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ON DONATYTS THEOREM IN SHELL THEORY

Z. RYCHTER (BIALYSTOK)

The Donati theorem has been formulated in connection with three-dimensional problems of
the linear theory of elasticity. In this paper a simular theorem is considered for two-dimensional
problems encountered in the linear theory of shells. As closely related topics the stress functions
and compatibility equations in the shell theory are also studied. A shell is assumed to be deformed
in accordance with the hypothesis of linear distribution of the displacement vector across the shell
thickness. Thus, six local degrees of freedom of the shell are taken into account. The results ob-
tained in the paper include, as a special case, the well-known stress functions and compatibility
equations of the Kirchhoff-Love and Reissner theories.

1. INTRODUCTION

Donati’s theoiem (see [1] where a concise formulation of the theorem and related
references can be found) provides a simple method of deriving the three-dimensional
compatibility equations in the linear theory of elasticity. The method ounly requires
a representation ef the stress tensor in terms of stress functions. As regards the
linear theory of shells, its equations being essentially two-dimensional, an analogue
of the Donati theorem has so far not been formulated. Nevertheless, a similar
approach based on a virtual work principle with appropriate stress functions was
used in [2] to derive the compatibility equations in the framework of the Reissner-
-type shell theory.

The present paper concerns a more general linear theory of shells referred to
as a six-parametric theery (SP). Such a theory results from the assumption of linear
distribution of the displacement vector across the shell thickness [3-7]. Alternatively,
SP is obtained when the shell is thought to be a Cosserat surface with six local kin-
ematical degrees of freedom [8].

The aim of this paper is to provide a formulation and proof of the Donati theorem
for SP. Also, a general solution of the equations of equilibrium of SP in terms of
stress functions is given, From the Donati theorem presented, the compatibility
equations for SP are deduced in a form equivalent to those found in [8] for a Cosserat
surface. Under appropriate restricions, the results mentioned reduce to the stress
“functions and compatibility equations known in the Kirchhoff-Love and the Reiss-
:ner shell theories, see e.g. [2, 9-11].
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2. NorarioN, GEOMETRY OF A SHELL

The paper utilises a standard in shell theory tensor and vector-tensor notation
(see e.g. [6, 8, 10]). For future use some definitions and relations are recorded with-
out proof below.

Vectors (possibly vectors with vector components) and theit components are
denoted by the same kernel symbol, the former in semi-bold type, the latter and
scalars is normal type. Whatever scalar or vector, all the ficlds are defined on the
middle surface v of an underformed shell, their sole arguments being curvilinear
coordinates {x*}={x', x*} on 7. The Greek letters. serve as sub- or superscripts
ranging over the integers {1, 2}. Any index appearing twice, i.e. as a sub- and super-
script, means a summation. The symbols ( ),, and ( )|, denote partial and surface
‘covariant” derivatives. A dot and a cross between two symbols indicate -a scalar
and a vector pquﬁci; : T o

The geometry of a shell can be completely characterized from a radius vector
r (x9) of the midsurface 7. Then the following relations hold:

(2.1) B ga=r, a':dr/dxay . gﬂ * 35: g3=_2_ Eap g(z_Xgﬂ‘;
(2:2) 2es=8:" 85> Dup=Lup B3> saﬂ"':]/g Cap s
(2.3) g=det (gmﬁ)a 311=922=0, ] 312=—621=1,

defining the natural base vectors g, tangent to v, their duals g’ (8% being the Kro-
necker delta), a unit vector g; normal to 7, the components g.s, by and &, of the
first and second metric and the alternating (Ricci) teasor o 7. Some properties
of these vectors and tensors read :
(24) g. X gﬂ';’gaﬂ g3, E3 X Bu=Cup gﬂ 3
(2.5) ga]ﬁ":buﬁ gas g:-sm: — b 8a» & ga;ﬂ=0" 8"ﬂ|:¢=0 s

. & B;mﬂ:O ] K bﬂ'}' br;ﬁ B2 =g gﬁlm’ _
the last two in the relations (2.5) being trae for arbitrary B and 6°. Of special use
will be the following integration by parts formula:}

(2.6) _ fB-A;uda——-— fB[u-A“da—l— fB-A“nuds,
T T &t

valid for any vectors B and A* with n, denoting the components of a unit vector
outward normal to the edge dv of = ‘

If = is supposed to be an open set with a closure 7, then a suitable form of the
Dubois—Raymond lemma may be stated as.

