 2=,
i=1-

where Bjk constant depends on the material properties of any i-th layer of shell.

The nonlinear theory of thin-walled anisotropic shells at a little shallowness
provided two governing differential equations consisting of two unknown functions:
the deflection function w=w (x, y} and the stress function &=¢& (x, y).

For the considered multilayered shell of a symmetrical structure, consisting of
orthotropic layers, it was also assumed'_ that the main directions of orthotropy are
parallel to the axes x and y of the accepted coordinates system. In this case the
coefficients B, and B, which are dependent on material properties are equal to
zero and, consequently, C,=Ch6=D;4=D,=0, and in this connection the two
governing equations take the following form: . -

atw Hw a*w
2.3) Dll_éx_4+2(D12+2D66) ox2 0y +D;, oy -

1 0*d w '+ otw
TR ax? _2S'3x3y P oz —L(w, 9)=0,

and

ot b o+ #e 1 Pw 1
(2.4) AZZ a—x4+(2A12 +A66) ax:;ayl +A11 ay4 = WE“‘%T_?L (W,W),

where L (..., ...) are the nonlinear differential operators of the second order defined
by the formulae
PRw e FPw P w 2@
oxr &t + oyt Ix? ~2 oxdy dxdy’
Pw Pw *w \?
L(w,w) =2[ dx?  dy? *( 3x3y) ]

L (W, IP) =
2.5 ‘

The coefficients 4, appearing in the compatibility equation (2.4) are determined
as follows:

022 C66 Cll Cﬁﬁ
An,z'_é_, T T g
(2.6)
Cll C66 - CI.I CJ.Z_(_CIZ)z
22 ZT, 66 0 ’
where - :

2.7 - C2=Ces [Cus C22~—(C'12)2].: A
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3. THE APPROXIMATE SOLUTION OF PROBLEM

In order to get an approximate solution of the tittle problem, the following
approximate form of the deflection function is assumed:

. ®X _ Wy . omx | 2wy
3.0 w=11 sin—- sin T+f,_2 sigt —=sin — +
) . my . 2nx | 2wy
+ f5, sin smT +fusm—-~g—-sm 5>

in which the coefficients f1,, f12. /21 and f;, are independent parameters of a normal
shell deflection.

The assumed expression for the deflection function satisfies the boundary
conditions for simply supported edges of the shell. Namely, it becomes

[W]x=o=0: [w}yso':os

(3.2) = y=
[Mx]x~_-0 =0 » [My]y=0 =O .

x=a y=hb

In order to determine the stress function @=¢ (x, »), the compatibility equation.
(2.4) is availed of. For this purpose the deflection function (3.1) was introduced
into the right side of this equation. After differentiation the whole expression was
presented as a sum of cosines. The stress function @ is accepted in the same form.
as that of the right side of Eq. (2.4), namely

3.3) D=0, cos o+ P, cos -+ P, cos 2u+ Py cos 28+ P cos 3a+ Dg cos 3+
+ D cos o+ Pg cos 48+ Py cos (ot F)+ Py cos (w— )+
+ @y, cos e+28)+ + By, cos (2u—28)+ D5 cos (x+25)+
+ @4 cos (w203 + Py 5 cos 2 B)+ B, cos e— -+
+§25'U cos (e+38)+ Py 5 cos (w—38)+ Dy cos Gut+ )+
+ B, 008 (30— )+ DPyy cos (w+4)+ B, , cos (e—48)+.
+ @35 cos (da+ f)+ Doy cos (da— B+ D, 5 cos a+38)+
+ Dy c08 2a—3F)+ Dy cos Qa4 20+ Doy cos Bu~—25)+
+ Dy c08 (3a+ 38+ DPap €08 (3u—38)+ P4, cos Bu+48)+.
+ &y, cos Boe—48)+ L33 cos o+ 38)+ P4, cos (da—38) .
In the above expression the unknown coefficients were marked by the symbols:

@, Dy, ..., Dy, and for simplification of the notes the following determinations,
were introduced: s

(3.4) : «a=— and f=—r,
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The coefficients @, &,, ..., P34 were determined by-compating the terms standing
for the same functions on the left and on tl*e right sides of the compat1b1hty equatlon
(2.4).. Hence. e e o

o . 1: LL”.:ii ;.L  f 2
D = ;(fllfz..i+4f22j;2)—4:;2—2—(l;—) »
o 1 e
= '(f11f12+4f2‘2f21)m(g) »
3 o 1: a\?
@3=(ff1+4f%2) m_(g") )
5 1 (B
®4=(f +4f21) 32A ('—) ’
1 .-: a\?
gir’5—(f11f’)1‘1‘4](-22](12) 36A~(?) s

