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STRAIN ENERGY GOVERNED DAMAGE LAW
FOR A VISCO-PLASTIC MATERIAL

M. CHRZANOWSKI (KRAKOW)

The inelastic strain energy which was shown by other authors to correlate fatigue
data is used as an independent variable in a differential law of damage growth. A special
form of this law is discussed, and material constants are evaluated to fit experimental
ata for low-cycle fatigue and creep of 304 stainless steel at 650°C. Since the main goal
_. this study is to develop the method of life prediction for a wide range of practical
.a;'pplica,tions, both uniaxial and multiaxial states of siress are evaluated. In the former
case the effects of rate of loading, strain/stress control, wave shape, mean strain and
atdening are considered. The multiaxial state of stress has been illustrated by a special
e of combined axial-torsional deformation. In all these situations the inelastic strain

ergy was calculated according to the viscoplasticity theory based on overstress (VBO),

which was shown to describe the cyclic deformation of 304 stainless steel in room as well

as in elevated temperatures.

1. INTRODUCTION

- During the last few decades low cycle fatigue (LCF) has been the sub-
ject of extensive investigations. It is reflected by the very large amount of
experimental data gathered, and scientific papers published. Proceedings of
special conferences and symposia (e.g., {1, 2, 3]) contain up-to-date sources
of information. However, the recent rewiev papers on this subject [4, 5]
demonstrate that not all problems in this field have been solved and that
the accumulated knowledge is still insufficient to descnbe the complexity of
the phenomenon.

Two main open problems in LCF analysis are:

description of deformation of a material subjected to LCF,

prediction of lifetime of a structural member.
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These problems are, of course, interdependent since life prediction is
dependent on a choice of proper constitutive equations. On the other hand:,'
damage processes which lead to final failure may influence the deformation
response of a material. :

In both cases the complexity induced by path dependence found in metal-
lic alloys is increased when time-dependent effects come to play an essential
role. For structural steels and alloys this normally happens at elevated tem-
peratures, but may also occur at room temperature as well [6]. In these
circumstances the effects of: '

rate of loading,

hold times (creep-fatigue interaction),

wave-shape effect (slow/fast loading/unloading),
have to be taken into account. Among other problems which still de-
serve investigation are the effects of cyclic hardening, proportional and non-
proportional cyclic loading. Each of the listed problems in fact requiré
a separate study and experimental verification, as the observed beha.v1our
may vary for different materials and temperatures. i

The aim of the present study is to consider a new damage law for life
prediction in these complex situations. Due to the discussed complexity of
the phenomenon, such a study has to be considered a qualitative verification
of the formulated hypothesis. Quantitative results in this paper are meant
rather as an illustration of the proposed law than as the precise description
of the behaviour of the material chosen (stainless steel of the 304 type;
material data for room temperature and for temperature of 650° C were
used). The main goal of this paper is to propose a law which can be used
in complex situations to predict lifetime. '

In this study failure will be understood as the onset of crack initiation;f
i.e., only a part of the lifetime of the specimen will be considered, whick
is spent for incubation and growth of microstructural defects. Since a phe-
nomenological approach will be used, no microstructural considerations are
involved. Such an approach would deserve a separate study (see, e.g., the
review paper [7]), and is beyond the scope of the present report.

There are three approaches used in the description of material deterio-
ration according to [5]:

the classical, which makes use of parametric equations relating the num-
ber of cycles to crack initiation to different parameters describing the local
cyclic loading,

the future, which employs Continuum Damage Mechanics (CDM), and
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makes use of complete inelastic analysis, including coupling of damage with
onstitutive equations,

' the intermediate, which uses CDM on the basis of the independent ana-
ysis of states of stress and strain.

The last one will be used in the present paper. Continuum Damage
Mechanics (term coined by HULT, c.f. [8]) introduces a new state variable
esponsible for material deterioration, with a differential law of growth for
his variable. This makes it possible to take into account the whole loading
'istory which can be an important factor in life predictions,

Tt can be mentioned here that the CDM has already formed a new branch
f fracture mechanics. Though many questions remain open in this ap-
yroach, such as the damage definition itself [9] and its measurement [10], it
1as found wide application in many important situations including fatigue
viid creep-fatigue interaction [11, 12, 13, 14, 15}. The recent review papers
16 17] can be used as a source of information.

One of the most important problems in formulating a damage growth
aw is the choice of governing variables. In early approaches [11, 12] stress
\fvas used as a governing variable. OsTERGREN and KREMPL [13] introduced
he forcing factor and its time derivative, MAYIA and MAIJUMDAR [14] -
ﬁelastic strain and strain rate; SATOH and KREMPL [15] used stress and
_h‘elastic strain rate. The bench-mark project, carried out in Japan [18], to
‘ompare these and other damage theories, revealed quite a large discrepancy
Jetween predictions and experimental results, and demonstrated that fur-
her investigations aiming at developing useful damage accumulation laws
are still necessary.

In the present paper the inelastic strain energy will be used as a candidate
or a governing variable. As the energetic concepts have been widely applied
o fatigue data correlation, this subject will be discussed in a separate chap-
er. It can be mentioned here that calculation of the inelastic energy requires
he use constitutive equations which can reproduce the observed deforma-
ion behaviour. The theory of Viscoplasticity Based on Overstress (VBO)
developed by KREMPL in a series of papers (cf.,e.g., [19, 20]} was chosen for
his purpose. This theory falls into the framework of unified theories which
do not account for creep and plasticity separately. The outline of this theory
necessary for the purpose of this paper will be given in Sect. 2.3.

