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MAGNETOHYDRODYNAMIC UNSTEADY FREE
CONVECTION FLOW OF A VISCOELASTIC FLUID
ALONG A VERTICAL PLATE

F.N. IBRAHIM (CAIRO)

The unsteady free convection flow of an incompressible electrically conducting viscoelas-
tic fluid past an oscillating vertical plate in the presence of a transverse magnetic field has
been studied. The flow phenomena have been characterized by the nondimensional numbers
P (Prandtl number), G {Grashof number), m (magnetic number), w (frequency number) and
k (viscoelastic parameter), Tt is found that the temperature profile may be compared with a
"damped harmonic wave propagating in a direction perpendicular to the plate, The dimension-
less temperature as well as the thermal boundary layer 8 increase with the decrease of P. The
effects of P, G and m on the velocity field «, and velocity boundary layer thickness & for the
viscoelastic fluid are similar to that for a Newtonian fiuid. As k increases, u, and § increase
simultaneously. Opposite effects are noticed at a certain distance away from the plate. The

skin friction 7, at the plate is estimated for different values of P, G, m and k.

1. INTRODUCTION

The laminar flow behaviour of a non-Newtonian fluid set into motion
by temperature-induced buoyancy forces is of importance in a number
of geophysical and other engineering applications, such as petroleum
drillings. Previous studies for free convenction flow along a vertical flat
plate were restricted, in general, to Newtonian fluid only. In a series
of papers discussed below, the unsteady laminar boundary layers of a
Newtonian fluid on a semi-infinite plate are considered. WILLIAMS [l]
assumed wall temperature that vary with time and position and found
possible semisimilar solutions for a variety of classes of wall temperature
distribution. WANG [2] studied the uncoupled boundary-layer problem
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where a fluid on a finite heated plate is suddenly set into motion. NANBU
[3] estimated the limit of pure conduction for unsteady free convection
on a vertical flat plate. Unsteady free convection from an infinite ver-
tical plate has been considered by ILLINGWORTH [4], RAo [5], NANDA
and SHARM [6], MENOLD and YANG [7], SCHETZ and EICHHORN [g],
GOLDSTEIN and BRIGGs [9]. The unsteady free convection flow of a
NEWTONIAN fluid in the presence of a magnetic field has been studied
by GUPTA [10], CHAWLA [11], SOUNDALGEKAR [12] and MISHRA [13].
The unsteady free convection of a non-Newfonian power law fluid along
a vertical wall is studied numerically by HAG, KLEINSTREUER and MUL-
LIGAN [14]. Other approximate solutions for the laminar free convection
of a power-law fluid along an isothermal vertical wall have been reviewed
by SHENOY and MASHELKAR [15].

Qur aim in this work is to study the free convection flow of a WAL-
TER’S B’ viscoelastic fluid [16] past a vertical plate whose velocity and
temperature fluctuate with time harmonically. The method of solution
is suggested by LIGHTHILL [17], STUART [18] and MEssiHA [19]. The
effects of the Prandtl number P, Grashof number G, magnetic number
m, frequency w and the viscoelastic parameter k on the velocity, skin
friction and temperature have been studied.

2. FORMULATION OF THE PROBLEM

Here the origin of the coordinate system is taken to be at any point
of a flat vertical infinite plate. The z’ axis is chosen along the plate
vertically upwards and the 3 axis perpendicular to the plate. It is
assumed that the temperature difference between the plate and the fluid
is small, so that the fluid properties may be taken as constant. In the
special case when the flow is independent of =’ and the velocity normal
to the plate v’ vanishes everywhere, the unsteady free convection flow of
an incompressible viscoelastic fluid in the presence of a magnetic field is
- governed by the following equations of momentum and energy [13, 16]:

o' o’ &’
P"é? = P’f:cﬁ(T’ - Tc';o) — O'BEUI + i ay‘. - Klat’ay'z’
ar’ ao*T!
(22) p’C,‘-a—E‘,‘ = "}”a—y—’“i"

