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FORCED CONVECTION IN A FLUID LAYER OF TWO IMMISCIBLE
FLUIDS OCCUPING A FINITE HEIGHT OVER A NATURALLY
PERMEABLE WALL .

N. C. SACHETL S. K. BHARGAVA (JODHPUR) and B. S. BHATT (TRINIDAD)

The paper examines the influence of a bounding naturally permeable wall on the
velocity and temperature distributions in a fluid layer consisting of two immiscible. Newtonian
fluids, the flow being caused by a constant pressure fradient. The solution has been
obtained subject to a set of appropriate boundary and matching conditions linking various
regions, including the B. J. condition at the porous interface. The effect of & (porosity
parameter) and y (the ratio of heights of upper and lower fluids) on various. physical
parameters of interest, has been shown graphically or through Tables.

1. INTRODUCTION

The importance of theoretical studies pertaining to heat-transfer in a
“steady flow of immiscible fluids through porous channels' does not need
much emphasis, as such flows occur in many practical situations (see [13).
A few such studies have lately been attempted by Sacheti et al [2, 3].
While dealing with coupled fiuid flows of immiscible fluids in porous
channels, one does often come cross. situations where the flow is. not
necessarily bounded above by a rigid or permeable wall (e.g. see [47),
rather, we have a free surface beneath which flow takes place. In the
authors’ knowledge, no theoretical atiempt has- so far been made to look
at this problem of practical significance. The present investigation is thus
aimed to consider heat-transfer in a fluid layer of two viscous, immiscible
fluids which flow over a naturally permeable wall under the application
of a constant pressure gradient.

2. MATHEMATICAL ANALYSIS

Iet us consider the steady flow of two immiscible viscous fluids, occupying

a finite thickness above a naturally permeable wall of small thickness

H (< hy). The coordinates are assumed to be x and y, respectively, with -
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the x-axis parallel to the bounding wall and at a height 4, above it,
whilst the positive direction of y is assumed to be directed towards the
free surface. The flow is caused by the application of an axial pressure
gradient ¢ (= —dp/dx).

The upper fluid with viscosity p;, density ¢, and thermal conductivity
ki occupies the region 0 <y < h;, whereas the lower fluid with viscosity
M2 (> py), density g, (> ¢,) and .thermal conductivity k, is assumed to
occupy the region consisting of —h, <y <0 and the porous medium
[ie. —(h,+H) <y < —h,]. The governing equations for steady fully deve-
loped flow above the permeable wall are usual Navier-Stokes equations
and the equation of energy, whilst the flow in the porous medium will
be governed by Darcy’s law and an appropriate energy equation (cf £21).
All the physical quantities in the analysis to follow are assumed to be
independent of the axial coordinate, x.

. The governing equations of motion and energy are

Zone 1 0<y<hy):

. bae -t
“ B o
Zone 2 (—h, <y < 0);
ey - d;;z _ _i |
(24) _ . ddyTz _l_gz(c;z;z)._o,’_

Zone 3 [—(+H) <y < —hy)]
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d
23) =t H1 _dt%= Ha d—;J%,
y=0:
di; dT.
T, =Ty, ki—st= 2
2.9 4 2 Ly 2 g
du,y o
(2.10) : —= (uy —u3),
y=—hy: vy JN
dar. dT.
2.11 =1, 2 = 3
@1 2T Tdy Ay
(2.12) y=—(hy+H: TL=T%
where uq, 4, and u; are velocities in zones 1, 2 and 3 respectively; Ty, Tz

and Tj are corresponding temperaturcs; ¢ (z — dixp_ is the applied pressure
gradient, N is the permeability -of the porous medium assumed to be low
and constant; T#% is constant temperature and o is the slip parameter.
The boundary condition (2.10) is the well-known Beavers—Joseph slip condi-
tion [5]. We have assumed Darcy’s law (cf. Eq. (2.5)) to govern the flow
inside the porous medium, and Eq. (2.6) is the energy equation governing
temperature distribution inside the porous medivm.

Now we introduce the nondimensional variables

Y o gt g oo ch”

n=ys BTy BTy BTy T o
_L' Ty T3 M2 }_C;
(213) 91 = e 0 82 = e 83 T o —.u_l, ﬁ - kl

il hy \/ﬁ . | py V2

il - = . M
iy i By 7 o Br, (Brinkman number)ﬁle*,k,

a =

where we have used Vto non-dimensional various velocities, in the absence
of the natural scale.

