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DYNAMIC EFFECTS IN THE RAIL VEHICLE-TRACK SYSTEM
FOR ELASTIC-PLASTIC FOUNDATION (*)

A. GRZYB (KRAKOW)

The paper is devoted to elaboration of a simulation method for an infinite straight
Timoshenko beam on the elastic-plastic foundation with nonsymmetric characteristic un-
der moving load. The inertialess distributed load moves along the beam with a constant
velocity. This beam can be considered as a railway track and the loads as a train moving
on the irack. The stationary solution for the nonlinear equation was obtained by means
of the approximation method applying the analytical solution for the case of the linear
approach. Some results of the numerical calculations of dimensionless displacements are
shown in the Figs. 3-7. The plastic deformation of the beam connected with the assumed
elastic-plastic characteristic of foundation have been determined. The numerical program
allows to sum up the plastic displacements computed in successive passing of the load.
These dimensionless plastic deformations are shown in the Tables 2—5. The possibility of
track destruction as a result of incorrect operation has alsc been considered.

NOTATIONS

A beam cross-sectional area,
by, bim atienuation constants of linear characteristic component of the foundation,
referred to beam length unit,

€p, tm  elasticity constants of linear characteristic component of the foundation,
referred to beam length unit,

E  Young’s modulus,
G shear modulus,
I
r
t
»

moment of inertia of beam cross-section,
radius of inertia of beam cross-section,
time,
speed of travelling load,
[{(z) Heaviside’s unit step function,
£ Timoshenko shear coeflicient,

¢ linear mass density of beam,
i angle of rotation.

(") Paper supported by Grant KBN PB 0737/P4/94/06.
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1. INTRODUCTION

When high-speed railway transport is introduced, it is necessary to ana-
lyse the complete vehicle-track system and, in particular, to examine in de-
tail the track characteristics. If in the analysis only linear dynamic systems
are used assuming the nonlinear foundation characteristics, we cannot exaimn-
ine in detail the permanent deformation of'the track. The track, especially
a new one, can be damaged e.g. by incorrect selection of load parameters
and the motion speed. This paper presents an analysis of a dynamic sys-
tem composed of a track and a train running along it. The modelled track
has been assumed to be a simple, infinite Timoshenko beam resting on an
inertialess foundation of nonsymmetric elastic-plastic characteristics. The
train is modelled by a distributed load of a constant intensity, acting on
the beam in an _iﬁertiales_s track section, and moving along the beam at a
constant speed. ' : _ ‘ ‘

Dynamical systems of beams resting on deformable elastic and viscoelas-
tic foundation under rolling loads' were analysed by many authors, e.g. {5,
12, 13]. The problem of linear steady vibrations of a beam resting on a vis-
coelastic half-space, and produced by a load moving at a constant speed
was discussed in [3]. A similar analysis as a Timoshenko beam, taking into
account the stability of its interaction with the foundation, was presented in
[2]. Timoshenko beam was also the subject of investigation of Ref. [14]. The
paper {4] presents an approach to track quality, considering the permanent
ballast deformation in vertical direction. Author’s contribution in this field
are the papers [6] to [10]. In [9] were defined the permanent deflections of
the beam modelling the track connected with the assumed elastic-plastic
foundation. A numerical program was used which made it possible to' de-
termine steady-state nonlinear, close to real vibrations of the track. Using
the program we can sam up the plastic deflections from subsequent load
runs, and the analysis of the subsequent load run includes the change of
foundation characteristics caused by plastic deformation due to the previ-
ous runs. Moreover, the subsequent runs-can have different parameters such
as load density, length of route segment, rolling speed. The program, there-
fore, makes it possible to analyse the event of track damage due to improper
conditions of operation, negative plastic deflections behind the load, as well
as to examine the conditions to eliminate it. The problems of track damage
and the ways of preventing it are illustrated by the results of computations
done for various traffic parameters presented in the paper.