Finally, let us remark that the method used in this paper is computer-
oriented in the sense that a set of stiff differential equations which represent
constitutive equations of VBO and proposed damage law was solved by using
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a computer even in the case of uniaxial loading. Thus the verification of the
proposed method is called numerical simulation and is presented in Sect.’
The flexibility in choosing a different form of damage equation for differen:
loading conditions may be considered as an advantage of this method. In th
aspect the present work is an extension to the time-dependent deformatlo
of the approach by O1T, Nowack and PEEKEN [21].

2. ENERGETIC APPROACHES TO FATIGUE FAILURE

The use of the energetic interpretation of the fatigue failure phenomeno
has a long history. For example, the background for the well-known MINER’
life fraction rule [22] was an assumption that the work absorbed at failur
is proportional to the number of cycles to failure. This concept of refe
ring failure data to energy used for the production of changes in a materi
structure will be briefly discussed below.

2.1. Strain energy as a pararneter correlating fatigue data

One of the recent approaches to material failure using the notion of &
tropy (WHALEY [23]) expresses the main idea behind all energetic method
The energy supplied by the external agencies dWgyp is split into two part
energy stored in the material and the heat loss d@) by convection and co
duction. In turn, the energy stored in a material can be separated into tw
components: recoverable (elastic) dWie; and irreversible dWj, ones. Th
irreversible energy is spent for structural changes in a material and may co
tribute to both deformation and deterioration of a material. In an energ
balance '

(2.1) AWip = dQ + (AWiee + Wieg)

all components but dWj,, are measurable though the technological problem
to overcome measurement difficulties are still essential (cf. e.g. [24]). As £
as an irrecoverable part of stored energy is considered, the partitioning of
into inelastic deformation and damage contributions

(2.2) AWige = AWin + dWatarm

depends on the microstructural mechanisms which control these processes.
On the phenomenological level, only inelastic deformation can be measured
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d the part of dWj corresponding to the inelastic deformation dWi, can
assessed. Thus the remaining portion of dWjy, which is responsible for
mage growth dWy,,,, can be evaluated from the balance (2.1} if an accu-
je measurement of heat loss and inelastic deformation W, is performed.
the absence of the results of such a measurement, the simplest assumption
that the part of stored energy responsible for damaging is proportional to
e stored inelastic energy:

Waam ~ Win .

The above assumption is hidden behind all developed approaches to material
lure. Consequently, the inelastic strain energy W, is used as a parameter
termining the number of cycles to failure. Such an approach was first
oposed by FELTNER and MorRrOW [25], and by MARTIN [26] for low cycle
atigue. In these papers the number of cycles to failure was assumed to
he a function of inelastic energy calculated for a hysteresis loop. However,
the assumption made in {25] that "the total damaging energy required to
use fatigue failure is equal to the area under the static stress-true-strain
curve” was not verified experimentally. HALFORD [27] has shown that the
stic strain hysteresis energy to fatigue failure at 500.000 cycles is about
100 times that required for failure by monotonic tension for some metals.
ie relationship between the stress range Ag, plastic strain range Ae,,
d hysteresis energy developed in [27] for cyclic hardening material in the
uniaxial case is

4) AW = ((1 = m)/(1 + m)) Ao Ae,,

ere m is the cyclic strain hardening exponent. The total strain energy
equired for failure is

2.5) W = AW Ny .

provided AW is constant for each cycle. Normally, stabilized values of the
ess range Ao and plastic strain range Ae, are used or those at half the
atigue life. Such a procedure is typical for the parametric approach which
loes not take into account the history of loading,

The parametric approach for high temperatures was developed by Fong
28], OSTERGREN [29] and LEis [30] to include creep-fatigue interaction.
cause of the complexity of the phenomenon, different assumptions were
made to partition the hysteresis loop. These assumptions, not well moti-
/ated even in the uniaxial case, have to be revalidated for the multiaxial
tate of stress/strain.
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An energetic multiaxial approach to fatigue failure in the context of ¢
parametric method proposed by ELLYIN [31], was recently developed in t
series of papers [32 - 35], including non-Masing behaviour and the mes,
strain effect. The important observation made is that hysteresis energy h;
to be related to the fatigue life in such a way that the total energy to failw
must be an increasing function of Ny .

If the agsumption
(2.6) AW = K N§

made by ELLYIN et al. [36] holds, where K and « are material constant
then using Eq. (2.5) we have

(2.7) Wp=KNgth.

Since AW must increase with decreasing Wy there is o < 0. On the oth
hand, Wy should increase when Ny increases. Therefore

(2.8) -l<ax<.

The problems of multiaxial fatigue, dealt with by LEis and LAFLEN [37
were Tecently reviewed by GARUD [38]. Still, most of the research effort
directed to describe the deformation and effect of hardening during nonpr
portional loading (cf., e.g., {39]) rather than to life prediction. The energet
method was offered by GARUD [40], who proposed to correlate the plast
work per cycle W}, and fatigue life to crack initiation Ny by the equation

(2°9) Ny = F(Wh) ¥
where F' is a monotonically decreasing function of W),. Here
(2.10) Wi = j AW, ,
‘ cycle
and
(2.11) AW, = o: Aé

o is the stress tensor, Ae® the plastic strain increment tensor calculated i
[40] using the MROZ model [41, 42]. This theory gave rise to a compute
oriented model of fatigue failure developed by OTT et all. [21]. For variah
loading amplitude the damage is calculated on the basis of the hysteresis loo
corresponding to the current yielding surface. Since the time-independe
plasticity model was used, this method is unable to predict the rate effe
and associated phenomena such as the slow/fast loading or frequency effec
The method proposed in this study constitutes the next step by introducin
a differential damage law governed by inelastic energy and by taking int
account the time-dependent deformations.
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:2,2. Strain energy as a variable governing the proposed incremental dam-
- age law

1f the life fraction N/Ny (IV is the current number of cycles) is considered

measure of damage, then in the parametric approach discussed in the

ev1ous section the damage is related directly to the inelastic energy. ¥rom

5. (2.6) and (2.7) (with a more general definition of the hysteresis energy
nstead of AW) follows:

