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A nonlinear stability analysis is performed on non-sway rectangular two-bar steel frames
subjected to a concentrated, suddenly applied joint load with constant magnitude and infinite
duration. Using energy and geometric considerations, the dynamic buckling load is determined
by considering the frame, being a continuous system, as a discrete 2 degrees-of-freedom system
with corresponding coordinates of the two bar axial forces. The effect of imperfection sen-
sitivity due to loading eccentricity is also addressed. A qualitative and quantitative analysis
of these autonomous systems yields a substantial reduction of the computational work. The
efficiency and reliability of the nonlinear stability analysis proposed herein is illustrated by
several examples, which are also solved using finite element nonlinear analysis.
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1. Introduction

In modern elastomechanics, elastic stability theory has attracted considerable
attention due to the increasing demands in the design and analysis of light
and stiff structures with high load-carrying capacity. A major contribution to
this area is the initial post-buckling analysis of Koiter [1], which refers to
systems that in their ideally perfect state exhibit a bifurcation point at the
critical buckling load. However, the existence of ideally perfect structural systems
is an exception rather than the rule. The majority of real structural systems, if
accurately modeled, experiences limit point instability rather than bifurcational
buckling. This is so because the presence of any small imperfection, which is
unavoidable in actual systems, implies the degeneration of the bifurcation to
a limit point [2].
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The present work examines in detail the critical dynamic buckling response
of non-sway, imperfect (due to loading eccentricity) two-bar frames, which are
supported on two immovable hinges. It is qualitatively shown that this type of
non-sway frames, associated from the onset of loading with (primary) bending,
cannot exhibit any asymmetric bifurcation, losing always its stability via a limit
point. However, the case of loss of stability via any asymmetric bifurcation can
be considered only in an asymptotic sense. The first buckling load estimate,
useful for the subsequent development, is readily obtained by employing a linear
stability analysis. Thereafter, the nonlinear equilibrium equations of the latter
frame are derived through a variational approach by employing the principle of
stationary value of the total potential energy (TPE). These equations can be
written in terms of the first derivatives of the TPE with respect to the unknown
axial forces in the two bars. This is an important step, which facilitates the
analysis, since we can consider the continuous system (i.e. the two-bar frame) as
a two-degrees-of-freedom model, governed by two generalized coordinates, being
the aforementioned axial forces in the two bars. Then, one can establish the
second variation of the TPE as a function of the above mentioned two axial forces.
By vanishing the stability determinant (i.e. the second variation of the TPE),
written in terms of the second derivatives of the TPE, we obtain the condition
governing the critical state [7, 12]. This condition, along with the equilibrium
equations, leads to an easy and direct evaluation of the critical (buckling) load.
Moreover, simultaneous vanishing of the TPE and the equilibrium equations
lead to a lower bound estimate of the dynamic buckling load. This very simple
procedure yields reliable results for structural design, proposed for the above type
of dynamic loading associated with autonomous systems. Subsequently, more
reliable results for the dynamic buckling load are obtained using the energy and
geometric considerations of Kounadis approach recently presented in Ref. [16].

The methodology proposed herein is demonstrated by means of several nu-
merical examples solved also by a nonlinear FEM, which subsequently are com-
pared with those of previous analyses [8, 9].

2. Mathematical formulation

Consider the rectangular two-bar, geometrically perfect, frame ABC shown
in Fig. 1 supported on two immovable hinges. Let `i, Ai and Ii be the length,
cross-sectional area, and moment of inertia of the i-th bar (i = 1, 2). The frame
is loaded at its joint B by a vertical concentrated force P , eccentrically applied
with respect to the centerline of the vertical bar AB. The loading eccentricity
e∗ measured from the axis of the latter bar is positive if the point of application
of the load is located to the right of this axis. The deformed configuration of the
frame is described by the displacements w∗i (transverse deflection) and ξ∗i (axial
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displacement) at any point x∗i of the centerline of the i-th bar. Both bars made of
a Hookean material can undergo moderate rotations but small strains [4, 10, 11].

Fig. 1. Geometry and sign convention of an imperfect rectangular two-bar frame.

Introducing the dimensionless quantities

(2.1)
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x∗i
`i
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w∗i
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2
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,

the total potential energy (TPE) function V , in dimensionless form, is given by
Kounadis [5]:

(2.2) V =
1
2

1∫

0

[
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(
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]
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]
dx2 + β2ξ1(1) + β2ρew′2 (1),

where the prime denotes differentiation with respect to xi (i = 1, 2). Note that
the replacement of the eccentric joint load by a centrally applied load and a bend-
ing moment – related to the last term of Eq. (2.2) – presupposes that e is suffi-
ciently small.