The equations of motion are written under the assumption that the lon-
gitudinal d’Alembert inertial forces and the horizontal reaction of the foun-
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dation, resulting from the contact between the sleepers and the condénsed
ballast, are disregarded. Only the reaction of moment connected with that
kind of interaction is taken into account. Moreover, the uniaxial (vertical)
state of stresses for the elastic-plastic model of the foundation is assumed.
Such an approach leads to a simplification of the analysis and enables the
separation of the bending and longitudinal vibrations of the beam. '

2. DYNAMICAL MODEL AND ITS MATHEMATICAL DESCRIPTION

The model of a dynamical system has been presented in Fig. 1. The sta-
tionary coordinate system Oz,7 is connected with the beam, Oz,y — with
the rolling load.

p, m, -moving load

T Tl

v o O] Tl s

fa 1 T o 4 ' 4 T 2 1 f
1 't (1 : wn |

: } ¥ ¥ ¥ ¥ X,
- n - nonlinear fourldation J

p,.m, -reactien of the foundation

Y Y

Fia. 1. Model of dynamical system.

Tt is assumed that the beam deflection w = w(@y,1) is produced by the
loads: p = p(F1,1) — external distributed load, m = m(Z1,t) — external
distributed moment, N — constant longitudinal force acting along the beam.

Partial differential equations for a Timoshenko beam are:

w O 9w
nAG(a WE%I)—QW'I'P—G,

% Jw 32¢ dw
EIB—E%+HAG(5%;_ )—Q’J" 31‘,2 N8T+
Let
P=Dv—Po, m = M, — Mp,
where

Py = pu(-flat)u My = m’u(flat)a
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are the given rolling loads. Assuming that the beam foundation has nonlinear
characteristics, close to viscoelastic, we assume the following loads:

Po = pO("FEI:t)) My = mﬂ(flat)’

according to the response of deformable foundation. They dependron the
displacements caused by beam vibrations according to the relations
dw O
pﬂchw+bp'87+pa: m0:cm¢+bm5{1
in which pj denotes a nonlinear component. Searching for stationary solu-
tions of equations (1), we introduce new dimensionless variables:
Ty —u w

= 3 Y = —

r W,

H

where w, denotes a known, constant and positive value of deflection w.

In a coordinate system Q1y connected with the moving load, equations
(1) are transformed to ordinary differential equations which, after elimina-
tion of angle 7, are reduced to the following differential equation of the 4th
order:

(2) Flu(@)] + f[u(2)] = gm [Mo(2)] + g, [7, (2)].
In Eq.(2) we have denoted:
Flu@)] = DOV 2V [B(V? — V2) 4 b(V? - V)| "
+ [VAVE+ 14+ 40B+C)— (S + C)VE — V2]
—2V [b(VE + C) + Bl '+ (V2 + Cu,
flu(@)]) = (V- V)py' - 2BVEy + (V! + C)ps.,

Im [mv(m)] = "‘Vlzm—:;(m)a
9p [.(2)] = (V? = VIYB(x) - 2BV, () + (Vi + C)p, (),

D)= (V -V -V, ()=

The load and parameters of the beam and foundation used in Eq.(2)
describe the following dimensionless values:

sA 1
v=2 ﬁy V;zl "G, V= - E,
r\l ¢p rV e e
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by B:;‘m— g = N o= Crm

, m
2./G0 2r2, feo0 ric,’ re,’

. 9
Po = Do [u(z)] = 2y

— — Py — — My
= : = —, ., = T = ,
5 Pu pv(T) Ps e ny(x) PsT

where
Ps = CpW, .

Parameter V introduced above is a dimensionless speed of load motion.
Load pg is presented as a sum

Po=Pu+pa,

where p, — component resulting from the elastic-plastic properties of the
foundation, py —~ component resulting from the damping properties of the
foundation.