(2.1)
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In these equations p' is the density, 1’ the velocity in the z'-direction,
t the time variable, f, the acceleration due to gravity, 8 the coefficient
of volume expansion, 7" the temperature in the boundary layer, T, the
temperature far away from the plate, o the conductivity of medium, B,
the applied magnetic field strength, u the coefficient of viscosity, &' the
viscoelastic parameter, ¢’ the specific heat at constant pressure and '
the thermal conductivity. In the energy equation (2.2) the terms repre-
senting viscous and Joule dissipation are neglected as they are really
very small in free convection flows.
The boundary conditions of the problem are

at

(23) ¥ =0:u =uet, T =T+ (T, —To)e™",
at

(2.4) y —ooiu =0, T'=Ti,

where v/, and 7}, are the maximum velocity and the maximum tempe-
rature of the plate, respectively, and w’ is the frequency of fluctuation.
Let us introduce the following dimensionless variables
! th # ' ' T T
??:yy ? t"__"‘ﬂ;_a w=4;:;w25 u:ﬁ,—, 0 = L 5:
m
(2.5) ™

/ Vs T T 2 L 2
P = %,:—7 G - ‘f ﬁ( u?i °°), m = —_ﬂz_o[;'u:’ K = —-2m~4vup“
and v = £,

p
Equations (2.1), (2.2}, (2.3) and (2.4) under the transformations
(2.5) reduce to

u 1 6u Pu
(2.6) W"zammu"ka—taﬁm—Ge,
0°0 P o0
(2.7) 5—7-;5 ~ T B 0,
al
(2.8) n=0:u=e" 0 = et
at

(2.9) 7 —o00:u=0, 8 =0.
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3. SOLUTION OF EQUATIONS

To solve Eqgs.(2.6) and (2.7) subject to the boundary conditions (2.8)
and (2.9) in the neighbourhood of the plate, we take
(3.1) u(n, ) = w(n)e™,
(3.2) 6(n,t) = 61(n)e™".

Substituting Eqs.(3.1} and (3.2) in Egs.(2.6), (2.7), (2.8) and (2.9),
we get

2 -

(3.3) u-wwm%g;—(%1+m)m;=_cm,
d“0y wP

) —— - f =
(34) dpr 4 !
The boundary conditions on u; and 8, are

at

3.5) n=0:u; =1, 6, =1,

at

(3.6) n—oo:u;=0, & =0

The solution of Eq.(3.4) subject to the boundary conditions (3.5); and
(3.6)2 is

(3.7) 0 = e
where )
(3.8) o= —z—\liPw,

the real and imaginary parts of & = v, + t¢; are given by

P
(3.9) m:m=+§.

From Eqgs.(3.2) and (3.7)
(3.10) § = elivt—an),
the real and 1naginary parts of 8 = 0, + i0; are given by

3.11 8, = e " cos(wt — an),
Ui
(3.12) 0; = e *"sin(wt — a;n).
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Solving Eq.(3.3) with the conditions (3.5); and (3.6); and the expres-
sion for #; from Eq.(3.7), we get

. Q.
3.13 u =e M4 — (e M _ g—on ,
(313) az(l—iwk)—m—ﬁw( )
where
A=A+,
1 3 w(l + 4mk)
14 Ar= |=(A+ VAL + 4R =
(3 ) T 2( + + ) ’ Al 8)\r(1+w2k2)’
A= m——"’—i-’“— =w2(1+4mk)2'
14 w?k?’ 64(1 + w?k?)?
The real and imaginary parts of u; = uy,. + fuy; are
: DE-FH _
(3.15) Uy = i te A"’cos/\,;n,
DH+FE  _,,.
(3.16) U = ”GW — € A""Slll}\.in,
where
D = e McosAy — e~ *"cosaym, E = 2uwka?l —m,
(3.17) F = e Msin)n — e *sinoyy, H =20} - %

From Eq.(3.1) the real and imaginary parts of the velocity u = u, + iu;
are

(3.18) U, = upcoswt — uysinwt,
(3.19) u; = ujcoswt 4 uirsinwt.