The geometric boundary conditions, known a priori, are given by

(2.3)
w1(0) = w2(0) = ξ1(0) = ξ2(0) = 0,

w′1(1) = w′2(1), ρξ2(1) = w1(1), ξ1(1) = −ρw2(1).
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Application of the principle of a stationary value of the TPE function, δV = 0,
yields the following differential equations:

(2.4)
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= 0
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[(
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2
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
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i = 1, 2

and natural boundary conditions after using Eqs. (2.3)

(2.5)
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Integration of the first of Eqs. (2.4) gives

(2.6) ξ′i(xi) +
1
2
w′21 (xi) = −k2

i

λ2
i

(i = 1, 2),

due to which the second of Eqs. (2.4) becomes

(2.7) w′′′′i (xi) + k2
i w

′′
i (xi) = 0 (i = 1, 2).

The general integrals of Eqs. (2.6) and (2.7) are

(2.8)
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1
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where the integration constants C, C, Ci and Ci (for i = 1, .., 4) are determined
by the boundary conditions.

Note that the unusual case of tension in the horizontal bar is not important.
As shown by Kounadis et al. [8], this occurs for very small values of the external
loading or in case of monotonically rising (stable) equilibrium paths.

Using Eqs. (2.6), the conditions (2.5), after taking into account that

w′′′1 (x1) + k2
1w

′
1(x1) = C3k

2
1

and
w′′′2 (x2) + k2

2w
′
2(x2) = C3k

2
2,

are simplified as follows:

(2.9)

w′′1(0) = w′′2(0) = 0,

k2
2C3 +

ρ2

µ
(β2 − k2

1) = 0,

k2
1C3 +

µ

ρ2
k2

2 = 0,

w′′1(1) +
µ

ρ
w′′2(1) + ρβ2e = 0.

By virtue of the first four of geometric conditions (2.3) and the first two of
conditions (2.8), we find C = C = C2 = C2 = C4 = C4 = 0. Then, Eqs. (2.8)
become

(2.10)

ξ1(x1) = −k2
1

λ2
1

x1 − 1
2

x1∫

0

w′21 (x′1)dx′1,
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2
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2

x2∫

0
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w1(x1) = C1 sin k1x1 + C3x1,

w2(x2) = C1 sin k2x2 + C3x2.

Using the last two of Eqs. (2.10), the last one of the natural boundary con-
ditions (2.9) and the fifth of geometric conditions (2.3), we obtain

(2.11)
C1k

2
1 sin k1 +

µ

ρ
C1k

2
2 sin k2 − ρβ2e = 0,

C1k1 cos k1 + C3 − C1k2 cos k2 − C3 = 0.
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The third and fourth of Eqs. (2.10) along with Eqs. (2.11) yield

(2.12)
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The last two of geometric conditions (2.3) yield the nonlinear equilibrium
equations, which due to Eqs. (2.10), become

(2.13)
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(2.14)
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with Ci and Ci (i = 1, 3) given in Eqs. (2.12).
By virtue of relations (2.12) and (2.14), Eqs. (2.13) yield two nonlinear equi-

librium equations with respect to k2
1 and k2

2, which can be determined only
numerically as functions of the external loading β2 for given values of the pa-
rameters λi(i = 1, 2), ρ, µ and e. The entire (prebuckling and postbuckling)
equilibrium path, being of the implicit form:
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(2.15) β2 = β2(k1, k2;λ1, λ2, ρ, µ, e),

is established only numerically by solving Eqs. (2.13) with respect to ki (i = 1, 2)
for various levels of the load β2 and given values of λ1, λ2, µ, ρ and e, and then
by plotting it via the relationship β2 versus ki (i = 1, 2) or, usually, β2 versus
w1(1), w′1(1), ξ1(1) or ξ2(1).

3. Static critical loads

Introducing into Eq. (2.2) the expressions given in Eqs. (2.10), after integra-
tion, we get the expression of the TPE function V in terms of the unknown axial
forces k1 and k2, for given values of the parameters λi (i = 1, 2), µ, ρ and e. The
derivatives of V with respect to k1 and k2, denoted by V1 and V2, yield the two
nonlinear equilibrium Eqs. (2.13), i.e.