The elastic-plastic characteristics assumed in the analysis are shown in
Fig. 2, with the following notations: A,,, A, — points determining the elastic
limit when there is no permanent deflection of the foundation; A, Ay —
points determining the elastic limit when permanent deflection occurs; w,
- permanent deflection of the foundation that remains when the load (of
certain duration) has stopped, with foundation characteristics represented
by straight lines I, {,, and /,, and with elastic limits at points A,, and Api e,
le, — straight lines referring to the elastic part of the characteristics before
and after the deflection wy, respectively; I,,, I, — straight lines referring to
the plastic part of the characteristics.

Py Puz Ap{w.,D P
~

4 I

EIE

awp )]

nz

L-_‘—.

Frg. 2. Elastic-plastic characteristics of foundation and their chauge due to load’s
passage.
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In system Qwp,, the equations of straight lines describing the character-
istics are as follows:

l.: pu(w) = cpw,
ln : Pu('w) = Pn + C;pfn(w - wn),
lp : pu(w) = Pp + cpfp(w - wP)v

where §,, & — coefficients determining the angle of inclination of straight
lines referring to the plastic part of the foundation characteristics.

The assumed elastic-plastic characteristics has thus been described by
five parameters: wy, wy, ¢, &, and £,. The following dimensionless par-
ameters have been introduced:

. w,

Uy = ) Up = ) U =
w, W, W,

Y

In a stationary case, the nonlinear load component (in dimensionless
form) has the form
I_J(*) =P, — 1,
where
_ _ Pu
P e ,

After the load has passed along the beam with foundation characteristics
corresponding to I, I,, and l,, permanent deflection w; # 0 may occur, at
which a next load passage will take place at a new, changed characteristics
(with different elastic limits — providing &, # 0, or £, # 0) determined by
straight lines /., I, and [,. Another load passage, not necessarily with the
parameters of the previous one, may cause a new permanent deflection Wiy,

which will be superposed on the previous deflection w,.

3. REMARKS ON THE METHOD OF ANALYSIS AND A NUMERICAL EXAMPLE

Beam (track) deflection described by the nonlinear differential equation
(2) is determined by the approximate method in which analytical solutions
are used. In a linear case the nonlinear component appearing in (2)is f =0.
Linear equation is solved using the transfer function, integral transformation
and convolution theorem. A description of the method of analysis and ap-
plications of the elastic-plastic characteristics in a numerical program were
given in [9] and a brief description — in [10]. :

In the present case the distributed travelling load of constant value ¢
within the given section of dimensionless length

L=y — Zaq,
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has the dimensionless form

P(2) = do (T~ - a30)] ~ T~z = 2uy)]},

where
q

| qo 7. q colnst..

In the numerical analysis the results of which are shown below, m,(z) =
0,90=2V=50,V,=100,6=02,L=120and C=5=B =4, = 0
have been assumed. The assumed values V; and V; (dimensionless critical
speeds) correspond to a railway track with UIC rails. The data of the track
given in Table 1 were taken from [1] and [11]. Nonlinear elastic-plastic char-
acteristics, representing qualitatively the railway track foundation properties
are described by parameters

Uy =04, &n=-02, w,=21, & =08

Table 1.

A I r k
1.5372 x 107%m? | 6.11 x 10°m* | 6.3 x 10 %m | 0.667
(A, I — for two rails)

0 E a tp
250 kg/m | 2.1 x10" Pa | 8.1x 10 Pa | 1 x 10° = 1.5 x 10* N/m®

The result of numerical analysis of five subsequent passages at V = 12
are dimensionless permanent deflections of the foundation given in Table
2. Their negative va,lues mean that they lead to track damage, i.e, its rise
upwa.rds '

Table 2
P . A ' ‘
nupber 1 2 3 4 5
Ut --0.(]35 —0.090 —0.195 —0.325 -0.537

Comparison of displacements that occurred during these five passages of
the load is given in Fig. 3.

- Comparison of displacements after the fifth passage (hnea.r case V = 12)
is shown in Fig. 4.
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Fis. 3. Comparison of beam displacements during passages at V' = 12.
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Fia. 4. Comparison of displacements after the fifth passage (linear case V = 12).

