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1. Introduction

The high speed processes that generate rates of deformation of order 104–
107 s−1 for ductile and brittle materials are still in focus of interests. There are
crucial for those who work on constitutive modeling as well as computations.
These two areas have to be carefully investigated. In particular, when we face
the problems of softening due to fundamental thermal effects one can expect the
difficulties connected with mathematical well posedness of the boundary value
problems and in consequence the uniqueness of the obtained results. This effect
appears when non-positive constitutive stiffness follows the overcoming of local
peak in stress-strain space. In classical plasticity formulation the consequences
of softening drive to lose of the type of the governing set of differential equa-
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tions and this requires a regularization. It can be done in different manner: 1) on
the level of mathematical formulation of constitutive relations (rate dependent
viscoplastic models, higher order gradient etc) or 2) on the level of numerical
applications (introducing the localization zones into the approximation). Both
those treatments we believe could be successful and the results for some partic-
ular cases are comparable with the real behavior of the matter, however only
this which has the strong physical background should be acceptable.

2. Selected constitutive models

2.1. General remarks

The constitutive formulations which introduce the rate dependence have
a chance for regularization of initial value problems and in consequence, after
numerical discretization, can reproduce the behavior with a proper accuracy.
There are some main constitutive formulations commonly used which serve

to describe the behavior of ductile materials including plastic strain localiza-
tion and thermal softening. These constitutive models introduce implicitly or
explicitly the internal length scale which plays the role of regularization param-
eter. These formulations will be discussed. The discussion will be focused on
viscoplastic (eg. Perzyna’s type) but also Rusinek–Klepaczko models which will
be compared with commonly used and applied in numerical codes like Johnson-
Cook one. Let stress that we focus our attention onto fast dynamic processes.
The governing set of equations is of hyperbolic type until the softening effects
are not present. The speed of the process is measured rather by the rate of stains
than by the velocity of the movements. The process under consideration has to
describe the strain localization followed by local fracture, development of cracks
and finally the failure of the specimen.

2.2. Johnson-Cook model

Let us start with the well established constitutive model proposed by John-
son and Cook (JC) [5] and shortly remind the its well known properties. The
JC model allows to take into account hardening, strain rate and temperature
sensitivity. The explicit formulation of the JC model is defined as follows

(2.1) σ(εpl, ε̇pl, T ) = (A+Bεnpl)

[
1 + C ln

(
ε̇pl
ε̇0

)][
1−

(
T − T0

Tmelt − T0

)m]
,

where A is a yield stress, B and n are strain hardening coefficients, C is a strain
rate sensitivity coefficient andm describes the temperature sensitivity. To define
the thermal softening of the material during dynamic loading, the heat equation
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is used. It allows to compute the temperature rise based on the quantity of plastic
work converted into heat

(2.2) ∆T (ε, ε̇) =
β

ρCp

εmax∫

εe

σdεpl,

where β is the Quinney–Taylor coefficient proportional to the quantity of plastic
work converted into heat, ρ is a density of the material and Cp is a specific heat.
Thus the current temperature T is defined as

(2.3) T (εpl, ε̇) = T0 +∆T (εpl, ε̇),

where T0 is the initial temperature. So to describe any material (metal) one has
to identify 5 constitutive parameters except of knowing its physical constants.
Because of its relative simplicity JC model is widely used in many engi-

neering applications however in comparison with experiments it underestimates
the results for very high strain rates. The constitutive model is implemented in
Abaqus/Explicit environment and will be used for comparison with the other
discussed models.

2.3. Rusinek–Klepaczko model

To describe the thermoviscoplastic behaviour of mild steel, an original consti-
tutive relation has been used which couples hardening, temperature and strain
rate sensitivity. However, it allows to take into account the non linearity in term
of strain rate and temperature sensitivity. The equivalent stress σ(εpl, ε̇pl, T )
is an addition of two components, the internal stress σµ(ε

pl, ε̇pl, T ) and the ef-
fective stress σ∗(ε̇pl, T ). The first one describes the hardening and the second
one, the sensitivity and the reciprocity between strain rate and temperature. It
base mainly on the Arrhenius equation. Due to the microstructure of the ma-
terial, BCC, an additive decomposition is used, Eq. (2.4) allowing for a better
description [7, 23, 28]