Wy =W, Ny,

at is, Wy, is constant in each cycle. Thus, inelastic energy at the N-th

VVin:WhN,

Win /Wy = NNy ,

Wfin"“Da

_é—'dependent behaviour of a material has to be taken into account. The
ior loading history can be included if Eq. (2.15) is generalized to have the

DNfVVindt,

dD/dt ~ Win

ere both dD/dt and Wi, are the functions of time. Inelastic energy is to
calculated according to Eq. (2.11) which, expressed in terms of the stress
nsor and inelastic strain rate tensor, takes the form

m,,:]a:ei“dt.

tice generally Wi, is nondecreasing, the rate of damage given by Eq. (2.17)
1l also be nondecreasing with time. The healing process is thus exciuded
m the proposed description. Further, the so-called "dormant damage
echanism” (HULT [43]), when dD/dt = 0, occurs only in the absence of
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inelastic energy. Since in the following use will be made of the viscoplasti
theory which predicts the existence of inelastic deformation at any stres
level (which may be very small at a low stress level), there will always b
nonzero growth of damage.

With a functional form of Eq. {2.17), the postulated law becomes

(2.19) dD/dt = F(Wy) .

This equation will be modified to meet particular phenomena in subsequen
sections. Here we introduce only the' damage influence on its rate by a
equation:

(2.20) dD/dt = F (Wi, ,D) .

In this study the power function will be chosen for F and variables will b

separated to give
(2.21) dD/dt = C (Wi /(1 - D))",

where C and » are material constants to be determined from suitable test

The proposed law can be viewed as a generalization of some existing
proposals, especially that by MAJUMDAR [44], who made use of both the
inelastic strain rate and inelastic strain combined to govern the damag
rate, With some simplifying assumptions, this theory can be reduced to th
relationship given by Eq. (2.17). The damage law proposed by SATOH and
KREMPL [15] can be reduced (again by some simplifications not intended b
the authors) to

D~Wy,

and thus to parametric interpretation, cf. Eq. (2.15). Both of the abov
theories give very good predictions including creep-fatigue interaction. How
ever, the aim of this study is to check whether an explicit use of a physic
(measurable) quantity in a damage law may be accepted for practical appli
cations.

In the present formulation there were no assumptions made according.
to damage development under compression. Such assumptions which are:
often made (cf. e.g. CHRzZANOWSKI [12], SATOR and KrEMPL [15]) are
aimed to fit experimental observations. In parametric approaches which use
the notion of energy, the assumption most frequently made is that only the
tensile part of the hysteresis loop contributes to damage (OSTERGREN [29],
L1v et al. [45]). Such an assumption needs reformulation when applied to-
multiaxial cycling and, according to the author’s knowledge, has not bee
pursued. The damage law used here was not modified for this purpose. Thus:
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._.he effects of tensile versus compressive cycling can be reflected only if the
nelastic energy in tension and compression is different.

2.3. Inelastic strain energy calculated by means of the VBO theory

The far-reaching goal of this investigation, which goes beyond the present
tudy, is to relate the damage variable to a physical process which occurs
n a material. As a portion of dissipated energy is assumed to be respon-
ible for material damaging, it should be evaluated from direct or indirect
rﬁeasurement. In the absence of such experimental data, a substitute as-
umption was made that this energy can be related to the energy used for
he production of inelastic deformation. This energy can again be mea-
ured experimentally or calculated by using a constitutive equation which
lescribes the deformation process with a required degree of accuracy. The
heory of Viscoplasticity Based on Overstress (VBO) [19, 20] was shown to
escribe the cyclic behaviour of AISI Type 304 Stainless Steel and was used
ere to calculate Wi,. One should remember, however, that this is only
n approximate procedure, and that both steps in this approach (i.e., from
nelastic strain energy calculated to the measured one, and from inelastic
train energy measured to dissipated damaging energy) should be verified
xperimentally.

The formulation of VBO used in this investigation corresponds to the
sotropic model of a body which may exhibit cyclic hardening. The fun-
amentals of this theory can be found elsewhere ([20, 46)) and will not be
eformulated here. Let us mention only that this theory does not distin-
uish between plastic and viscous components of deformation and does not
se the yield surface notion (it is a "unified” theory). The important as-
umption is that the inelastic strain rate is a function of the overstress (the
ifference between the stress corresponding to the given loading rate and
quilibrium stress, i.e., the stress reached asymptotically when the loading
ate tends to zero). The theory is formulated for small strains and assumes

hat the stress-strain curve ultimately approaches a constant slope given by
. tangent modulus F; .

. The constitutive equations for the multiaxial state of stress are given by
he coupled system of nonlinear differential equations:
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(2.24) r= {g (s - 98) (s - gﬁs)}%s

(') is a function controlling the shape of the stress-strain curve, and k(I
is a viscoelasticity function. '

The material constant A which controls the stress level, in the case of
cyclic hardening material is considered to be a function of the accumulate
inelastic strain ¢. In the most general case which includes also hardening
during nonproportional loading, a rate of A is proposed in [46] in the form

A* = a1P2+a5P“ — aa¢ AAAD ,
(2.25) . . . 0
. A = a7|A”|+ as A”,
with .
ag = a4tag (1 — exp (—ﬂrlo Po)) ;
(2.26)

a; = a5 (1—exp(-ené)),
where a1 = a1y and Ag are positive constants and

. 2 1/2
(2.27) P, = {tr én gin gin e‘“} Y , Py= {tr .Q.QT} /

where
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ble 1. Material constants and functions for AISI type 304 stainless steel at
room temperature (cyclic hardening version of VBO).