1. b\
dl'r’e—(fufm"“ifzzfm) 36A (““’) ]

. @7—(f21+4f22) 1284,, (%)

(e

o | 128A al’

(3.5 Dy= —(9f1.2f21 ZR ) 252’7 ,."
"z )

N gT'-’1.0:“(9J_C1zfz1_ 2

2b27?1 ’

€ﬁu= —Pya= fzz Sana o

1
@13-—(9f11f21. = zR flz)g—az“gz—'—,

1
d514- gfl.lf?.l 2R fll 8a2b2 "

'@15_ 9f11f21 Z.R. f"l) 8a2b2 Y 1.2 %

. . 1652 B B
Pig= ?f11f12+ ”zR.fzi Saz,bth,
'¢17:¢1'3=(1I6f11f22'§;25f12f21)'W: o
4

B ’ 1
Dyo=P,0=(16f11 22 +2512/21) 8 by’
. : 5
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@5y . ...._.‘¢21—95°2—122f12 Sazbz -
‘:~-‘-::<_'>Q523——@24-—f22f21 Wa,
: .
szs"—f@zﬁ'f_fllflz W! PRI

‘5527—@28— f11 f21 W’

1
72a b2 ?

@29"@30_ fllle
' ¢31—¢’32~ _fzzﬁZW':_ : o
@335253%% —fzz.fzi -m
In the above expressions the foliowing determinations were introduced:
1 1
’71—1422 +(2A12+A66) "fA11"EI,
1 4
Hr=Azs ";T+(2A12+A66) W“’"Am —b—“"_’ E
16 -4 1
??a—Azz +(2A12+A66) 5t Ao b

1 9 81
7’.’4=A22 +(2A12+A66) An b"' s

81 9 1

’?sﬂAzz +(2A12+A66) 7t Ao FRe

: 1 16 256
(3.6) T '.7’15'—/122 +(2A12+A66) JEYY +43, b

_2576” o 16 <1
’?7=A227+(2A12+A66)W+AL1F’

16 36 21
B—Azz prs +(2A12+A66) +A11 B

31 36 16
715}=A22 +(2A12+A66) +A11 b"’ »
n 3'1 144 . 25 ...
7710—-/122 +(2A12+A66) +A11 et
256 144 256
??11—Azz - +(2A12+A66) zbz +A11 O
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In order to determine the unknown coefficients fi,, f12, /21 and fa, appearing in
the assumed deflection function w=w (x, y), the equilibrium equation (2.3) is used.
For solving this equation the Bubnov-Galerkin’s method was applied. In the case
considered the following system of four equations has an application:

¢ R . WX | mp 0 4 bX' X 2?1:_1}@7 4
fszstm—-b--dxdy— , ff sin —-sin 5 > fy=0,
(37) c 0 0o 0
- bX . 2mx | my ! bX . 2mx Znyd P
ff sin o sm—b~dxdy=0, f{f sin o sin 5 dxdy=0.
[+ I ¢ ] 0

In these equations the left side of Eq. (2.3) is determined using the symbol X.
In further considerations the following dimensionless coefficients are introduced:
the outside loading coefficient -of shell edges:

2

ab
=Ek3 s and p*:Eh3 P,

(3.9) ¥

the coefficients of a shell form and of a shell shallowness:

a b2
3.9 : A=-b— and k=ﬁ’
the coefficients of a shell deflection:
fll fzz le f21
(3.10) =T, W, =R, 9=t
the coefficients
& =E, a®b* hy;, ‘
A1 =A4,,Fh, Ayy=dA,,Eh,
Ly zﬁi[Dn“l_ +(D12+2D65)_i_+Dz i]
.11 ER’ a* a* b? K
Lfﬁ[p i+(D +2D )—4—8—+D E]
L e T e T
L3=izibi[D,1£+(D +2D )~—8—+D i]
ER? at 12 ST grpr TR pa e

where F is Young’s modulys. S .

Performing integration in the formulae (3.7) and introducing the above given
dimensionless coefficients, the following system of four nonlincar algebraical equa-
tions is obtained:

22 _25)

3.12 202 e e
@12 ¢HW§E(A1112+A22 5
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The system of the above equations is solved in such a manner that the dimensionfess
coefficient of the uniform compressive loading p* is treated as a constant parameter,
and the dimensionless cocfficient of the shell deflection & — as a variable parameter.
The other dimensionless coefficients ¥, ¢, @ and s* are functions of the coefficient &.
By ehmlnatmg the d1menslon1ess coeﬂiments ¥, ¢ and 0 from the above equations,
it is possible to find values of the dimensionless coefficient s* of the shell shear
Ioadmg as a fllHCthH of the coefﬁcmnt (4 by the gwen dimensionless coefficients A, k&
and p*.

