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ON A CERTAIN METHOD FOR PARAMETER ESTIMATION OF |
AMECHANICAL SYSTEM WITH SENSITIVITY MODEL APPLICATION

J. WICHER (WARSZAWA)

The parameter estimation problem of a linear mechanical system with n degrees- of
Hreedom has been considered. The lumped masses of this system are connected by any
combination of stiffness and viscous damping elements {called the rheological models) The
sensitivity model of the system is used in a presented algorithm.

1. INTRODUCTION

Investigation of the dynamic properties of a real mechanical system
is connected with a mathematical modelling problem. The process of determin-
ing a mathematical model (most frequently given as a set of differential
equations) is called the identification problem.

The general identification problem, in its wider sense, includes all tech-
niques devised to determine a mathematical model from input-output data.
If the description of the system is totally unknown, then we have the
“black box” identification problem. In the vast majority of cases some
knowledge of the structure of the mechanical system is available and in
this restricted case this is a paratetric identification problem or para-
meter estimation problem.

The theory of lumped mechanical systems is commonly based on
a mathematical model consisting of masses connected by a parallel combi-
nation of a linear stiffness and viscous damped elements. However, it is often
found in practice that the rheological models joining the masses are very
useful, e.g. in isolation systems with rubberlike materials.

The rheological model is the structure with the series combination
of viscous damping and stiffness elements where the relations between the
force P and displacement ¢ are most generally represented by the linear
operators I1 and I', where I[IP = I'g. ' ‘

In general case these operators can be represented by linear differential
form:

& &
(11) : Il = d; Ef, r= bi EIT,

where a;, b; are constant coefficients.
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The ratio of force to displacement can be represented by the equiva-
lent spring characteristic k* = P/q =Tl ~1 The operators I' and I for
three— and four—element rheological models are given in Table 1. These
models are known as Biirger and Standard models. The Standard 1 and
Standard II models are dynamically equivalent when the stiffness

= [n/(n+1)] k and the viscous damping coefficient ¢’ = = | nf(n+1)]* ¢, where
n is a dimensionless stiffness ratio [1].

Consider the n-degrecs-of-freedom system (Fig. 1) where the equations

of motions are

(L.2) mydf;+ K (¢ — Gio) + Z kigi—q)=Fi, 1= 1,..,n
)
Ji

Using the I’ and [I operators, the above equations can be written
in the form : R

(13) mHth"‘_ruql—i_Hu Zﬂijl-ru(ql QJ)_HIIP+Fllq[0: i"_““l:-"sn'

=

j#:
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All operators F, yand IT;;, if =1, ..., n depend on the unknown stiffness and
damping coefficients.
Below the problem of how to find the values of these parameters

will be considered.

ije

2. ESTIMATION OF THE UNKNOWDN PARAMETERS

A general estimation scheme is the model and the real system, The
model is connected to the system paralelly. The parameters of the model
are changed according to the identification algorithm until the output
error is zero or, in the case of additional noise, minimal.

In parameter estimation procedure the input-output schemes are very
useful. In Egs. (1.3) there are n-dimensional input vectors P and g, and
the output vector g In estimation procedure the experimental output
vecior of the real system is used. Let §= () be the n-dimensional
output vector obtained from experimental data. Further the parameters
of the considered System may be denoted as the r-dimensional parameter
vector a=a(I'y, II,), i, j=1,.,n Then the éstimation problem can be
performed through mmlmahzatlon of the functional @ of a function ¢-.

ey min Q (a) = min & {p [ ) -4, @)1},

where the output error e=g(t)—q(t,a) and Q is called the quality

function. The minimum value of @, which is a scalar function of the
parameter vector a, can be obtained by adjusting the parameter a.
Computationally, this can be accomplished by the steepest descent method,
where the value of a at the (i-+1) iteration is given in terms of ifs value
at the i-th iteration as

22) - ait D = 44 Aa,

where the superscript i indicates the iteration and Ada is given by

2.3) " Aa=—kgrad @, k>0.
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The velocity of the iteration process can be controlled by the factor k.
The value of the factor k has to be chosen carefully as in all gradient
methods. If k is chosen too.large, the iteration process diverges, if it is
chosen too small, the process takes too much time. Commonly k is chosen
empirically.