E = 195000 [MPa] E, =2000 [MPa] Ao = 115 [MPa)
Viscosity function: k(z) = ks (1 + £ )—ka

k1 = 314200 [s} :

ky =60

ks = 21.98 [MPa)
Shape modulus functions :  ¢(2) = C1 4 (Cz — C1) exp(—Caz)
Ci(A) = Hy + H A

Hy == 74740 [MPa] Cz = 182500 [MPa]
H; = 37.04 Cy = 0.0783 [MPa™]
Hardening parameters:

a; =6 x 10° [MPa] ar = 0.495

az = 1.0 ag = 0.505

a3 = 3.6215 x 10° [MPa] ag = 1.1722

a; = 0.76 gy = 1x 10 [s]

as = 3.14 x 10 [MPa) a1 = 4.85

tg — 1.0

The path-like quantitaties Py and P; are responsible for hardening in
ut- of-phase and in-phase cycling, respectively. It is to be observed that
enever em and e“‘ are coaxial, Py is zero; P; will accumulate always.

The spec1ﬁc form of the viscosity function & and shape modulus function
as well as the material constants for AISI type 304 stainless steel for room
nperature, are given in Table 1 quoted from [46].

For elevated temperature (650° C) the hardening data were unavail-
e, and the cyclic neutral version of the VBO theory was used, assuming
const (i.e., dA/dt = 0) and Cy in the shape of the modulus function
being constant (i.e., also independent of A). The set of material constants
or the cyclic neutral behaviour of AISI type 304 stainless steel at 650° C is
en in Table 2 after [46].

Two stress states will be considered in the sequel: the uniaxial state of
tress and the axial/torsion case.

'The set of constitutive equations together with the equatmn for the rate

2.98) Wiy = a: é®

&.damage equation (2.20) modified for certain cases of loading (see the
ollowing chapter) were integrated numerically. The integrations made use
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of computer codes developed by the author of [46], slightly modified to.
fit the present purpose. The IMSL routine DEGAR was used to perform:
integration on the IBM 3081D computer of RPL. The calculations were time.
consuming since the life prediction was aimed, and the number of cycles
to failure varied between 200 and about 2500 depending on the applied
strain range. When a large number of cycles was involved, the computer-
time increased. For 2500 cycles a CPU time of 650 s on IBM 3081D was

required.

Table 2. Material constants and function for AISI type 304 stainless steel at:
650° C (cyelic neutral version of VBO). :

E = 150000 {MPa] E, =2400 [MPa] A =170 [MPa]

Viscosity function: kz)=k (1 + f; e
ky = 314200 [s]

ky = 60 [MPa)

k3 = 17.59

Shape modulus function: ¥(z) = C1 + (G2 — C1) exp(—Cs1)
¢y = 79500 [MPa]

O, = 147000 {(MPa]

C, = 0.216 [MPa~!]

3. NUMERICAL SIMULATION

$.1. Uniazial cycling

3.1.1. Evaluation of material constants. The material constants which
appear in Eq. (2.21) have to be evaluated from experiments corresponding
to the phenomenon which is going to be described. In general, the loadin,
situations loading to failure can be grouped into four categories: 1) mono
tonic loading, 2) creep (constant stress condition), 3) relaxation (constan
strain condition), 4) cyclic loading,.

In all these cases one can expect that different microstructural mechan
isms will be involved, Consequently, the material constants in the propose
damage law can be different for different loading cases.

Since the immediate field of interest of this study is related to cycll
loading, let us consider this case first.

For cyclic loading, the results of experiments are usually reffered to in:
elastic energy per cycle (hysteresis energy) and to number of cycles to failur
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Ny. For this purpose we reformulate Eq. (2.21) relating damage increment
per cycle to inelastic energy per cycle Wj:

. ) n dD n

In such a formulation a part of the loading history (that within one cycle} is
ost. The conversion to time and total inelastic energy is possible with the
substitutions

: Win = NWh’
(3.2)

121 34

10 38

08— 37

a6 — 36
20 25 ag log N,

FIG. 1. Experimental [47] and calculated data for LCF, AISI Type 304 Stainless Steel at
650° C.

and T is a period of cycling. Experimental results reported by CHENG ef
al. [47) were used as a reference for low cycle fatigue. First, for given
strain amplitudes € = 2%,1% and 0.5%, the hysteresis energy Wj was
_éalcula,ted according to VBO, and then a plot of W, versus the experimental
values of the number of cycles to failure (in double logarithmic scale) was
made, Fig.1, to determine the constants C and n. With these equal to
= 3.46 x 1075, n = 1.393, the computations were performed to calculate
the number of cycles to failure Nyqy. and total inelastic energy to failure
fealee T'he results of calculations are given in Table 3. Then the calculated
energy Wycalc was plotted versus Nycale. The almost linear dependence is
agreement with the experimental observations by other authors [32], as
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discussed in Sect. 2.1. A value of constant « reported by the authors of thi;
paper (for A-516 Cr 70 carbon low alloy at room temperature) is a = ~0.605
which corresponds to n = —1/a = 1.653 and which differs very slightly from
that evaluated for the purpose of this study (n = 1.393).

Table 3. Neutral cycling simulation under strain control (¢ = 4 x 10™* [s7] at
650° (C = 3.46 x 107°) , n = 1.393),

Strain ampl. €a =2% | €2 =1% | €, =0.5%
Wi (VBO) [MPa] 18.2 8.0 31
Niexp 212 651 2472
Nycare 200 680 2400
chalc {MP&] 3870 5303 7725

The damage accumulation process is of a nonlinear character. Table 4
gives the values of the damage parameter and inelastic energy for a chosei_t
number of cycles within a life span of a specimen subjected to cycling with
the strain amplitude ¢, = 2% and strain rate de/dt = 4 x 1073 [1/s] unde;:
strain control.