(2.4) σ(εpl, ε̇pl, T ) =
E(T )

E0

[
σµ(ε

pl, ε̇pl, T ) + σ∗(ε̇pl, T )
]
,

where E(T ) is the Young’s modulus depending on temperature and E0 is the
Young’s modulus at T = 0 K.
The Young’s modulus itself is defined as follows Eq. (2.5),

(2.5) E(T ) = E0

{
1− T

Tm
exp

[
θ∗
(
1− Tm

T

)]}
,

where θ∗ is a material constant depending of the microstructure. For ferritic
steel θ∗ = 0.59 and for austenitic steel θ∗ = 0.9 as discussed in [26].
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The explicit relations for the internal stresses σµ(ε
pl, ε̇pl, T ) and the effective

stresses σ∗(ε̇pl, T ) are the following, Eqs. (2.6) and (2.7)

σµ(ε
pl, ε̇pl, T ) = B(ε̇pl, T )(ε0 + εpl)n(ε̇

pl,T ),(2.6)

σ∗(ε̇pl, T ) = σ∗0

〈
1−D1

(
T

Tm

)
log

(
ε̇max

ε̇pl

)〉m∗

,(2.7)

where B(ε̇pl, T ) is the modulus of plasticity proportional to the yield stress and
depends on strain rate and temperature. The exponent n(ε̇pl, T ) is the hardening
coefficient which depends on strain rate and temperature and allows to define
properly thermal softening during plastic deformation.D1 is a material constant,
Tm is the melting temperature, σ

∗
0 is a constant of the material, m

∗ is the strain
rate sensitivity parameter. ε0 is a material constant allowing to adjust the yield
stress and ε̇max = 107 s−1 is the maximum strain rate allowed for model based
on experiments.
The explicit expressions for n(ε̇pl, T ) and B(ε̇pl, T ) are defined by Eqs. (2.8)

and (2.9)

n(ε̇pl, T ) = n0

〈
1−D2

(
T

Tm

)
log

(
ε̇pl

ε̇min

)〉
,(2.8)

B(ε̇pl, T ) = B0

〈
T

Tm
log

(
ε̇max

ε̇pl

)〉−νCR

,(2.9)

where ε̇min = 10−5 s−1 is the lower strain rate limit of the model, νCR is the
temperature sensitivity coefficient, D2, B0 and n0 are the constants for the
material studied.
In addition, this model called RK has been developed originally with an

algorithm allowing to define in a precise way all the constants of the model [7].
Therefore, the constants are independent of the user and the set of constants
is unique for each material. The constants are defined step by step following
physical restrictions. This model is used with success to describe the behaviour
of different materials [24–26].

2.4. Perzyna’s type viscoplasticity model

2.4.1. Introductory remarks

The material model is stated in the framework of the thermodynamical the-
ory of viscoplasticity together with a phenomenological approach [4, 22, 32].
Formally, the constitutive structure belongs to the class of simple materials
with fading memory. Due to its final form and the way of incorporating the fun-
damental variables, it also belongs to the class of rate dependent material with
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internal state variables [33]. Such an approach locates the model in the macro
(meso-macro) space scale, thus all variables in the model reflect the homogenised
reactions from smaller scales.
Let us shortly describe the key features of mathematical model for adiabatic

process (for detailed and more general formulation see [31]). They are: (i) the
description is invariant with respect to any diffeomorphism, (ii) the obtained
evolution problem is well-posed, (iii) sensitivity to the rate of deformation, (iv) fi-
nite elasto-viscoplastic deformations, (v) plastic non-normality, (vi) dissipation
effects, (vii) thermo-mechanical couplings and (viii) length scale sensitivity. It
should be emphasised also that every variable in the model has a physical in-
terpretation derived from analysis of single crystal and polycrystal behaviour.
In the discussed model, an important role plays the description of damage.

