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A non-linear mechanical model with a linear spring, a linear dashpot and a non-linear
dashpot is used for studying the non-linear viscoelastic behaviour of a multi-layered inhomo-
geneous beam with a delamination crack. The beam with a circular cross-section is under
a torsion moment that increases at a constant speed. The non-linear stress-strain-time consti-
tutive law of the model is obtained by adding the non-linear shear strain to the strain in the
linear spring and linear dashpot. Solutions of the time-dependent strain energy release rate are
derived, which take into account the non-linear viscoelastic behaviour of the beam and the
torsion moment rate.

Key words: multi-layered beam; non-linear viscoelastic behaviour; delamination.

1. Introduction

An efficient alternative to homogeneous materials and structures is the use
of continuously inhomogeneous (functionally graded) materials whose proper-
ties change in one or more directions [1, 2]. Although the continuously inho-
mogeneous materials were first applied mainly for thermal protection of space
structures, the area of their applicability has quickly expanded due to their su-
perior properties [3–7]. These materials are widely used in various important
applications in areas such as aeronautics, nuclear reactors, robotics, mechanical
engineering, electronics and biomedicine.

Multi-layered inhomogeneous materials and structural members made of la-
yers of different materials are very useful in lightweight structural applications
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due to their high strength-to-weight and stiffness-to-weight ratios [8, 9]. Howe-
ver, since the multi-layered structures have relatively low transversal strength in
tension, they are prone to the separation of layers or delamination. Delamination
cracks between layers decrease the strength and stiffness of the multi-layered
structures. Delamination also reduces the load-bearing ability of structures and
affects their reliability and durability. Therefore, delamination analyses of multi-
layered structural members pose a problem with a wide practical application.

This paper aims to develop a time-dependent delamination analysis of a mul-
ti-layered inhomogeneous beam member with non-linear viscoelastic behaviour.
The cross-section of the beam is a circle. The beam is made of concentric lon-
gitudinal layers and subjected to a torsion moment at a constant speed. This
paper, to some extent, is a continuation of previous publications such as [10, 11].
However, in [10, 11], linear viscoelastic mechanical models representing combina-
tions of linear springs and linear dashpots are applied to describe the viscoelas-
tic behaviour of inhomogeneous beam structures when analysing delamination.
In other words, the time-dependent solutions derived in [10, 11] are linear. In
reality, however, the mechanical behaviour of viscoelastic materials is usually
non-linear, which indicates that the well-known linear viscoelastic models have
to be replaced by non-linear ones. Therefore, the most important novelty of this
study is that a non-linear viscoelastic mechanical model consisting of a linear
dashpot, a linear spring and a non-linear dashpot is used to treat the time-
dependent behaviour of the multi-layered inhomogeneous beam. The non-linear
constitutive law of the model is derived and then applied to obtain the solution
of the strain energy release rate for delamination.

2. Delaminated multi-layered non-linear viscoelastic
beam under torsion

Consider the non-linear viscoelastic mechanical model shown schematically
in Fig. 1. The model consists of a linear spring with the shear modulus Gi,
mounted in parallel to a linear dashpot with the coefficient of viscosity ηi. A non-

Fig. 1. Mechanical model for the non-linear viscoelastic type of deformation.
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linear dashpot NLi is added to simulate the non-linear viscoelastic behaviour,
as shown in Fig. 1. The model is under shear stress τi. The variation of τi with
time t is expressed as:

(2.1) τi = vτit,

where vτi is the speed.
The model’s linear spring and linear dashpot are used for studying the linear

viscoelastic shear strain γELi. Thus, the shear strain γi in the model is written
as:

(2.2) γi = γELi + γNLi,

where γNLi is the non-linear viscoelastic shear strain in the non-linear dashpot.
The variation of γELi with time is [12]

(2.3) γELi(t) =
τi
t
µi

(
e−λit − 1

)
+
τi
Gi
,

where

µi =
ηi
G2
i

,(2.4)

λi =
Gi
ηi
.(2.5)

The shear stress τNLi, in the non-linear dashpot, is expressed by using the
following non-linear relationship [13]:

(2.6) τNLi = αi

[
1−

(
1− γ̇NLi

βi

)mi]
,

where αi, βi, and mi are material properties, and γ̇NLi is the speed of the non-
linear shear strain.

Figure 1 indicates that

(2.7) τNLi = τi.

By using Eqs. (2.6) and (2.7), one obtains

(2.8) γ̇NLi = βi

[
1−

(
1− τi

αi

) 1
mi

]
.