Table 4. Damage and inelastic energy growth during cyclic straining thh
ta=2% and i =4 x 107% [1/8].

t [s] D Win [MPa] | N
500 | 0.0507 454 25
1006 | 0.1057 909 50
1500 { 0.1660 1363 75
2000 | 0.2329 1818 100
2500 ; 0.3093 2272 125
3000 | 0.3997 2727 150
350G | 0.5147 3181 175
4000 | 0.6922 3636 200
4250 | 0.4996 3863 212

For other types of loading (i.e., non-cyclic), the original version of the
dama.g;e law Eq. (2.21) will be used with material constants denoted C” and
n', and evaluated for different types of loadmg separately.

For monotonic loading (which may be viewed as a part of cyclic load-
ing), the evaluation of material constants was not possible because of the
limitation of the used theory to the small strains. Since elongation at static
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Table 5. Creep rupture life for AISI 304 type stainless steel at
650° C, C' = 1.55x 10~°, n' = 1.85.

o [MPal tfexp [5] treate [5)
97 0.360 x 107 | 0.396 x 107
69 0.360 x 10® | 0.326 x 10°
48 0.360 x 10° | 0.393 x 10°

failure for Type 304 Stainless Stell at 650°,C [48] is about 35%, the use of
the small strain theory is precluded.

The creep rupture data of [48] were used to evaluate the material con-
stants for creep damage. Table 5 gives calculated and experimental val-
ves of time to failure for three stress levels, and for material constants
¢! = 1.55 X 10~ and n’ = 1.85. This good agreement does not necessarily
have to be extrapolated for higher stress levels for which the experimental
data were unavailable. In cycling with strain amplitude of order of 2%, the
stress can be as high as 400 — 500 MPa. At such stresses again the differ-
ent mechanisms can play a decisive role, and material constants have to be
reevaluated. The data for failure in the single relaxation test are very scarce,
@hd the phenomenon is not well investigated. However, it is known that the
period of relaxation during strain-controlled cycling may reduce the lifetime
of a specimen. In this situation an interaction of different mechanisms may
ccur and deterioration should be reffered to this particular situation. For
this reason the values of the material constants in the damage law will be
given when the effect of hold times is discussed in Sect. 3.1.4.

3.1.2. Rate/frequency effect. The rate of loading has a considerable in-
fluence upon material response when viscous effects are taken into account.
This effect is included into the VBO theory. The increasing rate of loading
ﬁnder strain control causes an effect of hardening. In Fig. 2 three hystere-
sis loops are shown as calculated according to VBO for strain amplitude
¢ = 2% and strain rates 4 x 1073,4 x 104, and 4 x 105 [1/s]. As a conse-
quence, the higher the rate of loading, the higher the hysteresis energy and,
according to the proposed damage law, the higher the rate of damage. How-
ever, in elevated temperature an opposite effect is observed: more damaging
s cycling with a lower rate (cf. Fig. 4 in [13]). To describe this behaviour,
Eq (3.1) has to be modified by including the frequency effect. Such a
modification is similar to that proposed by OSTERGREN [29] for a paramet-
t_ic representation of the energetic approach. This can be accomplished by
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Fia. 2. Strain rate effect on hysteresis loops according to VBO (O — strain rate
4 x107%, + - strain rate 4 x 107, QO - strain rate 4 x 107%),

assuming:
n 4D
(1-D) -

(3.3) =
where k > 0 is a constant whose value determines the range of life reductio
For rates of loading 4x1072,4x 107% and 4x 10~ [1/s] and strain amplitude
€ = 2% with corresponding 7 equal to 20, 200 and 2000 sec., respectively,
the calculated reduction of a life for two values of the constant & is shown in
Table 6. By adjusting to a proper value of k, the experimentally observed
life reduction can be met. '

=T* cwp,

Table 6. Life reduction due to rate effect (at ¢, = 2%).

éfs™] | T[s] | oa [MPa] | W [MPa) k=0.1 k=0.2
Ny | Wy | Ny | Wy
4 %1072 20 299.0 18.2 212 | 3863 | 212 | 3863
4%x107* 200 283.6 171 181 | 3097 | 143 | 2449
4x107% | 2000 270.0 16.1 152 | 2524 93 | 1511

3.1.3. Wave-shape effect. A triangular wave-shape was assumed through-
out the numerical simulation, but different rates of loading and unloading
may influence the lifetime of a specimen. This effect is called a fast/slow -
slow ffast (FS/SF) effect, and it is experimentally observed that in elevated
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temperature the SF case has a more damaging effect. The shape of the
hysteresis loop calculated by the VBO theory is different for FS and SF
cases (Fig. 3) but the area of hysteresis loop remains unchanged. Since this
ﬁuantity gm}erns a damage growth, the FS/SF effect can be described only
after some modifications in Eq. (3.1) are made. Let us denote the loading

360

200

160

Stress (MPa)
<

~ 100

©-200

-30c
-£

-7

g
Strain (%)
o Slow-fost + fast-Siow

Fi1G. 3. Slow/fast and fast/slow loading/unloading effect.

BT (-B)7

~

T

Fig. 4. Wave-shape factor § definition.

part of a cycle by BT (0 < 8 < 1), whereas the unloading part becomes
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(1 — )T (Fig. 4). Equation (3.1) is postulated to have the form

(3.4) (1 D)" % =Tk [2/3(1+ B) CWP .

For 8§ = 1/2 the effect of wave-shape is reduced to the previously discussed
rate effect, when the more damaging slow loading case was demonstrated,
The influence of B on a lifetime is given in Table 7 for ¢, = 2%,de/dt =
4% 1073 [1/s] (T = 20 sec) and b= 1.

Table 7. Fast/slow — slow/fast effect (¢ = 2%, é =4 x 1072 [s71]).