We introduce the second order microdamage tensorial field (as a state variable),
denoted by ξ cf. [4, 22, 31], which reflects the experimentally observed anisotropy
of metals in the mathematical (constitutive) model. Such approach enables us
to keep good global damage approximation (GDA) (strain-stress curves fitting
from experiment and mathematical model) but especially good local damage
approximation (LDA) (GDA plus coincidence in: macrodamage initiation time,
velocity of macrodamage evolution and the geometry of macrodamage pattern).
Let us emphasise that the Euclidean norm of the microdamage field defines the
scalar quantity called the volume fraction porosity or simply porosity [22] while
its principal values are proportional to the ratio of the damaged area to the
assumed characteristic area of the representative volume element [31], thus they
indicate damage plane as one perpendicular to maximal principal value of ξ (cf.
Fig. 1).

Fig. 1. The concept of microdamage tensor.
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2.4.2. Adiabatic process

Kinematics. The abstract body is a differential manifold. The kinematics
of the finite elasto-viscoplastic deformations is governed by the multiplicative
decomposition of the total deformation gradient to the elastic and viscoplastic
parts [8]

(2.10) F(X, t) = Fe(X, t) · Fp(X, t),

where F =
∂φ(X, t)

∂X
is the deformation gradient, φ describes the motion, X

denotes material coordinates, t is time and Fe, Fp are elastic and viscoplastic
parts, respectively.
From the spatial deformation gradient, denoted by l,

(2.11) l(x, t) =
∂υ(x, t)

∂x
,

where υ denotes spatial velocity and x are spatial coordinates, we obtain

l = d+w = de +we + dp +wp,(2.12)

d =
1

2
(l+ lT ),(2.13)

w =
1

2
(l− lT ),(2.14)

where d is the symmetric part andw is the antisymmetric part, of l, respectively.
Now, assuming that the Euler–Almansi strain is taken as a strain measure and
applying Lie derivative we have the fundamental relation

(2.15) d♭ = Lυ(e
♭),

and simultaneously

(2.16) de♭ = Lυ(e
e♭), dp♭ = Lυ(e

p♭),

where Lυ stands for Lie derivative, e for the Euler–Almansi strain and ♭ indi-
cates the tensor that has all its indices lowered. These relations show that the
symmetric part of spatial deformation gradient d is directly Lie derivative of
the Euler–Almansi strain.



SELECTED TOPICS OF HIGH SPEED MACHINING ANALYSIS 75

Constitutive postulates [19]. Assuming that the balance principles hold: con-
servation of mass, balance of momentum, balance of moment of momentum and
balance of energy and entropy production, we define four constitutive postu-
lates [21]:

(i) Existence of the free energy function ψ. Formally we apply it in the fol-
lowing form

(2.17) ψ = ψ̂(e,F, ϑ;µ),

where µ denotes a set of internal state variables governing the description
of dissipation effects and ϑ denotes temperature.

(ii) Axiom of objectivity (spatial covariance). The material model should be
invariant with respect to any superposed motion (diffeomorphism).

(iii) The axiom of the entropy production. For every regular process the con-
stitutive functions should satisfy the second law of thermodynamics.

(iv) The evolution equation for the internal state variables vector µ should be
of the form

(2.18) Lυµ = m̂(e,F, ϑ,µ),

where evolution function m̂ has to be determined based on the experimen-
tal observations.

Initial boundary value problem. Under the above conditions the deforming
body under adiabatic regime is governed by the following set of equations. They
state the initial boundary value problem (IBVP).
Find φ, υ, ρ, τ, ξ, ϑ as functions of t and position x such that [9, 11, 12, 20]:

(i) the field equations

(2.19)

φ̇ = υ,

υ̇ =
1

ρRef

(
divτ+

τ

ρ
· gradρ− τ

1− (ξ : ξ)1/2
grad(ξ : ξ)1/2

)
,

ρ̇ = −ρdivυ+
ρ

1− (ξ : ξ)1/2
(Lυξ : Lυξ)

1/2,

τ̇ = Le : d+ 2τ · d−Lthϑ̇− (Le + gτ + τg) : dp,

ξ̇ = 2ξ · d+
∂g∗

∂τ

1

Tm

〈
Φg

[
Ig

τeq(ξ, ϑ,∈p)
− 1

]〉
,

ϑ̇ =
χ∗

ρcp
τ : dp +

χ∗∗

ρcp
k : Lυξ,
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(ii) the boundary conditions