The squared output error is a suitable criterion for the estimation
of unknown parameters. In this case

(2.4) : Q(a)= @ [¢" Ael,
where e =g ({)—q(t,a) and A is symmetric positive definite matrix that
 weighs the individual components e; = §4;—g; Commonly the matrix 4 is
chosen empirically or is given as the unity matrix.
' The gradient of the quality function can be determined by a different
method. This is the biggest computational task in the parametcr estimation
problem.
An iteresting method is the procedure with a sensitivity model application. '

3. APPLICATION OF THE SENSITIVITY MODEL

In the general case the grad Q can be obtained by ‘differentiation:

3, do &
- i 0= 2~ 2 2],
where
- e AGO-q.a) _  data _

The partial derivative of ¢ with respect to a is the sensitivity matrix
u= () = (0g;f0ay, i=1,.,n, j= i,..,F

The elements u;; of the matrix u are called the sensitivity function.
These functions can be evaluated by solving the sensitivity equations. These
equations can be obtained by differentiating Egs. (1.3) with respect to all
unknown parameters. Taking the partial derivatives with respect to one
of them, say m,, we obtain

(33) R m; H ulm +Fu( ural mm, +Hu Zl H!JI Fu {ulm. Jm:) = Hii q-is
J
JjEL

where aim; - aq,/am -m! dE/dtZ {”im.i)‘ ’
The system described by the sensitivity equations is known as the
sensitivity model.
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The squared output error is often used. In this case Qe de and
the gradient

‘ . de \T r
(3.4) . grad Q = | — | Ade= —uT Ae .
: da _

and Eq.(2.3) may be written in the form
RE da = ku" Ae.

A general configuration for the system of parameter estimation with
the sensitivity model is shown in Fig. 2.

The algorithm described above can be expressed as follows:

1) Assign an initial value of a® of the parameter vector «.

2) With the current value of a®, i=1,2,.. solve the differential
equations {1.2). '

3) Compute the grad Q using Eqgs. (3.1) or, in the special case, Egs. (3.4).

4) Update the parameter vector according to Eq (2.2) until da <,
where ¢ is a tolerance defined by the user.

.3) If this test is satisfied, take the values a®*? ag the estimate of the
unknown parameter; if not—go to step 2. This concept is illustrated by
the flow chart of Fig. 3. The initial. value a® can be either obtained
from physical considerations or assumed arbitrarily. '

4, EXAMPLE

Let us consider the simple mechanical system where an clement of

~mass is supported by a linear rubberlike material to a vibrated exciter.

The system and the instrumentation setup are illustrated in Fig, 4. According
to Egs.-(1.2) and (1.3) the equation of motion may be written as

4.1) mij; -+ K (g, —qo) = 0
or ’
4.2) qu1 +F(f11 qo) =
System g
d *Oy-8t kutae 142 al ) | g
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The rubberlike material may be described by tﬁe Standard ¥ model
(see Table 1). In this case Eq. (4.2) can be written in the form

FiG. _3.‘

: c d d
43) ml I+ +— 7§ ) Vg, —do) =
(4.3) \:( )+ T dt]@lﬂ'[”lf‘"c dt](ql go) =0
or (after an easy transformation)
“(44) mci, +m (k+nk) g, + ckgy -+ nkkq, = ckgo -+ nkkdo .
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Using the substitutions

@) a; = nkkjme, a, = ckfmc, az = m (k+nk)/mc,
‘ qi=Y1, q1=Yi=Y2, {1=Y2~ Y.

Eq. (44) can be written in this canonical form:

A V=V, Y 2= Ya,y
Ya= —a; y1—ax”, a3y3+a1q0+a2qo

The output error may be defined as

(4.6) e=(er, e, e35) = @1=yi, d1—y2, d1—y3)

The rule for generating the parameter vector a = (ay, a,, a;) has the form
_(3.5) if the squared output error is used. The matrix A is chosen as
the unity matrix and wu is the (3x3) sensitivity matrix with elements
Uy = dyifda;, i,j=1,2,3. The j-the component of Eq {3.5) can be written
in the form . :

4.7 - . Aajxk(uuel+uzje2+u3je3).