Type of
loading | Fast/Slow | F/F&S/S | Slow/Fast
Jij 61 ]| 03 0.5 0.7 | 0.9
Ny 240 | 235 212 170 | 136
% oflife | 113 | 111 100 80 64
reduction

A considerable reduction of a life is predicted for SF loading, and thé
percentage of life reduction is higher in this case than the beneficial effect of
FS loading. Again, the proper choice of b can allow the fitting experimental
data.

3.1.4. Hold-time effect. The life reduction due to hold times under strain
control depends on both the length of the time period when sirain is kep_:f;_
constant and the position along a hysteresis loop. Since no distinction wa;é
made according to damage accumulation in the tensile or compressive pait
of hysteresis loop, the latter effect is not included.

The length of a hold-time period has an obvious influence on a lifetimé
as damage growth according to Eq. (2.21) depends on accumulated inelastic

Table 8. Hold-time effect strain control €, = 2%, ¢ =4x10™°, C' = 1.55 x 107%);

thfs] | ts[s | Ny
0 4250 | 212
300 57700 | 180
600 | 88090 | 142

energy. The material constants in Eq. (2.21) suitable for creep failure
overestimate the influence of hold times in cycling with the strain amplitude .
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¢; = 2% and de/dt = 4x1072[1/s]. With the corresponding stress amplitude
= 299 {MPa), the numerical calculations exhibit almost instantaneous
failure. A new value of material constant C’ was chosen to predict realistic
_:ife reduction shown in Table 8 for two hold times. This value of C' differs
from that for creep failure prediction in the order of 7. A similar situation
can be encountered for different loading conditions, like monotonic loading

3.1.5. Mean strain effect. The area of a hysteresis loop does not de-
pend on mean strain but on the strain range and strain rate applied. This
behaviour is confirmed by experimental observation [34] as well as by cal-
culation according to the VBO theory. One possible way to incorporate the
cffect of mean strain info an energetic approach is to assume that the elastic
nergy also contributes to damage creation. This method was used in [34],
and in {45] for fatigue crack growth description. As the elastic, reversible
energy contribution to a damaging process is not physically justified, this
.E-ﬁﬁethod will not be used for the purpose of this study. Instead, Eq. (2.21)
will be used again for a loading up to the maximum strain with a new value
for the material constant C’ = 1.55x 10™*. Table 9 gives values of the num-

Table 9. Mean strain effect (e, = 2%, ¢ =4 x 1072 [s™*])

C'=155%x10"%, n' = 1.85,

em [ | 8y [s] | Wy [MPa) | &y
4250 3868 212
4088 3717 204
3820 3468 191
3343 3039 167

W=

ver of cycles to failure for several values of the mean strain €,, and strain
amplitude ¢, = 2%, as previously.

3.1.6. Hardening effect. Material data necessary to perform calculation
according to VBO for hardening were available for 304 stainless steel for
oom temperature only (Table 1). Since the material constants for a damage
aw were evaluated for elevated temperature, the analysis in this section has
only a qualitative character.

The calculation for strain cycling with the strain amplitude of 1% and
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FiG. 5. Cyclic hardening within first five cycles.

strain rate 4 X 1073 [1/s] exhibited pronounced hardening. Figure 5 show:
hysteresis loops for the first 5 cycles during which stress amplitude rise
from 260.3 to 320 [MPa] with a saturated value of 362 [MPa] after about 6
cycles. Such a behaviour is expected to have an essential influence on life:
time, but it can be viewed as both harmful or advantageous with respect tc
classical (parametric) life evaluation. The standard procedure employs half:
life characteristrics, i.e., saturated values of stress amplitude. In this cas
an underestimate of a lifetime can be expected. However, in the opposit'_
case the use of unsaturated characteristics can yield considerable overesti
mation. Table 10 gives the numbher of cycles to failure calculated unde

Table 18, Cyclic hardening effect (co = 1%, ¢ =4 x 107°).

Hysteresis
foop o, [MPa] trs} | Ny | Wy
Initial 213.3 8388 | 839 | 5693
Actual 213.3 — 362.6 | 5078 | 507 | 4994
Saturated 362.6 4990 | 499 | 4919

these assumptions together with the result of the calculation for a whole
loading history. The underestimation caused by the use of saturated char
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acteristics proved to be negligible, which is a consequence of the fact that
during the first cycles the damage increment is small, even with a number
of cycles to saturation of about 10% of a lifetime. In contrast, the overesti-
mation of a lifetime may be essential when prediction is based on the initial
characteristics of a hysteresis loop. In the case illustrated by Table 10 this
overestimation is about 165% compared with the calculations based on the
actual history of loading.

3.1.7. Stress/strain control effect. All of the above calculations illustrat-
ing the influence of different effects upon the lifetime of a material were
performed under the assumption that a strain was chosen as the forcing
parameter.

- Under stress control one can expect that the shape of the hysteresis loop
will change, affecting damage accumulation. However, the comparison must
be made under clearly precised conditions. Figures 6(a-c) show hysteresis
loops for cyclic neutral behaviour calculated by the VBO theory under the
following assumptions:

in strain control: ¢, = 2%,de/dt = 4 x 1072 {1/s] (T =20s), with corre-
spondng stress amplitude of o, = 299 [MPaj;

. in stress control mode 1: o, = 299 [MPa], dodt = 59.8 [MPa/s] (T' =20
s), with corresponding strain amplitude of about 1.7%;

. in stress control mode 2: o, = 306 MPa, do/dt = 61.2 [MPa/s] (T =20
5), with corresponding strain amplitude 2%.

~ The differences in the shape and area of different hysteresis loops are
easily seen. The results of Lifetime calculation for these three cases are given
in Table 11. The difference in number of cycles is small when in stress control
the same strain is enforced as in strain control. However, cycling under
strain control with the same stress as in stress control can reduce the life by
a factor of more than 1.5. It is also to be observed that a small difference
in stress amplitude under stress control may cause a great difference in the

Table 11. Strain/stress control effect (T = 20 s}.