(a) displacement φ is prescribed on a part Γφ of Γ (B) and tractions
(τ · n)a are prescribed on a part Γτ of Γ (B), where Γφ ∩ Γτ = 0 and
Γφ ∪ Γτ = Γ (B),

(b) heat flux q · n = 0 is prescribed on Γ (B),
(iii) the initial conditions φ,υ, ρ,τ,ξ, ϑ are given for each particle X ∈ B at

t = 0,

are satisfied. In above, we have denoted: ρRef as a referential density, τ as the
Kirchhoff stress tensor, ρ as a current density, Le as an elastic constitutive
tensor, Lth as a thermal operator, g as a metric tensor, ∂g∗/∂τ as the evolution
directions for anisotropic microdamage growth processes, Tm as a relaxation
time of mechanical disturbances, Ig as a stress intensity invariant, τeq as the
threshold stress, χ∗, χ∗∗ as the irreversibility coefficients and cp as a specific
heat.

Material functions. For the evolution problem (2.19) we assume the follow-
ing:

1. For elastic constitutive tensor Le

(2.20) Le = 2µI + λ(g ⊗ g),

where µ, λ are Lamé constants.

2. For thermal operator Lth

(2.21) Lth = (2µ + 3λ)θg,

where θ is thermal expansion coefficient.

3. For viscoplastic flow phenomenon dp [16, 17]

(2.22) dp = Λvpp,

where

Λvp =
1

Tm

〈
Φvp

(
f

κ
− 1

)〉
=

1

Tm

〈(
f

κ
− 1

)mpl
〉
,(2.23)

f =
{
J

′

2 +
[
n1(ϑ) + n2(ϑ)(ξ : ξ)1/2

]
J2
1

}1/2
,(2.24)

n1(ϑ) = 0, n2(ϑ) = n = const.,(2.25)
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(2.26) κ = {κs(ϑ)− [κs(ϑ)− κ0(ϑ)] exp [−δ(ϑ) ∈p]}

·


1−

(
(ξ : ξ)1/2

ξF

)β(ϑ)

 ,

(2.27)
ϑ =

ϑ− ϑ0
ϑ0

, κs(ϑ) = κ∗s − κ∗∗s ϑ, κ0(ϑ) = κ∗0 − κ∗∗0 ϑ,

δ(ϑ) = δ∗ − δ∗∗ϑ, β(ϑ) = β∗ − β∗∗ϑ,

(2.28) ξF = ξF
∗ − ξF

∗∗
〈(‖Lυξ‖ − ‖Lυξc‖

‖Lυξc‖

)mF
〉
,

(2.29) p =
∂f

∂τ

∣∣∣∣
ξ=const

(∥∥∥∥
∂f

∂τ

∥∥∥∥
)−1

=
1

[2J
′

2 + 3A2(trτ)2]1/2
[τ

′

+Atrτδ],

and f denotes the potential function [4, 18, 19, 29], κ is the isotropic
work–hardening–softening function [15, 19], τ

′

represents stress devia-
tor, J1, J

′

2 are the first and the second invariants of Kirchhoff stress
tensor and deviatoric part of the Kirchhoff stress tensor, respectively,
A = 2(n1 + n2(ξ : ξ)1/2), ξF

∗
can be thought as a quasi-static fracture

porosity and ‖Lυξc‖ denotes equivalent critical velocity of microdamage.
Notice, that Eq. (2.28) reflects experimental fact, that the fracture poros-
ity changes for fast processes. Such an approach is consistent with the, so
called, cumulative fracture criterion [2, 6], which assumes the existence of
critical time needed for saturation of microdamage to its fracture limit.