(3.1)

V1 = C1 sin k1 + C3 + ρ


k2

2

λ2
2

+
1
2

1∫

0

w′22 dx2


 = 0,

V2 = ρ(C1 sin k1 + C3)−

k2

1

λ2
1

+
1
2

1∫

0

w′21 dx1


 = 0,

where C1, C3, C1 and C3 are given by Eqs. (2.12), and the integrals by rela-
tions (2.14).

The critical state C (βc, kc
1, kc

2) is obtained by the condition of vanishing of
the determinant of the matrix [Vij ] of the second variation δ2V c, evaluated at
the critical state C, namely

(3.2) det[Vij ]c =
(
V11V22 − V 2

12

)c = 0,

where
V11 = ∂2V/∂k2

1,

V22 = ∂2V/∂k2
2,

V12 = V21 = ∂2V/∂k1∂k2.

4. Dynamic critical loads

Such an autonomous system, if damping is ignored, is governed by the prin-
ciple of conservation of total potential energy, TPE, Hamiltonian E between any
two states, i.e.
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(4.1) E = K + V,

where K is the positive definite total kinetic energy and V is the TPE, respec-
tively. For this undamped autonomous system under the above type of dynamic
loading, the initial (t = 0) conditions imply zero displacements and velocities,
which yield Kt=0 = Vt=0 = 0 and hence E = 0. Since throughout the motion
E = 0, from Eq. (4.1) it follows that [3, 6, 14]

(4.2) V = −K.

Namely, throughout the motion (including the instant of Dynamic Buckling)
the TPE function V is negative (i.e. for V > 0 there is no motion, and thus
no dynamic buckling). According to the Lagrange or Laplace dynamic global
stability criterion [16], dynamic buckling (in the large) for autonomous systems
is defined as that state for which an escaped motion becomes either unbounded
or of a very large amplitude. The minimum load corresponding to this state is
defined as dynamic buckling load (DBL).

For 1-DOF autonomous undamped systems, dynamic buckling occurs always
through a saddle (equilibrium) point, and hence K = 0, which due to Eq. (4.2)
yields V = 0. The exact DBL and the associated critical displacement are ob-
tained by solving the system of Eqs. V = V1 = 0.

For 2-DOF systems the DBL is obtained by the procedure presented in
Ref. [16, 17]. A lower bound dynamic buckling load denoted by β̃2

D is obtained
by the solution of Eq. (3.1) and V = 0.

5. Numerical results

Numerical results for various geometric configurations of frames are given
in both the graphical and tabular forms. Figures 2 and 3 show the total po-
tential energy V = 0 in the w1(1)–w2(1) plane for various load levels β2, for
a rectangular frame with

µ = ρ = 1,

λ1 = λ2 = 80

and loading eccentricity e = 0.01. Note that V = 0 represents a closed curve in
the w1(1)–w2(1) plane for load levels lower than β2 = 2.2149 (Fig. 3a). For higher
loads, V = 0 represents an open curve (Fig. 2b) in the aforementioned plane.
The motion of the joint B is bounded for load levels lower than β2 = 2.4585,
becoming unbounded for higher loads. The solution technique for obtaining the
V -curve is based on the Newton-Ralphson scheme, where the symbolic manipu-
lator Mathematica 5.1 [13] has been employed. The joint motion is obtained by
means of a FEM nonlinear solution.
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a) b)

Fig. 2. Total potential energy V vs. w1(1)–w2(1) for:
a) β2 = 2.21 and b) β2 = 2.22.

a) b)

Fig. 3. Total potential energy V vs. w1(1)–w2(1) for:
a) β2 = β̃2 = 2.2149 and b) β2

D = 2.4254.

In Table 1, one can see numerical values of the lower bound critical loads
β̃2

D and the analytical and numerical dynamic buckling loads (DBL) β2
D with

the corresponding values of loading eccentricities, slenderness ratios, moment of
inertia and length ratios.

It is worth to mention that the maximum deviation in β2 between the present
analytical approach and the FEM results is less than 1.3%. However, the method
proposed herein is less cumbersome and very efficient in parametric studies and
can be more readily applied than a numerical FEM nonlinear analysis. The
entire analysis is also facilitated by using qualitative considerations based on
sufficient knowledge of the physical phenomenon of the problem under discus-
sion.
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Table 1. Critical DBL β2 for loading eccentricity e = 0.01

and various values of µ, ρ, λ1.