Control | oq [MPa] | maxe, (%} | 2, [s] | Ny | W, [MPa]

Strain 299 2 4250 § 212 3868

Stress 299 1.7 7005 ] 350 5732
306 2 3920 | 196 3792
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F1G. 6. c. Hysteresis loop under stress control mode 2,

3.2. Multiaxial cycling

3.2.1. Proportional loading. The case of simultaneous axial and torsional
cycling was chosen as an example of multiaxial loading. The comparison of
different states of stress was made for cycling under strain control with the
same effective strain amplitude and effective strain rate defined as follows:

. . 4 1/2
(3.5) €aeff = (52,11 + 3 53.1‘2) ’

} ) . 4 1/2
(36) s = (Br3d) .

Under these circumstances the VBO theory predicts accumulation of inelas-
tic energy independent of the path of loading, i.e., of the ratic €1/€2. In
consequence, there is no difference in a lifetime for all proportional paths
(including pure torsional and pure axial cases) according to the proposed
.ﬂamage law, Indirect comparison with experimental data made by GARUD
[38] did not confirm this result. The calculated plastic energy for torsional
;Eyc]ing with effective strain amplitude ¥ = 1.5¢11 i.e. €12 = 0.75¢11 was
shown to be smaller than that for axial cycling in the experimental results
by Kanazawa et al. [49]. In this case the life prediction based on ax-
ial data would be comservative. A weighted factor of 1/2 was suggested

in [38] to be applied to the plastic work done by the applied shear strain
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to correlate failure data independently of the loading path. However, the
calculations by Garud were made for time-independent plasticity, and for ef-:
fective strain amplitude, different from that used here (€12 = 0.866¢€11). The
present analysis which makes use of the definitions (3.5) and (3.6) allows
to estimate the lifetime on the basis of the uniaxial test only. Thus the ex-
periments relating damage directly to the dissipated energy during loading:;_
along different paths are necessary to verify the results of calculation based:
on the proposed damage accumulation law.

The above observations hold for both cyclic neutral and cyclic hardening:
materials, and the conclusions of Sect. 3.1.6 apply to multiaxial proportional
loading as well, :

3.2.2. Non-proportional loading. For the purpose of this study a spe-.:
cial case of 90° out-of-phase cycling was chosen as an example of non-
proportional loading. The comparison with proportional loading was made.
using the definitions of strain amplitude and strain rate given by Eqs. (3.5):
and (3.6). :

Table 12. In-phase/out-of-phase loading for €,.o55 = 1%, &5y = 4 x 107° [~

Material | Loading N=1|N=2|N=3|N=4 | N=5| N;
behaviour cond.
In-phase | Wi, 10.0 {constant W), = 10) 51.8

Neutral (satur.) D 0008 0016 0024 .0032 L0040 | 499
Out-of- | Wi, 11.1 23.6 34.7 45.8 56.9
-phase D 0070 0017 .0026 0035 0045 { 425
Win 9.3 17.6 26.4 35.3 44.5
Hardening | In-phase | D .0005 001 0017 | 0023 | L0030 | 507
Out-of- | Wi, 23.7 53.4 85.2 118.1 151.7
-phase D .0014 0039 L0070 .0105 0142 91

The formulation of the VBO theory {Sect. 2.3) allows to take into account
the effect of additional hardening which results from the non-coaxiality of
strain and strain rate tensors. For cyclic nentral material, the out-of-phase
loading results in some hardening (reflected by higher accumulation of the
inelastic work) due to a loading path different from that during in-phase.
cycling. The quantitative results depend on the applied effective strain’
amplitude and effective rate. The plastic work calculated in [38] for time-:
independent plasticity and for 90° out-of-phase loading is about 4 times as-
much as for axial cycling with the strain amplitude 0.2%. The character of
the diagram showing the dependence of the plastic work on applied strain
amplitude (Fig. 8 of [38]) suggests that this factor can be even higher for
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higher strain amplitudes. To illustrate this effect, the strain amplitude of
1% with the effective rate of loading 4x 1072 [1/s] was chosen. The results of
g:;alcuiation are summarized in Table 12. The values of accumulated inelastic
énergy and damage are given for the first five cycles to demonstrate the
different behaviour for different materials (neutral/hardening) and loading
conditions (in-and out-of-phase). The last column of Table 12 gives the
numbers of cycles to failure. A drastic life reduction is observed when both
effects are combined. The stress amplitudes in this case rise from oy; = 213.5
MPa), 012 = 62 [MPa] to 011 = 560.2 [MPa], 012 = 324.4 [MPa], whereas,
n the case of proportional loading with hardening, the stress amplitude
reaches its saturated value of 362 [MPa)] at about 60 cycles {about 10% of

4, CONCLUSIONS AND FINAL REMARKS

The aim of this study was to verify the application of the proposed dam-
age law for a wide range of loading conditions. As these also included high
.emperature application, the rate effects were included by means of the
use of appropriate constitutive equations (the VBO theory). With such a
ormulation of the main goal of the present report, a detailed study of indi-
vidual cases of loading was beyond the scope of the investigation. However,
material constant evaluation and comparison of predictions were based on
experimental data for AIS type 304 stainless steel at 650° C.

The proposed damage law, with the inelastic energy as a governing vari-
able chosen for its universality in different loading situations, has proved to
be able to predict some typical behaviour and lifetime of this type of mate-
ial. Though some of these predictions were only of a qualitative character,
he others show a good agreement with experimental data.

The formulation of the damage law used in this study was as simple as
possible and it resulted in several drawbacks of the proposed description:
1. Two different types of equations for a damage law were used for cyclic
oading and for other situations. Both were assumed to be governed by
nelastic energy; however, inelastic energy per cycle Wy was used for cyclic
oading, whereas the total inelastic energy governed the damage law for
ther types of loading.