The sensitivity functions #;; = Jy,/0a; can be obtained by differentiating

Eqgs. (4.5). Taking the partial derivatives with respect to one of the para-
meters, say a; the sensitivity equations are

. 0y4/0a; = aYz/aaj:
(4.8} 0y,/0a; = Oys/0a;, ‘
5}"3/5(1;' = =y (8y1/aaj)—a2 (aJ’z/aﬂj)—aa (ays/‘aaj)‘l'wj, j= 1,2,3_

and _
49) wy= —yi1+4, W2~ atgo = 737.14"40:‘*1’1, W3 = —¥3.

According to Fig 2 all semsitivity functions ought to be measured
simultaneously. From ‘this structure it can be seen tha if a system has
r parameters, r sensitivity models are needed. In the considered example
three sensitivity models (4.8) are nceded. But it is possible to build a more
simplified structure containing less than three sensitivity models.

The only difference between the equations (4.8) for j=1 and j=2
is the input signal which is w, =y, ¢, and in the second case w, = w,.
.Then the signals of the latter sensitivity model are the derivatives of the
corresponding signals of the former. Hence

dy,/ay = 8y1/0a; = dy,/da,,
(4.10)  0y,/da, = 6332/301 = Oyaf0ay,
By3f6ay = By3fda; = —ay (9y,/0ar)—a, (By,f0a;) —as (Gys/da,) —
o ~¥it4qo-
Thus the sensitivity functions with respect to @, may be obtained

directly as the signals in the suitable nodes in the diagram shown in
Fig. 5.
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In the case of the sensitivity functions for the parameter a,, the input
signal wy = —y; is not the derivative (with respect to time) of the input
signal of the sensitivity equation obtained for parameter a,, which implies
that the signals of this sensitivity model are not the derivatives of the
corresponding signals of the model (4.8) for j=2. Then the sensitivity
functions for the parameter @; may be obtained from the new dlagram :
connected with the one considered ecarlier (see Fig. 5).

The complete identification scheme for the considered example is 1I]us-
trated in the diagram shown in Fig. 6.
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Giving the input signal as the impluse function, for k=10 and the
initial values a} = 10%, a = 10°, ad = 2x 10? after the twentieth iterations
were obtained a; = 1266561 x 108, a, = 4.165732 x 10°, a, = 3.395733 x 10%
'Using the substitutions (4.5) the following values of the unknown parameters
of the rheological model were obtained; k = 461.6, nk = 1783, ¢ = 6.61 (for
known m = 1.105x 10~ )
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STRESZCZENIE

O PEWNEJ METODZIE ESTYMACH PARAMETRGW UKLADU MECHANICZNEGO
Z ZASTOSOWANIEM MODELU WRAZLIWOSCI

Rozpatrywany jest problem estymacji parametrow liniowego ukiadu mechanicznego
o # stopniach swobody, w ktérym masy skupione polaczone sy za pomoca dowolnej kombi-
nacji elementow sprezystych i thimieniowych (tzw. modeli reologicznych). W przedstawionym
algorytmie wykorzystuje si¢ model wrazliwoici ukladu. ‘

PEzrOME

O HEKOTOPOM METO/,% OLIEHOK TTAPAMETPOB MEXAHWYECKON
CHCTEMBI C NPHMEHEHUEM MOJIEJIH HYBCTBUTEJIBHOCTH

Paccmapupaetcs npoblieMa OLCHOK NMapaMeTpoB JmHeitHol MeXanuueckol cucTeMBl ¢ n
CTeneHAMH CBODOMBL B KOTOPOH COCPENOTOHEHHEIC MACCHI COSHMHEHB NpPH MOMOINM IpOK3-
BOALHOW KOMOWHAIMA YIPYIHX M ACMIKDHPYEOLUIHK 308eMEHTOB (T. HA3. DPEOSOTHICCKMX MO-
Jeneif}). B MPecTABREHHOM ANrOPHTME MCHOJBIYETCA MONCHL TYBCTBMTENBHOCTH CHCTCMEL
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