Lemua. If [B- A" da=0 for any B of class C® on 7 that vanishes near dr, then

A°=0; (the lemma and Eq. (2.6) are proved in a general form in [1].
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3. BASIC EQUATIONS OF SP

All the variants of equations of the six-parametric shell theory (S8P) have in
common the assumption of linear distribution of the displacernent vector across
the shell thickness. Differences only appear when strain measures -are concerned.
They are generally defined as symmetric or non-symmetric. In the present paper
the latter variant will be dealt with. Ii has been discussed at length in [8], from where
we cite the equations of SP needed for our purposes to wit an energy functional

(3.1) o I== f (NP y, n‘l‘Na“ ?31+Mﬂ“ %, ;3‘|'M3“ ”3a+N '}’33) da

and the homogeneous equations of equlhbrum
© 2) = N b N0, N3, A-b,p NP N33,
| M, —N¥=0, M|} by N~ N*3=0,

Here y and » represent the'strain measures in SP whereas N and M are the stress
resultants and couples energetically compatible with y and s, respectively. Roughly
speaking, y.; and i, are changes in g,; and b, s, and #,, characterize the trans-
verse shear deformation, y55 describes a umform stretch in the g3 direction, Under
#3q=N33=M*=0 reduction of the above to the Reissner theory along with the
additional requirement y3,=0 to the Kirchhoff-Love theory is obtained.

It will prove convenient to rewrite Egs. (3.1) and (3.2} in the following vector-
-tensor form: ~

(3.3) I= [ (N*- Yt MP - sk M 2, N3 3) da

and
(3.4 N =0, g xXN“}-M,=0, M3 }b, M*—N33=0,
where
. NN gy N*g5,  Mr—z,, Mg,

. Ye=Vpe 8t V30835 W=t %o 82> B=8"Dy, 8.

On substituting Eq. (3.5} into Eq. (3.4) one mé.y check with the‘aid 6f Eq. (2.4)
and (2.5) that Eqs. (3.2) and (3.4) are equivalent. As for Egs. (3.1) and (3.3) their
equivalence is obvious.

4. STRESS FUNCTIONS

Owing to the simplicity of the equations of equilibrum (3. 4) their general solution
in terms of two vector and iwo scalar stress functions ¢, 0, w and p can easily be
‘found in the form

Ne=eigls, M= (0];4-g5 X ),

4.0
: :M3u=£aﬂ Wlﬁ_l_)ula, Naa—ba'Mazﬂlz,
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where
4.2) Q=0 g, +9¢° g, O0=0g+0g.

On substituing the relations (4.1) with due allowance for Egs. (2.5)a_s, Eqs. (3.4)
become identities. Reduction of the relations (4.1) to componert form yields

Nfazeb? (¢8|, —b% ¢%),  N>*=e? (@°ly+-Dpe 07,
d= g (G|, —byy 07160 9°)> M= yrlp+-pl*, N3 —by MP=pl;,
where eight scalar stress functions appear, i.e. ¢% 03, &%, 03, w, u. However, only
six functions are independent for the orthogonality condition M® - g;=0 (resulting
from Eq. (3.5);) with M® replaced by Eq. (4.1), implies
(4.4) ¢a=£dﬂ (eshg"l-bﬂ] B‘}l)‘

Thus ¢* may be eliminated from Egs. (4.3),, 2. When, in addition to that, Eq. (2.5)s
is taken into account, Egs. (4.3),, assume their final form

N [ (81,+bua 00, X 55 0°),
N¥=g [g®|5+#" (bys 021yt Ol -

The above tesults are novel for SP. With y=p=0 they simplify to the well-known
stress functions in the Kirchhoff-Love and the Reissner theories [10, 2].

@y,
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5. DONATI’S THEOREM. COMPATIBILITY EQUATIONS

The Donati theorem was formulated within the framework of the linear theory
of clasticity as regards three-dimensional problems [1}1. In this section a similar
theorem related to the two-dimensional equations of the linear six-parametric
shell theory (SP) is given. To this end consider the functional (3.3) together with
the equations of equilibrium (3.4).

THEOREM. Let Y., e %3, and yas be of class C! on . Furthei, suppose that

(5.1) I= [ (Mo Yt M st b M3 ot tN 2 33) da=0

for every class C* tensor fields N*, M M 3¢ N33 op T that vanish near 0t and satisfy
the relations (3.4). Then Y. %o %3« and V33 satisfy the equations of compatibility
of SP. .