4. For microdamage mechanism we take the additional assumptions [3, 4]:

• increment of the microdamage state is coaxial with the principal di-
rections of stress state,

• only positive (tension) principal stresses induces the growth of the
microdamage,

we have

(2.30)
∂g∗

∂τ
=

〈
∂ĝ

∂τ

〉∥∥∥∥
〈
∂ĝ

∂τ

〉∥∥∥∥
−1

, and ĝ =
1

2
τ : G : τ,

(2.31) Φg

(
Ig

τeq(ξ, ϑ,∈p)
− 1

)
=

(
Ig
τeq

− 1

)mg

,

where

(2.32) τeq = c(ϑ)(1 − (ξ : ξ)1/2) ln
1

(ξ : ξ)1/2

· {2κs(ϑ)− [κs(ϑ)− κ0(ϑ)]F (ξ0,ξ, ϑ)} , c(ϑ) = const.,
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(2.33) F =

(
ξ0

1− ξ0

1− (ξ : ξ)1/2

(ξ : ξ)1/2

) 2
3
δ

+

(
1− (ξ : ξ)1/2

1− ξ0

)2
3
δ

,

and

Ig = b1J1 + b2(J
′

2)
1/2 + b3(J

′

3)
1/3.(2.34)

bi (i = 1, 2, 3) are the material parameters, J
′

3 is the third invariant of
deviatoric part of the Kirchhoff stress tensor.
Now, taking into account the postulates for microdamage evolution, and
assuming that tensor G can be written as a symmetric part of the fourth
order unity tensor I [10]

(2.35) G = Is, Gijkl =
1

2
(δikδjl + δilδjk) ,

we can write the explicit form of the growth function ĝ as

(2.36) ĝ =
1

2

(
τ2I + τ2II + τ2III

)
.

The gradient of ĝ with respect to the stress field gives us the following
matrix representation of a tensor describing the anisotropic evolution of
microdamage

(2.37)
∂ĝ

∂τ
=



g11τI 0 0
0 g22τII 0
0 0 g33τIII


 .

In (2.37) τI , τII , τIII are the principal values of Kirchhoff stress tensor.
It can be noted, that the definition of the threshold stress for microcrack
growth function τeq indicates that the growth term in evolution function
for microdamage is active only after nucleation whereas before nucleation
we have infinite threshold limξ→0 τeq = ∞.

5. For temperature evolution Eq. (2.19) we consider the following relation

(2.38) k = τ.

3. Numerical aspects and some examples

The main purpose of the HSM modeling and computations is to estimate
properly the forces that act in the cutting machine tools. It helps to design the
elements of HSM-machines. For description of the material itself and particularly
its thermo-plastic behaviour we use the constitutive relations of different order of
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complexity. More or less these properties combines the physical observation with
mathematical elegance. One of the fundamental problem is to estimate properly
(identify) the constitutive parameters placed in the mathematical structure.
This could be the topic of a separate study. So, let us allow to use the set of
parameters which describe the same mild steel for three used formulations (JC,
RK, Perzyna models). We will show the results obtained for different speed of
machining and different friction coefficient between specimen and the tool. The
other numerical aspects also will be stressed.

3.1. Orthogonal cutting – geometry, boundary and initial conditions

The analysed HSM set up is presented in Fig. 2. The tool is rigid and its
geometry is described be an exterior angle equal 7◦ and the fillet radius equal
3 µm. The dimensions of the machined sample (3D) are length 2000 µm, height
200 µm and out of plane thickness 5 µm.
The boundary conditions on a sample are applied at the bottom, front and

rear surfaces, while rigid tool can move in horizontal direction only with constant
velocity 12 ms−1. The initial conditions assume room temperature.

a) b)

Fig. 2. a) Configuration of the High Speed Machining; b) Geometry of the rigid tool.

3.2. Material models implementation

The discussed material models are all implemented in Abaqus/Explicit com-
mercial finite element code. While Johnson–Cook model is pre-implemented in
Abaqus/Explicit code, the two other, namely Rusinek–Klepaczko and Perzyna’s
viscoplasticity models are added to the software by taking advantage of a user
subroutine VUMAT, which is coupled with Abaqus system [1]. Let us men-
tion that the Abaqus/Explicit utilises central-difference time integration rule
along with the diagonal (“lumped”) element mass matrices. The details concern-
ing implementation of Rusinek–Klepaczko and Perzyna’s viscoplasticity mod-
els as Abaqus subroutine VUMAT can be found in [27, 34] and [31], respec-
tively.
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3.3. Material parameters for ES mild steel

The material parameters for the ES mild steel for Johnson–Cook, Rusinek–
Klepaczko and Perzyna’s viscoplasticity type models are collected in Tables 1–3,
respectively.