2. To fit experimental data for different phenomena (monotonic loading,
reep, relaxation), it was necessary to apply different values of the material
onstants even for the same type of damage law. Since numerical simulation
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was used, the fact that different constants had to be used did not complicat
calculations. However, the consistent set of experimental data should b
generated to determine material constants in all damage equalions.
3. For some phenomena like wave shape or frequency effects, the damag
law had to be modified by introducing some prescribed characteristics of'a
process (period of cycling T', wave shape factor B). :
4. The damage accumulation was, in general, assumed to depend on th
total accumulated energy and, therefore, the linear summation rule did not
apply. For each given loading history, the numerical integration had to be
perfomed to predict the lifetime. £
5. The assumption was made that damage accumulation for cyclic loa
ing was affected by the hysteresis loop area only, but not by its shape nor
position. In consequence, some other assumptions were necessary to corre:
late experimental observations. .
As far as the future development is concerned, the following directions
may be worthy to consider:
1. The experimental support of the assumption that a part of the energy
supplied is used for damage growth is of prime importance. A relation of this
energy to the inelastic strain energy is another step in such an investigatio
2. 'Other variables connected to the energy should be considered as go
erning variables. These may include both the inelastic strain and inelastic
strain rate. =
3. The coupling between the deformation process and damage process
is the next step in improving the proposed method, if some deformation
behaviour may not be explained by the deformation theory itself. Softening
which often occurs in the very early stages of the deformation process (cf
[4]), is one such phenomenon.
4. The deformations which are connected with a failure in certain circum:
stances (instantaneous loading, creep failure) are often out of the range o
small strain deformation theories. The finite strain theory developed along
with an appropriate modification of the proposed law is an important factc
of the applicability of the obtained results.
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STRESZCZENIE

PRAWO USZKODZEN DLA ZMECZENIA NISKOCYKLICZNEGO W WYSOKICH
TEMPERATURACH, KONTROLOWANE ENERGIA ODKSZTALCENIA

Energia niespresysta odksztalcenia, ktéra byla wiclokrotnie niywana jake wielkos
korelujaca wyniki badai zmecrzeniowych, zostala w pracy wykorzystana jako niezalein
zmienna w prawie kumulacji uszkodzei. Przedyskutowane zostaly specjalne postacie teg
prawa, a takie oszacowane stale materialowe w nim wystepujace dla stali nierdzewne
typu 304 w warunkach niskocyklicznego zmeczenia i pelzania w temperaturze 650° C
Dla jednoosiowego stanu napreicnia rozwaiono mozliwodci opisu réznych efekiéw, ja
predkoéé obciafania i odciazania, ksztalt cyklu, efekt sterowania odksstalceniami bad
naprezeniami, wplyw naprezenia srednicgo, czy wreszcie wplyw umocnienia na Zy woinosé.
elementu konstrukcyjnego. Stan wicloosiowy zostal zilustrowany lacznym obciazenie
osiowym 1 skretnym, z uwzglednieniem efektu obciadenia nieproporcjonalnego. Energi
niespreiysta odksztalcenia byla obliczana wedlug teorii VBO (Viscoplasticity Based o
Overstress), ktéra, jak to pokazano w szeregu prac E.Krempla, dobrze opisuje deformacj
w warunkach obciazen cyklicznych. :

PE3OME

3AKOH NOBPEXKJEHWM, 151 HU3KOLIMKJIMYECKOU YCTANOCTH
B BLICOCKHX TEMITEPATVYPAX, KOHTPOJIMPOBAHHbINM 3HEPT'UEN
OEGOPMALIMA

Heynpyras sseprua nedopMaUiH, KOTOPAS MHOrOKPATHO HCNONL30BAJIACE KAK B
NEYHHA KOPPEANPYWINAS Pe3yABTATH YCTANOCTHRIX HCCHAEAOBARMIL, HCROAB3IOBAKA
paboTe KAK HEeSABMCHMAN HepPCMEHNAH B 32KOHe KYMYAiHM Hospesxkmennit. O6cymxm
HEI CHeNHAANLHEIE BHAbI 8TCFO 3AKOHA, 3 TaKJKe OI¢HEHE! BRICTYNAKWIIHE B HHM MaT
pPHANLHLIE OCTOSHHLIE IJI4 HepoKaBeiollel cTaay THRa 304 p yCHOBHAX HM3KONHKAH
YecKOM YCTAJOCTH M MOJA3Y4YECTH B TeMIEpPaType 650° C. ing ogHoocHOTO Haﬂpﬂ}xeﬁﬂ.
I'o COCTONHME PACCMOTPEHLI BO3MOMCHOCTH ONMCAHUA pa3HEiX sdderTos, TEKHX Kak
CKODOCTS HANDYIKEHMA H PasrpyseHus, GopMa UMKAa, sQQeKT yNpaBieHus nedopM
IHAMM WIH HAIPAIKEHHAMM, aJIMAHUE CPe[HEro HANPANEHUSA, HJIH HAKOHE!, BAHIAHHE
YIpOYAeHHS HA JKHBYUECTh KOHCTPYKIMOHHOIO 3AeMeHTA, MHOrOOCEBOE COCTOSHME:
HANIOCTPUPYeTCcA OOMIEM OCEBBIM H CKPYYHBAKINKM HATPYACCHMEM, C YETOM eddexTa
HENpoNnopiHOKANLHOrO HATpyxeHns. Heynpyran sHeprua nedopManHu pact™HTAHA
cornaceo reopuu VBO (Viscoplasticity Based on Overstress,} xoropas, Kak 810 HoK
sano B page pabor 3.Kpemnias, Xopoumo onKceinaeT AeGOopMANAI0 B YCTOBHAX IMKT
YEeCKHX HAPDYKeHnH.
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