By integrating Eq. (2.8), one derives

(2.9) γNLi = βit+
δit

τi

[(
1− τi

αi

)ψi
− 1

]
,
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where

δi =
αiβimi

1 +mi
,(2.10)

ψi =
mi + 1

mi
.(2.11)

By combining Eqs. (2.2), (2.3), and (2.9), one obtains

(2.12) γi =
τi
t
µi

(
e−λit − 1

)
+
τi
Gi

+ β
i
t+

δit

τi

[(
1− τi

αi

)ψi
− 1

]
.

In fact, relationship (2.12) represents the non-linear constitutive law of the model
shown in Fig. 1. This constitutive law is applied to study the non-linear viscoelas-
tic behaviour of the multi-layered beam member shown in Fig. 2.

Fig. 2. The multi-layered non-linear viscoelastic beam with a delamination crack under torsion.

The beam under consideration has a circular cross-section of radius RI. The
beam consists of an arbitrary number of concentric longitudinal layers, as shown
in Fig. 2. Actually, Eq. (2.12) is the constitutive law for the i-th layer of the
beam. The layers have different thicknesses and material properties. The beam is
clamped at its right-hand end. The torsion moment T , applied at the beam free
end, varies with time according to the following dependence:

(2.13) T = vt,

where v is the speed.
The length of the beam is denoted by l. A delamination crack of length a is

located in the beam, as shown in Fig. 2. The delamination is a circular cylindrical
surface of the radius RII. Therefore, the inner crack arm has a circular cross-
section with the radius RII. The cross-section of the outer crack arm is a ring
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with internal and external radiuses RII and RI, respectively. The inner crack
arm is free of stresses. The beam layers are continuously inhomogeneous in
the longitudinal direction. Therefore, the material properties involved in the
constitutive law (2.12) vary continuously along the beam length. The variation
of material properties in the i-th layer is presented as:

αi = αkpi +
αbpi − αkpi

lϕαi
xφαi ,(2.14)

βi = βkpi +
βbpi − βkpi

lϕβi
xφβi ,(2.15)

mi = mkpi +
mbpi −mkpi

lϕmi
xφmi ,(2.16)

ηi = ηkpi +
ηbpi − ηkpi

lϕηi
xφηi ,(2.17)

Gi = Gkpi +
Gbpi −Gkpi

lϕGi
xφGi ,(2.18)

where

0 ≤ x ≤ l,(2.19)

i = 1, 2, ..., n.(2.20)

In Eqs. (2.14)–(2.20), n is the number of beam layers, x is the longitudinal
centroidal axis of the beam, αkpi, βkpi, mkpi, ηkpi, and Gkpi are the values of αi,
βi, mi, ηi, and Gi at the free end of the beam, respectively. The values of αi, βi,
mi, ηi, and Gi at the clamped end of the beam are denoted by αbpi, βbpi, mbpi,
ηbpi, and Gbpi, respectively. The parameters φαi, φβi, φmi, φηi, and φGi control
the material inhomogeneity along the length of the layer.

The purpose of the present analysis is to derive a solution of the strain
energy release rate G for the delamination in the beam in Fig. 2, which takes
into account the non-linear viscoelastic behaviour. The strain energy release rate
is obtained as:

(2.21) G =
dU∗

dA
,

where U∗ is the complementary strain energy in the beam, and dA is an ele-
mentary increase of the delamination crack area. Formula (2.21) is re-written as:

(2.22) G =
dU∗

2πRII da
,
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since

(2.23) dA = 2πRII da,

where da is an elementary increase of the delamination crack length.
The complementary strain energy is written as:

(2.24) U∗ = U∗cr + U∗uc,

where U∗cr and U∗uc are complementary strain energies in the outer crack arm
and in the un-cracked beam portion a ≤ x ≤ l, respectively.

The quantity U∗cr is obtained by integrating the complementary strain energy
density in the volume of the outer crack arm as follows:

(2.25) U∗cr =

i=n1∑
i=1

aˆ

0

Ri+1ˆ

Ri

u∗0i2πR dR dx,

where n1 is the number of layers in the outer crack arm, Ri and Ri+1 are the
internal and external radiuses of the i-th concentric layer, u∗0i is the complemen-
tary strain energy density in the layer, and R is a running radius.

Since strain is expressed as a non-linear function of stress (refer to the con-
stitutive law (2.12)), the complementary strain energy density is written as:

(2.26) u∗0i =

τiˆ

0

γi(τi) dτi.