In case of passage of an unchanged load, at a lower speed, the permanent
displacements of foundation have opposite signs, which is an evidence of
stabilization of plastic deflections. The dimensionless permanent deflections
of the foundation determined by V = 10, occuring during eleven subsequent
passages along the beam on the foundation of the same initial parameters
as before, have positive values (Table 3), which proves that the track level
has become lower. Shake-down is also noticeable.

Table 3,
Passage | 1 2 3 4 5 6 7 8 9 | 10 | 11
wy |0.048 | 0.086 | 0.116 | 0.141 | 0.161 | 0.177 | 0.190 | 0.200 | 0.209 | 0.215 | 0.220
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After these eleven passages, parameters u, and u, of the characteristics
have changed (at unchanged coeflicients £, and &) and are now equal to

a = —0.4441, U, = 2.276.

During subsequent passages of the same load at a higher speed (V = 12),
the permanent foundation deflections do not cause any track damage. Some
values of u; resulting from subsequent passages (including the thirty-fifth
one) have been shown in Table 4.

Table 4.

Passage | | 13 | 14 15 16 17 18 19 20 | 21 22

number

e 0.237 | 0.262 | 0.296 | 0.327 | 0.360 | 0.387 | 0.408 | 0.425 | 0.439 | 0.451 | 0.460

23 24 25 26 27 28 29 30 31 32 33 34 35

0.467 [0.473]0.478 | 0.482 | 0.486 | 0.489 {0,491 0,493 [ 0.495 | 0.497 | 0.498 { 0.499 { 0.500

As it can be seen, beginning from the twellth passage the plastic track
deflection increases during subsequent passages, which means that the track
continues to stabilize during the final passages (Fig.5). Therefore, trains
travelling at higher speeds are no longer destructive, since the track shake-
down occur.

Beginning from the nineteenth passage, because of the changed charac-
teristics of the foundation, the plastic limit {point A,.) is no longer exceeded
at negative deflections (upwards) of the beam.

The comparison of deflections that occurred after the eleventh and thirty-
fifth passages of the load with linear case {determined at V = 10) has been
shown in Fig. 6.

In case of characteristics of adopled parameters, there is a limit travel
speed wy, (in a dimensionless form Vjy, €< 10;12 >); above that limit,
track destruction occurs. Dunng passages at speeds slightly lower than Wy,
shake-down of the foundation can be soon achieved. The possibility of de-
termining such a speed is an important conclusion for practical purposes.

Dynamic effect of foundation stabilization can be also achieved by sub-
sequently increasing valies of the moving load. In the case presented below,
the distributed travel load of constant value k;¢ within the given section of
dimensionless length L has the dimensionless form

Py () = kqo {I[=( — pg)} — [[- (2 - 2ag)]} »
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F1a. 6. The comparison of deflectionis after the eleventh and thirty-fifth passages of the
load with the linear case (determined at V = 10).

The result of the numerical analysis of forty subsequent passages at

V = 12 are dimensionless permanent deflections of the foundation given
in Table 5.

Table 5.

Passage | 2 | 314 |5 |6 | 7 |8 ]9 1|11

Uy 0.006 | 0.010 | 0.019 {0.027 | 0.039 {0.049 | 0.063 [ 0.075 [ 0.030} 0,102 | 0.118 | 0.131

13 14 15 16 17 18 19 20 21 22 23 24 25 26

0.148(0.161|0.178)0.191 |0.208 [0.222 }0.239]0.253 [0.270(0.283 |0.301 }0.314[0.3320.346

27 28 29 30 31 32 33 34 35 36 37 38 39 40

0.36310.3770.394)0.408 10.425 (0.439 (0.451 {06.460{0.467 (0,473 10.478 | 0.482 | 0.486 |0.489

Comparison of displacements that occurred during these forty passages
of load is given in Fig.7.