Table 1. Material parameters for ES mild steel – Johnson–Cook model.

Tmelt = 1600 K β = 0.9 ρ = 7800 kg/m3 Cp = 470 J/kgK

α = 10−5 K−1 E = 210 GPa ν = 0.3 A = 57.27 MPa

B = 479.93 MPa n = 0.316 C = 0.0362 ε̇0 = 0.001 1/s

T0 = 300 K m = 0.28

Table 2. Material parameters for ES mild steel – Rusinek–Klepaczko model.

Tm = 1600 K β = 0.9 ρ = 7800 kg/m3 Cp = 470 J/kgK

α = 10−5 K−1 E0 = 210 GPa ν = 0.3 θ∗ = 0.59

T0 = 300 K B0 = 591.6 MPa n0 = 0.285 ε0 = 0.018

D1 = 0.48 νCR = 0.2 σ∗

0 = 406.3 MPa m∗ = 2.8

D2 = 0.19

Table 3. Material parameters for ES mild steel – Perzyna’s type viscoplasticity
model.

λ = 121.154 GPa µ = 80.769 GPa ρRef = 7800 kg/m3 mg = 1

c = 0.067 b1 = 0.02 b2 = 0.5 b3 = 0

ξF
∗

= 0.36 ξF
∗∗

= 0 mF − ‖Lυξc‖ − s−1

δ∗ = 6.0 δ∗∗ = 1.4 Tm = 2.5 µs mpl = 0.14

κ∗

s = 430 MPa κ∗∗

s = 97 MPa κ∗

0 = 317 MPa κ∗∗

0 = 71 MPa

β∗ = 11.0 β∗∗ = 2.5 n1 = 0 n2 = 0.25

χ∗ = 0.8 χ∗∗ = 0.1 θ = 10−5 K−1 cp = 470 J/kgK

3.4. Numerical results

Johnson–Cook model

Plane stress versus plane stress conditions
During the orthogonal cutting (HSM) three dimensional block (volume) is

cut and for simulation of this process the solid elements are used together with
proper description of boundary conditions to assure the plane strain conditions.
We do not use directly plane strain elements because for 3D cases the general
contact algorithm is more efficient.
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It is the reason that in our simulations we have only one layer of finite
elements with out of plane thickness 5 µm. For this thickness and for element
size 10 µm in plane XY we present the distribution of equivalent stresses for
two conditions (plane strain and plain stress), Fig. 3.

Fig. 3. The maps of equivalent stresses for plain stress and plane strain cases; element size
is 10 µm.

The state of deformation presented in Fig. 3 for two cases shows that more
real formation of chip is using plane strain condition [13, 30]. For plane stress
condition the large influence is played by the strain tensor component perpen-
dicular to the plane XY. It leads to fast failure of the material (the chip is
very thin). The force which acts on the tool during cutting process is similar in
both considered cases. The average forces are 0.45 N for both cases for 5 µm
thickness of the model. The force is proportional to the thickness and for ex-
ample if the thickness is 1000 µm (1 mm) the cutting force is equal to 90 N
(0.45 N · 1000 µm/5 µm).

Finite elements size
Previous simulations and analyzes lead to the conclusion that in the case of

orthogonal cutting (HSM) the plane strain condition should be used (all nodes
of the cut material have blocked displacement U3). The important aspect of
numerical modelling with strain and strain rate hardening but with temperature
softening (adiabatic condition), is the description of the mesh size dependency
that proofs the well-possedness of the IBVP. It is presented in this section.
The maps of equivalent stresses and strains for different element sizes: 20 µm,

15 µm, 10 µm are presented in Fig. 4. The used FE meshes are shown above the
HMH stresses maps. The average cutting forces for one layer of finite elements
(5 µm) are of order 0.7 N, 0.5 N and 0.45 N. The important is also that for
larger finite elements the higher fluctuations are obtained, see Fig. 5. In the
next simulations we will use the smallest finite elements size (10 µm). The real
localization zones in the described processes are approximately of the dimensions
of the smallest used elements (10 µm).