In view of Eq. (2.13), the set of equations (2.1) through (2.12) will
transform to _

d*ir
(2.14) _ = 25,
. dﬂl
420 din, \
2.15 1 4Br [ 2] =
( ) —d—ﬁT_I_ 1‘1( dr] ) 0,
”_
2.16) iy _ g,
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dZ 02 i dﬁz 2 _
2.17) Tnz“".Jf ; Bry (WEZTT) =0,
2.18) uy = 267,

4?0,

dity \? 5
2.19 +2 Br ( 3) +4a” - Br, = 0.
@ )

The boundary and matchirig conditions now modify to

220 n=1y jgi 0, i?_‘ =0,

=0: .
e R PR bt
2y | @m

= —1; S -
(2243 | ' 0, =0;, ‘;H; %,
(2.25) ;7=—(1+¢i): 0,=1.

The solutions of the set of Egs. (2.14) to (2.19) subject to the conditions
(2.20) to (2.25) are given by

226 7 = sy’ +2ysn+ B,
(227) = P4 +B,
AZ

o ‘
(228 0,= —Br, s* (%——% An3+~?n2) My (My+ Ma+ M)+

+(1+a)(1\§1 —~M3),

4 2 A? M "
0, = ‘%Brl (%—"3“’14713""—7772)4“‘“ﬁifl‘i‘(Mz‘i‘MaJrMﬂ“l'

+l+a (-MEI——Ma),
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(2.29)
M,

p

u, being already known by Eg. (2.18).
In the above A, B, M,, M,, M; and M, are given by

A =1y,

st) T?+M4+(—A%———M3) (+a),

_. |
B=-— (20 + o+ 20 + 20y + 2002),

M= 5 Br, 7,

o : 4 1
Mz =—g“ B1‘1 (2’),2_*_??—‘62-'—?),

M3 = 4%]31‘1 (62_'3_-?2;?),

M, = 1+2Br, —;—q2(1+a)_2.

3. Mass, FLUX, SKIN-FRICTION AND RATE OF HEAT TRANSFER

To obtain mass flux in the region above the permeabic wall (ie., y
—h,), we follow the procedure described elsewhere [6]. :
Let M, and M,, respectively, be the mass flow rate in —h, Sy <hy,
when the boundary wall is porous and when the boundary is rigid. Then,
. hy 0 '
M; =0, oj uy dy-+g, { U, dy,
i

while

M, = Limit M.
4=
o0

We can now define non-dimensional mass flow rates as

M [ 2 | 1 ]
k. . 71 3 N _
Ml"QZVhZ b_3sy+By:, [3+y B,
and
Mz_ _2‘ 2_
*® — . 3 2z :
Mz = 02 Vh, mb_g’ R +Y}+|}+3 ’
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where
b= (gi/e)) = 0.,5.

We have computed fractional increase in mass flux as

5o MI—MY
ME
I ¢ is the skin-friction at the permeable wall (n= —1), then a ‘non-

_dimensional coefficient of skin-friction, ¥, can be defined as
T dit,

1‘-* — —— = .

(ua V/ho) dn

Similarly, one can obtain a non—dime_:nsional expression for the rate of heat
transfer g, between the lower fluid and permeable wall as

48, T1, ., 8s% y°
T Fﬁ1—4Bg[34ﬂ’+?+ 3|

Note that both t* and g are independent of the porosity parameter, a.
Table 2 below gives values of the above parameters.

=2+ 4.

=1

q

4. NUMERICAL DISCUSSION
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F1G. 1. Velocity distribution in.upper fluid (7 2 0) and lowet fluid (7 €0), a=0.1 7 =0.5 (1),

1.0 (IT)
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Velocity profiles for ¢=0.1 and ¢ = 0.3 have been shown graphically
in Figs. 1 and 2, respectively, for fixed values of s= 15, f =15, a=0.25,
Br, = 0.025, « = 14, and for a range of values of y. The velocity behaviour

Table 1. Temperature values in different zones.