By combining Eqs. (2.12) and (2.26), one derives

(2.27) u∗0i =
τ2i µi
2t

(
e−λit − 1

)
+

τ2i
2Gi

+ βiτit− δit+
αiδit

2τi

[
1−

(
1− τi

αi

)2
]
.

Due to the non-linear character of the constitutive law (2.12), the stress
cannot be determined explicitly from Eq. (2.12). Therefore, the expression of
the complementary strain energy (2.25) is re-written as:

(2.28) U∗cr =

i=n1∑
i=1

aˆ

0

τgriˆ

τdli

u∗0i2πR dR dx,

where τdli and τgri are the shear stresses at the internal and external surfaces of
the i-th layer of the beam.
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The quantities R and dR in Eq. (2.28) are expressed as functions of τi in
the following way. First, the distribution of the shear strains in the cross-section
of the outer crack arm is found as:

(2.29) γ =
γζ
RI
R,

where

(2.30) RII ≤ R ≤ RI.

In Eq. (2.29), γζ is the shear stress at the surface of the beam. Distribution
(2.29) follows from the fact that the validity of the Bernoulli’s hypothesis for
plane sections is assumed here since beams of high length-to-diameter ratio are
under consideration. By using Eq. (2.29), one obtains

(2.31) R =
γ

γζ
RI.

By combining Eqs. (2.12) and (2.31), one derives

(2.32) R =
RI
λζ

{
τi
t
µi

(
e−λit − 1

)
+
τi
Gi

+ β
i
t+

δit

τi

[(
1− τi

αi

)ψi
− 1

]}
.

From Eq. (2.32), one obtains

(2.33) dR =
RI

λζ

{
1

t
µi

(
e−λit − 1

)
+

1

Gi

+ δit

{
− 1

τ2i

[(
1− τi

αi

)ψi
− 1

]
− 1

τi
ψi

(
1− τi

αi

)ψi−1 1

αi

}}
dτi.

The shear stresses at the internal and external surfaces of the beam layers, which
are involved in Eq. (2.25), are found by using the following equations:

γζ
RI
Ri =

τdli
t
µi

(
e−λit − 1

)
+
τdli
Gi

+ βit+
δit

τdli

[(
1− τdli

αi

)ψi
− 1

]
,(2.34)

γζ
RI

Ri+1 =
τgri
t
µi

(
e−λit − 1

)
+
τgri
Gi

+ βit+
δit

τgri

[(
1− τgri

αi

)ψi
− 1

]
,(2.35)

where i = 1, 2, ..., n1.
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It should be mentioned that Eqs. (2.34) and (2.35) are obtained by combining
Eqs. (2.12) and (2.29). One additional equation is written by considering the
equilibrium of the elementary forces in the outer crack arm:

(2.36) T =

i=n1∑
i=1

τgriˆ

τdli

τi2πR
2 dR,

where R and dR are found by Eqs. (2.32) and (2.33). There are 2n1 + 1 un-
knowns, τdli, τgri, and γζ , where i = 1, 2, ..., n1 in (2.34)–(2.36). The MatLab
computer program is used to solve Eqs. (2.34)–(2.36) with respect to τdli, τgri,
and γζ at various values of time.

Equation (2.28) is also used to determine the complementary strain energy
in the un-cracked beam portion. For this purpose, n1 and u∗0i are replaced with n
and u∗0uci where u∗0uci is the complementary strain energy density in the i-th layer
of the un-cracked portion of the beam. Also, n1 is replaced with n in Eqs. (2.34)
and (2.36).

By combining Eqs. (2.22), (2.24), and (2.28), one derives

(2.37) G =
1

2πRII

i=n1∑
i=1

τgriˆ

τdli

u∗0uni2πR dR−
i=n∑
i=1

τgriˆ

τdli

u∗0uni2πR dR

,
where the complementary strain energy densities are obtained at x = a. Integra-
tion in (2.37) is performed by the MatLab computer program. Formula (2.37)
is applied to calculate the strain energy release rate at various time values.

The strain energy release rate is also derived by analysing the balance of the
energy. For this purpose, the following equation is used:

(2.38) Tδφ =
∂U

∂a
δa+Glcfδa,

where φ is the angle of twist of the free end of the outer crack arm, U is the
strain energy in the beam, lcf is the length of the crack front, and δa is a small
increase of the crack length. The quantity lcf is written as:

(2.39) lcf = 2πRII.