82 T. ŁODYGOWSKI et al.

F
ig
.
4
.
T
h
e
eq
u
iv
a
le
n
t
st
re
ss
es
a
n
d
st
ra
in
s
m
a
p
s
fo
r
d
iff
er
en
t
el
em
en
t
si
ze
:
1
0
µ
m
,
1
5
µ
m
,
2
0
µ
m
.



SELECTED TOPICS OF HIGH SPEED MACHINING ANALYSIS 83

Fig. 5. The cutting force for different element sizes.

Friction
The influence of friction coefficient is significant. Figure 6 present the maps

of the equivalent stresses, strains and temperatures for different friction coeffi-
cients (0.3, 0.1). We can observe the deformation and chip formation processes.
For smaller friction coefficient the chip behaves in more ductile way, however
the maximal temperature and plastic deformation are of the same order. The
maximum value of stresses, strains and temperatures are close for two consid-
ered cases. The cutting force is smaller for friction coefficient 0.1 (0.4 N) than
for friction coefficient 0.3 (0.45 N).

Rectangle versus triangle finite elements
It is well known that the different shapes of the elements can introduce

to the IBVP a kind of numerical anisotropy (dispersion effect). The most cases
this drives to uncorrected estimation of the localization zones. In this section the
influence of alignment for two types of finite elements (rectangle and triangle)
is presented. The density of finite elements is similar (elsize = 10 µm) in both
cases and only element type (eltype) is different.
The deformation of the models is different. In model with the triangle ele-

ments the partitioning of the chip is clearly visible while visible using rectangle
finite element the chip is continuous. Additionally, the cutting forces were com-
pared and in case of triangle elements the average force is about 0.7 N (for
eltype = rectangle it is 0.45 N).
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Fig. 6. The maps of equivalent stresses, temperatures and strains for two friction
coefficients: 0.3 and 0.1 for fixed element size 10 µm.

The different effects in JC modelling
The next considered aspect is the influence of constitutive parameters on

failure mode and chip formation. Four cases were taken into account, see Fig. 8.
In Fig. 8a the all effects are included it means, strain hardening, strain rate
hardening and temperature softening. The results (Fig. 8a) are presented also
in Fig. 6a and Fig. 7a. In Fig. 8b, the yield stress is independent of strains,
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Fig. 7. The maps of equivalent plastic strains, stresses, for two mesh alignments.

strain rates and temperatures. The Fig. 8c presents the situation where yield
stress depends only on strain. The last map of equivalent strains presents the
case where yield stress is a function of strain (hardening) and temperature (soft-
ening), see Fig. 8d. In Fig. 8e the plot of cutting forces for all cases is presented.
In case A the average cutting force is 0.45 N, for case B it is only 0.07 N, for
case C the cutting force is 0.6 N but for case D it is 0.3 N. The results show the
effects of taking into consideration some parts of Eq. (2.1) into JC model and
also using the simplifications.

The depth of cut
As the last effect in this section the depth of the cut is discussed. Previous

results took into account only one depth (100 µm). Now we present the results
for the other depth cut equal (50 µm). The comparison of the obtained results
is presented in Fig. 9. In Fig. 9c one can observe the history of the cutting force
for two depths of cut. The force varies in time but the average cutting force for
cut depth 100 µm is 0.45 N and for 50 µm is 0.27 N. These results are also in
agreement with other reported simulations and with laboratory test for other
materials [13, 30].
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a) b)

c) d)

e)

Fig. 8. The maps of equivalent strains for four cases with different effects: a) all effects are
included, b) independent yield stress only, c) yield stress with strain hardening, d) yield
stress with strain hardening and temperature softening, e) the plot of cutting forces for the

all studied cases.
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a)

b)

c)

Fig. 9. The maps of equivalent strains for different depth cut cases with: a) 50 µm,
b) 100 µm, c) cutting force comparison.