H R
]
2 W=
= el )
q @ g B
rl.l?mVMuu
dm.mo.m.u
& — R
ﬁﬂorﬂﬂk
2 00 € 8=
S A B
mpemma&m
fﬂm..w.u.ar
OCT&hG
l.mgpcr
1ebxn0
.mmweom
= =
MMYmam
= R R
Eg 2L =23
S8 EE 2
llllH ue
I/l
& w0 &
flmif
o © =P
Wmnmmm
ERyg E2 =
OMO(OC
“E 5 g 23
ge2g8°
= et
“~ 236738
l...u,tnm..h
= 2 E B
c g2 9 @
= o % i
L) nnwa
bl
‘.M.Lu rm.Ow
=
mOymtt
aaaaaaa
2B 2 *c f
<2 ~ o T
Odﬂm.m.o.o
3 Pwdn
& o =6 3
ehaHne
o X e LE
Lwow ~
- = "

©® &
H oz 5 &8
2.8 28 o
TS E e



10.

12.

13.

KRA

11.

14,

DYNAMIC EFFECTS IN THE RAIl, VEHICLE-TRACK SYSTEM 425

REFERENCES

. T. Basiewicz [Ed.], Adaptation of railway to higher speeds and heavy transport [in
Polish]), WKik, Warszawa 1969,

R. BoGacz, On dynamics and stability of continuous systems subjected to a dis-
tributed moving load, Ingenieur-Archiv, No. 53, pp. 243-255, 1083.

. R. Bogacz and Z. ROZENBAJGIER, Steady-state vibrations of the beum resting on
a viscoelastic half-space under a moving load [in Polish], Prace Nauk. Politechniki
Warszawskiej, Mechanika, z.63, pp.45-71, 1979,

W. CzYCzULA, Service stability of track [in Polish], Politechnika Krakowska, Mono-
grafia 126, 1992.

. T. DAHLBERG, Dynamic inleraction between train and track. A literalure survey,
Report F120, Solid Mechanics, Chalmers University of Technology, Gothenburg,
Sweden 1989.

. A, Grzys, Influence of motion of the load distributed over a given length on bend-

ing moment and shear force in a track modelled as Timoshenko beam, Periodica
Polytechnica Ser. Transp. Engng., 21, 2, pp. 125-136, 1993.

A. GrzyB, Modelling of track dynamics with the application of Timoshenko beam
[in Polish], IX Konferencja: Pojazdy Szynowe w Transporcic Europejskim, Krakdéw
1 Muszyna, pp. 111-117, 1992.

. A. GrzvyB, On dynamic properties of two models of beam on nonlinear foundation

subjecled to moving load, Engng. Trans., 41, 3-4, pp, 337-350, 1993.

A. GRrzyB, Vibrations of continuous systems under influence of inertialess moving
loadings in application to transport problems [in Polish], Mechanika, Politechnika
Krakowska, Monografia 174, 1994.

A. GrzyB, Computer simulation of permanent deformations of track under rolling
traing load [in Polish], Pierwsze Warsztaly Naukowe: Symulacja w Badaniach i
Rozwojun, 77-93, Mielno 1994, '

J. Kisiwowski [Ed.], Dynamics of mechanical system rail vehicle-track [in Polish],
PWN, Warszawa 1991.

Z. STRZYZAKOWSKI, Dynamics of mechanical system vehicle-track-environment as
conlinuous-discrete system [in Polish], Prace Inst. Transportu Politechniki Warsza-
wskiej, z.31, 1992,

W. S5zczeSNIAK, Beam and plates subjected to inertial moving loads. Bibliographical
review [in Polish], Prace Nank. Politechniki Warszawskiej, Budownictwo, 2.112,
pp- 775, 1990.

W. SzezeSNIAK, Vibrations of Timeshenko beam subjected to uniformly distributed
moving inertial load continuous structural model [in Polish}, Prace Nauk. Politech-
niki Warszawskicj, Budownictwo, z. 112, pp. 77-118, 1990,

KOW UNIVERSITY OF TECHNOLOGY, KRAKOW.

Received December 15, 1994,