The shearing stress at the plate is

ou’ 9u' ]
y'=0

! —_ — ——
(3.20) T = [#By' 905y

Using Eqgs.(2.5), (3.1) and (3.20), the skin friction 7 can be written as

T Su 8*u ) - du\
321) 1= — = |— —k—n = (1 — iwk (n«_—) .
( ) pulz (87] Mon 7t ( ) dn /=0
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From Eqs.(3.15) and (3.16) the real and imaginary parts of 7 = 7, + i7;
are
_[G{B(a, - \) — H(X\ — ai)}
3.22) 7= [ FED
+ G{H(o, — M)+ B(h —ai)}
E2 + H?

— Ar] (coswt + wksinwt)

/\,-] (sinwt — wkcoswt),

G{H(o, = A)—EQi—o)}
E? 4 H? '

G {E(CM,. — A,.) + H()\, - CE,')} _ .
+ [ 1 I Ar| (sinwt — wkcoswt),

(3.23) 7=-— [ } (coswt + whsinwt)

4., CONCLUSIONS

In this work we have studied the different effects of the magnetic field
and heat transfer on the flow of a Walter’s B’ viscoelastic fluid past a
vertical plate. Both the velocity and temperature of the plate fluctuate
harmonically with time.

Hrj wi
0.8 - 1) 0
(5)
2)  =/?
(11 3 =
a o4 08~ 17
T T T
16 20 24 28 n
-04 (4)
3)
,087

-10

Tig. 1. The variation of @, with % at different time instants wt with P = 2 and w = 10.

It is seen from Eq.(3.11) and Fig.1 that the temperature profile may
be compared with a damped harmonic wave of wavelength 27 /c; propa-
gating in the 5 — direction with a phase velocity 1/8w/P. The damping
is such that the amplitude of oscillation decreases by e~*",
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Fig. 2. The variation of 8, with 7 for different values of P with wt = 7/4 and w = 10.
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Fig. 3. Velocity field u, against 5 for different values of K with P = 2, w = 10, wt = 7/4,
G=10and m =3.
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Fig. 4. Velocity field u, against 7 for different values of m with P = 2, w = 10, wt = n /4,
G=10and K =0.1.

From Fig.2, it is clear that the temperature distribution in the boundary
layer for the viscoelastic fluid increases with the decrease of the Prandtl
number P, as for the case of the Newtonian fluid [13]. But an opposite
effect is noticed at a certain distance away from the plate. Also the
thermal boundary layer thickness 8 increases with the decrease of P.
From Figs.3-6 it is clear that the effects of the magnetic field m, the
Grashof number G and the Prandtl number P on the velocity field for
the viscoelastic fluid are similar to that of a Newtonian fluid [13]. The
positive value of the velocity at any point increases with the increase
of either G or K individually, keeping the other parameter constant.
However, the velocity gives a reverse relation by increasing P or m.
Almost at the edge of the boundary layer an opposite effect takes place.



Fig. 5. Velocity field u, against 5 for different values of G with P = 2, w = 10, wt = /4,
m=4and K =0.1.

_02 —

Fig. 6. Velocity field u, against i for different values of P with w = 10, wt = 7/4, G = 10,
m=3and K =0.1.

[119]
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Table 1.
P=2 P=2 P=2 G =10
G =10 G =10 m=4 m=3
m=23 K =0.10 K=010 | K=0.10
K Ty m Tr G 7 P Ty
0.00}1.2427 | 0.0 | 2.1059 | 10 | 0.4411 |[1.0|1.3483
0.051.1409 {1 1.0} 1.6965 | 20| 2.9034 |2.0|0.8304
0.10 | 0.8304 | 2.0 | 1.2545 [ 30 | 5.3658 | 3.0{0.5374
0.15 | 0.5713 | 3.0 | 0.8304 {40 | 7.8281 | 4.0 |0.3379
0.20 | 0.3396 | 4.0 { 0.4411 | 50 { 10.2904 | 5.0 | 0.1889

The velocity boundary layer thickness é increases with the increase of
K and the decrease of (P or m) individually, keeping the other parameter

constant.