Rusinek-Klepaczko model. The depth of the cut is discussed also in this
section for RK model. These results, as before, took into account two depths
(50 µm and 100 µm). The comparison of the obtained results is presented in
Fig. 10. In Fig. 10c one can observe the history of the cutting force for two
cut depths. The force varies in time but the average cutting force for cut depth
100 µm is 0.55 N (in case of JC it was 0.45 N) and for 50 µm is 0.35 N (in case
of JC it was 0.27 N).
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a)

b)

c)

Fig. 10. The maps of equivalent strains for two cases with different depth of cut: a) 50 µm,
b) 100 µm, c) cutting force comparison.

Perzyna’s type viscoplasticity model. Finally, the results obtained using Pe-
rzyna’s type viscoplasticity model for the machined sample are discussed.
Through the analyses we have accepted mesh refinement or alignment like in pre-
vious examples, so we have used C3D8R element with approximate size 10 µm.
As a case study we have consider two cut depths (50 µm and 100 µm) and
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we have repeted the computations with and without adaptive mesh technique
(Arbitrary Lagrangian Eulerian (ALE) adaptive mesh technique cf. [1]).
Let us point out, that the analysis with Perzyna’s type viscoplasticity model

needs additional assumption concerning the initial microdamage state (distribu-
tion of ξ0), what has a serious consequences on final macrodamage evolution [32].
Because of lack of detailed experimental data, we have assumed in all analyses
homogenous and isotropic initial microdamage state, such that initial porosity
was in every material point equal ‖ξ0‖ = 6 · 10−4 [14]. Notice, that anisotropy
introduced by ξ involves full spatial modeling.

Global response
The comparison of the reaction on a tool for cutting depths 50 µm and

100 µm including influence of ALE adaptive mesh technique is presented in
Fig. 11. Recall, that those results are the most important for machinery de-
signers. Like for previously presented results an average force that acts on the
tool for cutting depth 50 µm is around 0.3 N while for cutting depth 100 µm
reaches approximately 0.6 N. Notice, that like in a real experiment resultant
force changes due to chip sticking to the tool. Nevertheless this small influence
of ALE technique on global level is more distinct on local one concerning e.g.
chip geometry and its damage as will be shown in the following.

Fig. 11. Comparison of the reaction on the tool for cutting depth 50 µm and 100 µm
including influence of ALE adaptive mesh technique.

Local response
The comparison of the HMH stresses, the equivalent viscoplatic strains, the

temperature and the porosity maps for cutting depths 50 µm and 100 µm at
time instant 10−4 s are presented in Figs. 12 and 13, respectively. For both cases
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we present the results obtained without and with using ALE technique. Notice,
that for easier analysis of the maps, each time in rows we use legend with the
same upper and lower bounds.
The first notice from Figs. 12 and 13 is that the chip geometry is different.

For the case of cutting depth 50 µm it is hard to interpret the difference due to
severe fragmentation of the chip, however for cutting depth 100 µm we observe
that without ALE technique the chip bends less and there exist a macrodamage.
Let us emphasise that fragmentation is due to shear banding.
The maps in Figs. 12 and 13 show that the distribution of presented quan-

tities is very similar. We observe that locally (at a tool tip) the HMH stresses
reaches around 1000 MPa, the equivalent viscoplatic strains can obtain even 2.8
and the temperature in close to 680 K. Moreover, the local strain rates (what is
not presented graphically), described by the tensor d (Eq. (2.15), are of the order
4 · 106 s−1. Notice, that cutting of local extrema in plots we have similar results
as for previously presented results concerning J-C and RK material models.

4. Conclusions

The comparison of the results that describe the distribution of stresses and
strains, influence of mesh refinement and alignment also using ALE formulation
as well as friction between tool and specimen were discussed for accepted three
constitutive models (JC, RK, and Perzyna). The obtained results differ in details
but qualitatively gave very similar effects in particular in estimation of forces
that acts on tools.
Using of one of the above constitutive relations in numerical simulations

depends significantly on the possibility of proper identification of material pa-
rameters. Let us stress at the end that in practical engineering easier accepted
are simpler relations (those which have smaller amount of parameters), some-
times not so strongly physically and mathematically proven.
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