1f the value £=0 is iniroduced into Eqs (3.12)-(3.15); the solution of the linear
problem is obtained. This solution -was presented in the paper [9]. If the value p*=0
is put into Egs. (3.12)-(3.15) the respective formulae for the case of a shell under
pure shear are obtained. If, however, the value 5* =0Q is inserted in the same equations,
the respective formulae for the case of a shell under unidirectional compression are
obtained. _

The solution of the system of equations (3.12)~(3.15) in the full form permits
to analyse the influence of the coefficients: of the shell form 4 and of the shell shallow-
ness k on the upper and lower critical values of a shell loading for a concrete multi-
layered shell at symimetrical structure, consmtmg of orthotropic ]ayerb These upper
and lower critical values of shell loadings are also expressed by tbe dimensionless
coefficienis p.-and pj, and also siyeand sl, respectively.

4 NUMERICAL EXAMPLE AND CONCLUSIONS

As an exampie of appl;cations the ﬁve-layered shell shown in Fig. 4, is considered.
The main diréctions of orthotropy of d]l shell layers are parallel to the axes x and y
of the accepted coordinates system. :

; Young’s moduli E, and E,, Po:sson s ratios v, and v,, in the x and y directions,
and -also the shear moduli - G,y in surfaces, parallel to- the x—y surface, are put
together in Table 1, in turn for each layer of a shelk:’

On the ground of Egs. (3.12)~(3.15) for settled values of the compresswe loading
‘coefficient p*, the adequate values of the shear loading coefficient s* are determined
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as functions of the deflection coefficient & for different values of the coefficients &
and A. These relations in the form of some diagrams are presented and are shown
in the successive Figures 5-14.

J:[no:
L=jen

jm
il

Fic. 4.

Detailed calculations for cases when k=0,
A=1.0,

k=12 and k=24 as well as 2=0.5
A=1.5 and A=2.0 were performed on the ODRA-1204 computer.

?

Table 1. Assumed elastic constants of materials of separate shell layers

. : £y
Layer E, E, Gy Vi Vy =V,
N [N . . Et
1 and 5 1E 14E | 062E | 040 0.28
2'and 4 1L5E 13E | 053E | 035 0.30
3 : E 12E | 042E 0.30 0.36




W. WALCZAK AND N, X, LUU

B4
st
60
k=8 /
A=15
-/
40 _y//}
M _//—3 //
i _/ 0
M 5 Z
20
g
\____,_—/
\.__h__/
Wy
0 1 2 Sg
. Fic. 7.
E\'g*
. p*=U
40 g "
k=24
v v
3 P N7
12
% \
20
10
0 1 z . 3§,

As follows from the run of the curves shown in Figs. 5-8, the upper — as well
as the lower — values of the critical dimensionless shear loading coefficients sy
and 57 decrease when a value of the compressive loading coefficient p* increases.
For example, the values of the coefficients 55 and s; are presented in Table 2 for
the case of a square shell in a plane; this is when the coefficient of a shell form A=1.0

Fia, 9.

S*
60 .
k=6
A=2
p*=-9,
-6
o /4
M 23/ Y
‘--‘_./ U
e 3
20 A ST
g
\‘__/
0 : 1 T2 3§
' ¥z, 8.
st
50—
p=6

A0

10

/4

ka2t

=]

—-a

2 _sé

Fia. 10,

and the coefficient of its shallowness amounts to k=20,

For larger values of the compressive loading coefficient (p*>6) the extrema of
~ the function s*=5* (£) vanish and, in the considered range of deflections, the shell

is in a constant equilibrium (Figs. 6, 7 and 3).
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Table 2. Upper crifical and lower critical values of the shear dimen-

sionless coefficient .s': and sf for a shell at the form coefficient 1=1.0
and at the shallowness coeflicient =6

»* Su 5

0 17.32 15.35

3 _ . 12.08 9.87

6 : o518 220

decrease of values about: . 55% .. 859
651

Rozprawy InZynierskie — 5



66 W. WALCZAK AND N. X, LUU

Next, in Table 3 are presented the lower critical values of the shear loading
coefficient Sﬁ for different values of the coefficients A and k for the settled value of
the compressive loading coefficient p¥=3.

Table 3. Lower critical values of the shear loading coef-
ficient s‘f for the value of the compressive loading coef-
ficient p*=3

)
N 0.5 1.0 L5 2.0

] 2091 -9.93 11.86 17.16
12 24.30 9.92 10.8% 15.79
24 32.56 11.70 9.58 12.35

From the data gathered in Table 3 it results that the values of the dimensionless
coefficient 5] increase with an increase of the shell shallowness coeflicient k& when
the shell form coefficient 1=0.5 and A= 1.0 but decrease for lengthened shells in the
direction of cylinder generating lines (A=1.5 and 1=2.0).