Table 1 gives the variation of the skin friction 7, with the parameters
of the flow P, G, m and & for w = 10 and wt = 7/4. Thus the skin fric-
tion T, decreases as one of the parameters k, m and P increases keeping
the other two parameters constant. 7, increases with the increase of G,

keeping the other parameters constant.

The transient free convection flow of a Newtonian fluid with and
without a magnetic field can be derived from the above analysis by

taking &k = 0 and k = m = 0, respectively.
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STRESZCZENIE

NIEUSTALONY MAGNETOUYDRODYNAMICZNY PRZEPLYW SWOBODNY PLYNU

LEPKOSPREZYSTEGO WZDLUZ SCIANKI PIONOWEJ

Przeanalizowano swobodny nieustalony przeplyw konwekceyjny nieéciliwego plynu prze-
wodzacego elektrycznodé wzdluz drgajacej $cianki pionowej w obecno$ci poprzecznego pola
magnetycznego. Przeplyw jest scharakteryzowany przez bezwymiarowe liczby P (Prandtla), G
{Grashofa), m (parametr magnetyezny), w (czestoét) oraz k (parametr lepkosprezysty). Stwier-
dzono, Ze profil temperatury poréwnaé moZna do tlumionej fali harmonicznej poruszajycej sig
w kierunku prostopadlym do Scianki. Zardéwno bezwymiarowa temperatura jak i grubosé war-
stwy przyéciennej § wzrastaja przy spadku wartoéci P. Wplyw P, G i m na pole predkosci
u, oraz gruboéé warstwy § w plynie lepkosprezystym sa takie same jak w cieczy niutonowskiej.
Przy wzroscie k wzrastaja réwniez u, i §; odwrotne zjawisko stwierdza sie w pewnej odleglosci
od écianki. Oszacowano sily tarcia 1. na powierzchni scianki dla réinych wartoéci P, G, m, k.
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PeswoMe

HEYCTAHOBUBHIEECH MAT HETOTUAPOJUHAMUYECKOE CBOBOAHOE
TEYEHKUE BASKOYIPYI'OH >KMAKOCTH BAOAb BEPTHKAJIBHOW CTEHKH

TlpoaBanusoBano cs060fHGE HeyCTAHOBUBIIEECH KOHBEKIMOHNOE TeueHNe HECHKMMae-
Mol 3EKTPOLpoBoAIIel KUIKOCTE BHONL KoneGmoillelics BEPTHKANLHOM CTeHKH B MpH-
CYTCTBMH TONEPLYHOro MarfurHoro mond. Tedende OXapaKTePH30OBAHO fespasMepHEIM
uncnom P (Ilpanaras), G (Tpamtoda), m {MaruuTHbIH NapaMerp), w (dacToTa) u k {Ba3-
koynpyrui napamerp). KoncraTuposano, 4to npoduish TeMIepaTYPEl MOXHO CPaBHUTE C
3aTyXaroleif rapMoHNTecKoll BONHOM, IpMAcYIelics B HANPARIeHAA NePIEHANKXYNAPHOM K
crenke. Tax GespasMepHas TeMIlepaTypa, Kak H TO/NIIMHA MOTPaEAYEOrO clof 7 BOIPa-
CTSIOT NPH UA/leHRN 3Havenus P. Buusaue P, G v m HA TIOJle CKOPOCTH %, ¥ TOJNMIHHY €104
§ B BAIKOYNpYro#l JKAMKOCTY aHANOTMYHO KaK B HRIOTOHOBCKOR xmykocru. Ilpu pocre k
BOSDACTAIT TOXKe #, @ §; o6paTHOe suNeHAe KOHCTATHPYETCS HA HEKOTOPOM DPACCTOSHWH
oT cTeHKy. OUeHeNsI CHNE TPeHAS T, Ha NOBEPXHOCTH CTEHKH JUIH PA3HBIX sgaveHAR P,
G, m, k.
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