λ1 µ ρ β̃2
D β2

D

0.25 2.0189 2.2108 (2.2409)

0.25 1 0.8909 0.9755 (0.9888)

4 0.2626 0.2876 (0.2915)

0.25 2.9596 3.2409 (3.2851)

40 1 1 2.1745 2.3811 (2.4136)

4 0.8949 0.9799 (0.9933)

0.25 3.3251 3.6411 (3.6908)

4 1 3.2985 3.6120(3.6613)

4 2.1929 2.4013 (2.4340)

0.25 2.0564 2.2519 (2.2826)

0.25 1 0.9074 0.9937 (1.0072)

4 0.2675 0.2929 (0.2969)

0.25 3.0146 3.3012 (3.3462)

80 1 1 2.2149 2.4254 (2.4585)

4 0.9115 0.9981 (1.0118)

0.25 3.3869 3.7088 (3.7594)

4 1 3.3598 3.6791 (3.7294)

4 2.2336 2.4459 (2.4793)

Note: The values in parentheses correspond to results obtained by FEM.

A nonlinear finite element (FEM) analysis is also employed for obtaining
the critical loads and studying the postbuckling behavior of the frame. For this
purpose, the finite element package Algor is utilized [15]. With the aid of the
“Superdraw” editor of Algor, the frame is modeled as a plane model in the XY -
plane, where all out-of-plane displacements are restrained. Both the column and
the beam are subdivided into 100 beam elements. Thus, the frame model has
602 degrees of freedom and 200 elements. Next, the boundary conditions (pinned
supports) and the beam properties (material and sectional properties) are defined
for all elements. A concentrated load P is dynamically applied at the joint B
acting downwards, while the loading eccentricity is implemented in the form
of a concentrated moment applied at the same joint of magnitude M = −Pe.
In Fig. 4, the finite element model of a rectangular two-bar frame, created by
Superdraw, is shown.

Next, with the aid of “Nonlinear Decoder” editor of Algor, where the solution
technique and the loading parameters are set. Geometrical nonlinearity with
large displacements is defined for the model, and the updated Lagrange method
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Fig. 4. Finite element model of a rectangular two-bar frame.

for solution of the nonlinear problem is chosen. Finally, the loading step size as
well as the tolerance value is defined. Execution of the Nonlinear Decoder creates
the input file for the nonlinear FE solver.

The nonlinear solver of the Algor package is used and the nonlinear solution
is performed. The results are stored in the output file and can be viewed with the
“Nonlinear Superview” editor of Algor. In Fig. 5, one can see the postbuckling
deformation for the rectangular frame with eccentricity e = 0.01 obtained via
the finite element method.

Fig. 5. Dynamic buckled shape of the rectangular frame with e = 0.01 obtained by FEM.

It is worth to notice that for the cases of frames with initial imperfections,
there occurs inadequacy or unreliability of the results obtained via finite ele-
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ment analyses, which can be safely established by using the proposed technique
which is essentially analytic. More specifically, using the conservation of energy
principle for conservative systems, we see that after a large number of cycles
(time-steps) the total potential energy V and the kinetic energy K do not cancel
each other, as could be expected from the theoretical analysis. This justifies the
slight deviation observed between the results obtained by FEM and the ones
obtained analytically.

6. Concluding remarks

The most important conclusions of this study dealing with the nonlinear
dynamic buckling response of a rectangular imperfect two-bar non-sway frame
with various loading eccentricities, can be summarized as follows:

1. A systematic, comprehensive and readily applicable method for establish-
ing the dynamic buckling loads of imperfect (due to loading eccentricity
frames) is thoroughly discussed. This is facilitated by considering the total
potential energy (TPE) as a function of the two axial bar forces. Thus, the
continuous system (frame) is reduced to a 2 degrees-of-freedom system.

2. A qualitative discussion for seeking the dynamic buckling load based on
geometrical considerations involving the TPE surface is properly estab-
lished.

3. A direct and easily employed evaluation of the static critical buckling (limit
point) load is established leading to very reliable results. To this end, the
numerical part is appreciably reduced. Moreover, the analytical part can
also be reduced if symbolic manipulation is employed.

4. The dynamic buckling loads for non-sway two-bar frames corresponding
to a certain (non-zero) loading eccentricity are obtained for various geo-
metrical parameters. The results are compared with the numerical ones
obtained by a nonlinear FEM analysis.

5. The proposed approach proved to be very reliable and the computational
effort is drastically reduced in case of multi-parameter analyses.
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