- . 1 =10 y=15

emperature e =01 o—03 o =01 5=03

1.50 — J— 1.576 1.580

. 1.40 — - 1.576 1.580

1.30 — — 1.576 1.580

1.20 — — 1.576 1.580

L10 — — 1.576 1,580

1.00 1.230 1232 1.575 1.579

0.90 1,230 1.232 1.574 1.578

0.80 1.230 1232 1.572 1.576

8, 0.70 1230 1.232 1.569 1.573
0.60 1.230 11232 1.564 1.568 -

0.50 1.229 1231 1.558 1.562

0.40 1.228 1.230 1.549 1.553

0,30 1.226 1.228 1.538 1.542

0.20 - 1.223 1225 1.523 1.527

0.10 1.218 1,220 1.505 1.510

) 0.00 1.212 1.214 1482 1.486

0.00 1212 1214 1.482 1.486

010 1.206 1208 1464 1.468

—0.20 1.200 1202 1.443 1.447

~0.30 1191 1.194 1420 1.424

040 1.182 1.184 1393 1.397

8, —0.50 1.170 1172 1.363 1.367

—0.60 1.156 - 1158 1.128 1332

—0.70 1.139 1.141 1.289 1.293

080 1.120 1.122 1.246 £.250

—0.90 1108 1110 1.197 1.201

- 1.00 1070 1.072 1.140 1.142

100 1.070 1.072 1.140 1.142

—1.05 1.056 1.056 1114 1115

—110 1.042 1.042 1.085 1.086

o, — 115 1.028 1.028 1056 1.057

~120 1.014 1014 1.028 1,029

—125 £.000 1.000 1.000 1.000

* The symbolr-means not applicable’.

seems to be overall similar, except for the increase in its magnitude with
increase in permeability of the medium, apparently because of gain in
momentum as ‘a result of slip at the permeable surface. Temperature
profiles, on the other hand, show little variation. with changes in values
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FIG 2. Veloéity distribution in upper fluid (7 > 0) and lower fluid {(# <0), 0 =03
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Table 2. Values of mass flux, coefficient of skin-fraction and heart

transfer,
oy - fe=01] | [6=03] Tower q
-0.50 0.155 0.539 3 0.157
1.00 - 0.398 0.507 4 0.633

1.50 0.080 0.271 5 1.758

of o (cf. Table 1). However, the variation in ratio of heights of two layers
above the permeable wall does have significant bearing on temperature
profiles (Fig. 3). A common feature in both velocity and temperature profiles
is the observation that near the free surface the profiles tend to be
increagingly insensitive to variation in the governing parameters under

consideration.
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STRESZCZENIE

WYMUSZONA KONWEKCIA W WARSTWIE O SKONCZONEJ GRUBOSCI
SKEADAJACEJ SIE Z DWOCH NIEMIESZAJACYCH SIE PLYNOW
I LEZACE] NA PRZEPUSZCZALNEJ SCIANCE

W pracy rozpairzono wplyw przepuszczalnej §cianki na rozklad predkosci i temperatury
‘w warstwie zlozomej z dwu niemieszajacych sic plyndw newtonowskich poddanej stalemu
pradientowi ciSnienia. Rozwiazanie otrzymano przy uwzglednieniu ukladu warunkéw brzego-
wych i warunkéw zszycia pomigdzy réZnymi obszarami przeplywu, jak réwnie na poro-
watej Sciance. Wplyw wspolezynnika porowatosct ¢ oraz stosunku gruboéci warstw obu cieczy
v na interesujace nas parametry przeplywu zilustrowano graficznie i numerycznie.
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Pezome

BRIHVXAEHHAS KOHBEKIIMS B CJIOE KOHEYHOW TOJIMMHEL
COOTOSINEM M3 JABYX HECMEIIMBAIOIMXCs XUAKOCTEA M JIEXAIEM
HA TIPOHHUIJAEMOV CTEHKE

B paboTe DACCMOTPEHO BIMSHAe HPOHMIACMO} CTCHKH HA DACTPENENCHME CKOPOCTH
ofieM 3 [BYX HECMCIIWBAIONIAXCA HLIOTOHOBCKHX WHIKOCTEH,
[IOABEPIHYTHX LOCTOMHNOMY TPAJMENTY JABJCHMA. Peluenne HOMYueHO IPH yIETe CHCTEMBI

TPAHFGHEIX YCTOBUE W YCTOBMH CIUMTHI MCXRY PasHeIMA ofyacTaMY TEUCHMS, KAK TOKE -
Ha mopucTol crenke. Brusmme xodpOUUMEHTA NOPUCTOCTH ¢ ¥ OTHOLICHMA TONIINE. GOS3

oBonX KEOKOCTER 7 HA MHTEPECYIONE HAC NApaMeTpHl TEHEeHus HINFOCTPUPOBARO rpadm-

HECKM W qUCAEHHEIM 0fpasom. '
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