Proof. Let the stress functions ¢, 8, w and g be of class C® on 7 and vanish
near 7. Then, by the relations (4.1) K% M*, M 3¢ 3nd N3? are of class C* on 7 and
yanish near 7. On substituting the relations (4.1) inio Eq. (5.1), integrating by
parts according to Eq. (2.6) with the line integrals on 9t disappearing as the stress
functions vanish near 97, making use of Bq. (2.5)4 and the identity (gzX @) %=
=(x, X g * @ (the latter holds for any mixed product of vectors), we get an equation
of the form

(5.2) f [+ .)+8* (o)t () Fp ()1 da=0.
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The above meets the assumptions of the Dubois-Rymond lemma, so the multipliers
by the stress functions in Eq. (5.2) must be zero. Thus we arrive at

B!B [—Yzlﬁ+(”a+ba 733) Xgﬂ]=03 saB (ua+b¢ 733)III=0 ’

et ”3alﬂ=0 » (”3«“)’33[@) |a=0

(53)

These equations are identical with those (see [8]) ensuring the existence of a unique
displacement field in shell deforming in conformity with the kinematical assumptions
of SP. Consequently, Egs. (5 3) are the needed compatlblhty equations of SP in
vector form.

According to the Donati theorem, the compatibility equations (5.3) are related
to the stress functions in the form (4.1). In the same way, the component form of
Eqgs. (5.3) can be ascribed to component representation (4.3) of the stiess functions.
Similarly, another compone:it version of the compatibility equations will be obtained
using the Donati theorem with the stress functions (4,5), to wit

g [ ("aﬂ'f’baﬂ V3s —Vsalﬂ)|n+6‘a6 b} Yanin] =0,
(54) . e eﬂn ['Vazﬂlnv_b'm (”¢ﬂ+baﬂ ER '_'y‘;\alﬂ)]=0: ]
& (#ap+Dag V33 —V3alp— b, v2)=0, &° %34lp=0, (%32 733la) *=0.

These equations of compatibility. are clearly equivalent to those given in [8] for
a ‘Cosserat surface. Assuming #;,=y33=0, Eqgs. (5.4) become identical with the
Reissner-type compatibility equations [2]; also when, y3,=0, then Egs. (5.4) are
the same as the Kirchhoff-Love-type compatibility equations derived in [9].
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STRESZCZENIE
0 TW_IERDZENIU DONATIEGO W TEORII POWLOK

Twierdzenie Donatiego zostato sformutowane w zwiazku 2z trojwymiarowymi zagadnieniami
liniowsj teoril spreZystofci. W ninigjszej pracy rozwaZono podobne twierdzenie w zastosowaniu
do dwuwymiarowych zagadnien liniowej teorii powlok, Przedyskutowano rownicz dcifle z nim
zwiazane funkcje naprezen i warunki zgodnosci. ZaloZono, Ze powloka deformuje sig zgodnie
7 hipoteza linfowego rozkiadu wektora przemieszezenia wzgledem grubodci powloki, Zgodnie z powyz-
szym wzigto pod uwage szess lokalnych stopni swobody powloki. Otezymane wyniki zawieraja jako
przypadek szczegbiny dobrze znane funkcje naprezeti i warunki zgodnosci w {eorii Kirchhoffa-
Love’a i Reissnera,

PeswMe
' O TROPEME JOHATH B TEOPHUH OBOJIOYEK

Teopema Josaru ¢HoOpMYyIHPOBAHA B CBS3H C TPEXMEPHLIMA 3afadani JHHEHHOH ‘TEOpHH
yapyroctd. B BacTosmeit paGoTe paccMOTPERA AHANOTHYHAS TEOpPEMa B IPAMECHCHN K HBYMEDHEIM
3amadanM JmHelHoR TeopmE obonogex, OOCYXKIOeHB! TOXE, TCCHO C HAME CRIIAHHEIC, Sy
MaUpMKEHAN B YCRoprs copMecTHoCTH, ITpenmonaraeTes, YTC obonouxa pedomvmEpyeTes COrHACHO
C TANOTe30H AUHECHAOr0 HACOpPEHCNCHHY OepeMemierifif Ha  TOMIHNE oBomnouxy, CoryacHo
C BELNIEYNOMSHYTEIM B35THL BO BEEMAHNG HIECTH JIOKANBHELX creneHeit cpofomr ofomoyrd. Homy-
JCHERIC. Pe3YILTATH CONSPERAT, KK YACTHEOE chyuail, XOPOIIO M3BECTHEIS dyBEROEE HaOpsSURCHAN
W YCIOBHS COBMecTHOCTE B Teopwd Kupxroddie—Jlsea u PeifccEepa.
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