However, from the diagrams shown in Figs. 9-12, it can be seen that the upper
critical values of the shear loading coefficient 5, always increase with an increase
of the values of the shell shallowness coefficient k. This is also the case for each
other value of the shell form coefficient . The increase of the coefficient s is the
greatest for the square shell in a plane; this is when the shell form coefficient 1=1.0.
As can be seen from the dlagrams shown examplarly for k=12 in Figs. 13 and 14,
the values of the coefficients s* and s; are the smallest for the same value of the
coeflicient 4, i.e. when A=1.0. In the next tables are gathered the ratio values of the
lower critical value s¥ to the upper critical value s, i.e. 5;/s; of the shear loading
coefficient for various values of the coefficients p*, A and k.

s

Table 4. The ratio values —~ or various values of the com-
Su
pressive loading coefficient p* for ashell at the shallowness
coefficient k=6

2
* 0.5 1.0 15 20
0 0.99 089 | 050 | 093
3 0.98 0.81 0.84 0.87
6 0.97 0.43 0.58 0.82

As follows from the numerical data gathered in the above table, when the values
of the compressive loading coefficient p* increase, the values of the ratio s; /s, decrease
for each value of the coefficient A of the shell form. The decrease of value of this
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ratio is the greatest for the value A=1. The smallest value of the ratio s, /s also
occurs for this value of the shell form cocfficient 4. :

As follows from the numerical data gathered in Table 5, the value of the ratio
si/s¥ decreases with an increase of the shell shallowness determined by the dimension-
less coefficient k.

S*

3
Table 5. Values of the ratio —~ for various values of the
Sll

compressive loading coefficients p* for the square shell in a

plane (A=1)
k
o 12 24
0 0.70 046
3 0.58 0.35
6 0.16 0.24

- Numerical computations made for a similar but three-ldyered. orthotropic sheil
of a symmetrical structure made it possible to reach similar conclusions as in the
case considered above.
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W N

STRESZCZENIE

STAN NADKRYTYCZNY WIELOWARSTWOWEJ POWLOKI WALCOWEJ
POD DZIALANIEM SCISKANIA I SCINANIA

W pracy przedstawiono wyniki teoretycznej analizy stanu nadkrytycznego cienkosciennej,
sprezystej powloki wiclowarstwowej o postaci wycinka walca, poddanej dziataniv jednokierunko-
wego $ciskania i jednoczesnego $cinania. Przyjeto, Ze powloka jest zbudowana z warstw ortotropo-
wych i ma budowg symetryczng.
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Zagadnienie rozwiszano w sposob przybliZony na podstawie nieliniowe] wersii teorii powlok
anizotropowych, podansj przez 8. A. Ambarcumiana,

Szezegblowe obliczenia numeryczne przeprowadzono przykladowo dla pigciowarstwowej
powloki, zbudowanej z warstw ortotropowych, a ich wyniki przedstawiono w postaci szeregu
wykresOw, Obliczenia te wykonano na komputerze ODRA-1204. o

Peszrome

BAKPUTHIECKOE COCTOMHUE MHOTOCIIOMHON OBOJIOUKH B BU/IE CEKTOPA
[AMAHAPA O/ JAEACTBAEM CXATHS W CABUTA

B pa6oTe NpeicTABIEHB DPe3YNLIRTEH TEOPSTHIECKOrO ANATH3A 3AKPUTHYECKOTO COCTOSHMS
TFOHKOCTEHHOM, YOPYFOH MHOTOCIOHHON OCOMOYEH, B EBWAC CEKTOpa LENHEADR, HOIBOPTHYTOIH
JeHCTBHEIO ONHORANPABIEHAOTO CHATAA B ONHOBpeMeHHoro casara. TIpEEmMaeTcs, ¥To 06onoTxa
TOCTPOEHA W3 ODTOTPOIHEIX CTOEB MMeeT CHMMET{MYHOE CTpOeHRe. Jamaua pemlcHa mpaOumsKe-
HEBIM 06pa30M EA OCHOBE HeTHHEHHOIO BAPAARTS TCOPHEH AHH30TPONERXK 060M0YCK IPUBEICHHOI0
C. A. AMbapmymaHoM.

JleTanpEme MHCTEHARE PACUeTH EPEMEPHO IPOBENGHE! (A IATHECIOMROH 0f0oNouKd, MOCTpo-
€EHOM M3 OPTOTPOHHEIX CIOSE, 4 X Pe3YIbTATH MPENCTABICHE B BHOC PARA Ipadukos, Dl pac-
vyeThl Hpoeemersl Ha JLIBM OJPA-1204.
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