By using Eqs. (2.38) and (2.39), one obtains

(2.40) G =
1

2πr1

(
T
∂φ

∂a
− ∂U

∂a

)
.
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The strain energy is found by Eqs. (2.24) and (2.28). For this purpose, the
complementary strain energy density is replaced with the strain energy density
u0i, which is written as:

(2.41) u0i = τiγi − u∗0i,

where γi and u∗0i are expressed by (2.12) and (2.27), respectively.
The integrals of Maxwell-Mohr find the angle of twist involved in Eq. (2.40):

(2.42) φ =

aˆ

0

γζ
Ri

dx+

lˆ

a

γξ
RI

dx,

where γξ is the shear strain at the surface of the un-cracked portion of the beam.
By combining Eqs. (2.24), (2.28), (2.40), and (2.42), one derives

(2.43) G=
1

2πR1

T(γζ
R1
−
γξ
R2

)
−
i=n1∑
i=1

τgriˆ

τdli

u0i2πR dR+

i=n∑
i=1

τgriˆ

τdli

u0uni2πR dR

.
The quantities involved in Eq. (2.43) are obtained at x = a. The integration is

carried-out by the MatLab computer program. Calculations of the strain energy
release rate are performed at various time values. The strain energy release rates
found by Eq. (2.43) are exact matches of the ones obtained by using Eq. (2.37),
which confirms the correctness of the solutions.

It should be specified that the strain energy release rate derived here is time-
dependent since the material has viscoelastic behaviour and the beam is under
time-dependent torsion moment.

3. Numerical results

The numerical results presented here are obtained using the strain energy
release rate solution derived in Sec. 2 of this paper. The strain energy release rate
is written in non-dimensional form by applying the formula GN = G/ (Gkp1RI).
Two three-layered non-linear viscoelastic cantilever beam configurations under
torsion are considered (the only difference between these configurations is the
location of the delamination crack). In the first beam configuration, delami-
nation is located between layers 1 and 2. In the second beam configuration,
delamination is between layers 2 and 3. It is assumed that l = 0.400 m, RI =
0.010 m and v = 0.8 · 10−8 N ·m/s.

The variation of the strain energy release rate with time is analysed by
performing calculations of the strain energy release rate at various time values.
The beam configuration with a delamination crack located between layers 2
and 3 is considered. Figure 3 shows the strain energy release rate variation
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Fig. 3. Variations of the strain energy release rate with time.

with time (the latter is expressed in non-dimensional form by formula tN =
tGkp1/ηkp1). It can be observed that the strain energy release rate increases
with time (Fig. 3).

The effect of the continuous variation of α1 along the beam length in layer 1 is
also analysed. Both beam configurations (delamination between layers 1 and 2
and delamination between layers 2 and 3) are considered. The corresponding
results are shown in Fig. 4, where the strain energy release rate is plotted against
αbp1/αkp1 ratio (this ratio characterizes the variation of α1). In Fig. 4, one can
observe that the strain energy release rate decreases with increasing of αbp1/αkp1
ratio. Figure 4 also indicates that the strain energy release rate in the beam
configuration with delamination crack located between layers 2 and 3 is higher
than that in the configuration with delamination between layers 1 and 2. This
finding is attributed to the fact that when delamination is between layers 2
and 3 the stiffness of the outer crack arm is lower compared to the case when
delamination is located between layers 1 and 2.

Fig. 4. Variations of the strain energy release rate with αbp1/αkp1 ratio (curve 1 – for the
three-layered beam with delamination between layers 1 and 2, curve 2 – for the three-layered

beam with delamination between layers 2 and 3).
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Figure 5 depicts the strain energy release rate variation with ηbp1/ηkp1 ratio
at three a/l ratios. It should be mentioned that ηbp1/ηkp1 and a/l ratios charac-
terize the variation of η1 in layer 1 along the beam length and the relative beam
length, respectively. The curves in Fig. 5 indicate that the strain energy release
rate decreases with increasing of ηbp1/ηkp1 ratio. An increase of a/l ratio also
leads to a decrease of the strain energy release rate (Fig. 5).

Fig. 5. Variations of the strain energy release rate with ηbp1/ηkp1 ratio (curve 1 – at a/l = 0.3,
curve 2 – at a/l = 0.5, curve 3 – at a/l = 0.7).

The variation of the strain energy release rate with ηkp2/ηkp1 and ηkp3/ηkp1
ratios is illustrated in Fig. 6. In Fig. 6, it is observed that the strain energy
release rate decreases with increasing of ηkp2/ηkp1 and ηkp3/ηkp1 ratios.

Fig. 6. Variations of the strain energy release rate with ηkp2/ηkp1 ratio (curve 1 – at ηkp3/ηkp1 =
0.5, curve 2 – at ηkp3/ηkp1 = 1.5, curve 3 – at ηkp3/ηkp1 = 2.5).

The effect of the continuous variation of the shear modulus G1 along the
beam length in layer 1 on the strain energy release rate is shown in Fig. 7,
where the strain energy release rate is plotted against Gbp1/Gkp1 ratio at three
speeds of torsion moment v. In Fig. 7, it can be observed that the strain energy
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Fig. 7. Variations of the strain energy release rate with Gbp1/Gkp1 ratio (curve 1 – at
v = 0.3 · 10−8 N ·m/s, curve 2 – at v = 0.6 · 10−8 N ·m/s, curve 3 – at v = 0.8 · 10−8 N ·m/s).

release rate decreases with increasing Gbp1/Gkp1 ratio. The increase of the speed
v leads to an increase of the strain energy release rate (Fig. 7).

Finally, the strain energy release rate is obtained assuming the linear vis-
coelastic behaviour of the beam member. For this purpose, βi = 1 and mi = 1
are substituted in the non-linear solution derived in Sec. 2 of this paper. This
follows from the fact that at βi = 1 and mi = 1 the non-linear relationship (2.6)
transforms into τNLi = αiγ̇NLi, which represents the constitutive law of a lin-
ear dashpot with the coefficient of viscosity αi, and, in this way, the non-linear
model depicted in Fig. 1 transforms into the linear viscoelastic model with a lin-
ear spring and two linear dashpots. The strain energy release rate derived using
both non-linear and linear solutions is plotted against Gkp2/Gkp1 ratio in Fig. 8.
In Fig. 8, the curves show that the strain energy release rate increases when non-
linear viscoelastic behaviour is assumed. Also, one can observe that the strain
energy release rate decreases with increasing of Gkp2/Gkp1 ratio.

Fig. 8. Variations of the strain energy release rate with Gkp2/Gkp1 ratio (curve 1 – at linear
viscoelastic behaviour, curve 2 – at non-linear viscoelastic behaviour).
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4. Conclusion

A non-linear dashpot was added to a mechanical model consisting of a linear
spring mounted parallel to a linear dashpot in order to simulate the non-linear
viscoelastic behaviour of a multi-layered inhomogeneous cantilever beam mem-
ber of circular cross-section with a delamination crack. The beam was under
a torsion moment that increased at a constant speed. The non-linear dashpot in
the model obeyed a non-linear relationship between the shear stress and the rate
of the shear strain. The shear strain in the non-linear dashpot was obtained by
integrating the non-linear stress-strain relationship. The stress-strain-time con-
stitutive law of the model was found by adding the strain in the non-linear
dashpot to the strain in the linear spring and linear dashpot. The beam layers
are continuously inhomogeneous along the beam length. Therefore, the mate-
rial properties involved in the constitutive law of the model vary continuously
in the longitudinal direction. This constitutive law was applied to model the
time-dependent non-linear viscoelastic behaviour when deriving a solution of
the strain energy release rate for the delamination crack. Since the beam dis-
played non-linear viscoelastic behaviour, the strain energy release rate was found
by considering the complementary strain energy. The solution obtained is time-
dependent and takes into account the non-linear viscoelastic behaviour and the
torsion moment speed. A time-dependent non-linear solution of the strain en-
ergy release rate was also derived by analysing the balance of the energy with
considering the non-linear viscoelastic behaviour for verification. The variation
of the strain energy release rate with time was analysed. It is found that the
strain energy release rate increases with time. The effect of material inhomo-
geneity of the layers in the longitudinal direction on the strain energy release
rate was evaluated. It was ascertained that the strain energy release rate de-
creases with increasing of αbp1/αkp1, ηbp1/ηkp1, ηkp2/ηkp1, ηkp3/ηkp1, Gbp1/Gkp1,
and Gkp2/Gkp1 ratios. The increase of the speed of the torsion moment also
led to an increase of the strain energy release rate. The strain energy release
rate was also derived for the case of linear viscoelastic behaviour of the beam.
It was found that the non-linear viscoelastic behaviour leads to an increase of
the strain energy release rate.
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