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Nowadays, optimal parameters are necessary for heat transfer enhancement in different
practical applications. A numerical simulation of natural convection in a semi-trapezoidal en-
closure embedded with porous medium is presented. Stream function and temperature using
the Darcy–Boussinesq approximation and Tiwari and Das’ nanofluid model with new more
realistic empirical correlations for the physical properties of the nanofluids are formulated.
The developed partial differential equations are employed with the help of the stream func-
tion approach. The in-house developed computational MATLAB code is validated with the
previously published work. The impact of a wide range of governing parameters on fluid flow
patterns and temperature gradient variations is presented. The thermal Rayleigh number (Ra)
can be a control key parameter for heat and convective flow. Thermal dispersion effects are
also examined in this study. An increase in the Rayleigh number leads to an increase in heat
transfer, where one can find a reduction of convective heat transfer with φ.

Keywords: natural convection; laminar flow; porous medium; nanofluid; semi-trapezoidal en-
closure.
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1. Introduction

Heat transport and fluid flow in an enclosure embedded with a porous medium
are well-known natural phenomena and they have attracted researchers’ atten-
tion due to their practical applications, which include solar absorber collector
systems [1], foam processing [2], geothermal power [3], borehole heat exchan-
gers [4], wavy surface hybrid heat transfer devices [5, 6], biomechanics [7], gastric
bio-transport [8], bio-fuel cells [9] and industrial filtration [10]. Engineers have,
therefore, extensively examined natural convection flows in enclosures filled with
porous media and also various modeling approaches.

According to [15] it is “a porous enclosure heated from the inner circular
side and cooled from the outer circular side” to study the free convective flow
of magnetic nanofluid with an impact of Brownian motion and thermal con-
ductivity using the control volume finite element method (CVFEM). The study
on several parameters such as Darcy, Hartmann, Rayleigh numbers and angle of
magnetic field parameter identified a direct relationship between convective flow
and Darcy number and Rayleigh number, and an inverse relationship was found
between an inclination angle and Hartmann number. Sivasankaran et al. [16]
adopted a non-Darcy porous model for the analysis of convective flow and heat
expansion of Casson fluid within a porous square enclosure with sinusoidal ther-
mal radiation. Using the SIMPLE algorithm, the obtained results show that
the high values of Casson parameter under radiation generate a thermal strat-
ification phenomenon. Deterioration of heat transport for the rising values of
radiation parameter and improvement of heat transfer for the increasing values
of Casson parameter were observed.

A new type of nanofluids is nano encapsulated phase change material (NEPCM),
where nanoparticles are made of a shell and a core. Seyyedi et al. [17] exami-
ned the characteristics of free convection flow, entropy generation, and heat
transfer of NEPCMs in an enclosure filled with a porous medium. Hashemi-
Tilehnoee et al. [18] used the finite volume method (FVM) conjugated with
a non-dimensionalization scheme using ANSYS Fluent to study the natural con-
vection analysis conjugated with entropy generation analysis in an incinerator-
shaped permeable enclosure loaded with Al2O3-H2O nanofluid subjected to the
magnetic field with a rectangular wavy heater block positioned on the bottom
of the cavity wall. The bottom and top horizontal walls were adiabatic; the in-
clined and vertical walls were considered to be cooled. Raizah et al. [19] consi-
dered three distinct thermal conditions including conducting solid, hot solid and
cold solid particles within the E-shaped enclosure partially filled with a porous
medium to analyze the flow behavior and heat transfer of nanofluid. The results
revealed that the fluid flow and heat transfer were increased within the enclosure
for the case of the hot solid particles.
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The encapsulation technique of phase change materials in the nano dimension
is an innovative approach to improve the heat transfer capability and solve the
issues of corrosion during the melting process. This new type of nanoparticle
was suspended in base fluids call NEPCMs, nano encapsulated phase change
materials [20]. Seyyedi et al. [20] analyzed the impacts of pertinent parameters
on the free convection and entropy generation in an elliptical-shaped enclosure
filled with NEPCMs by considering the effect of an inclined magnetic field.

Heat transfer, free convective flow and entropy generation of water, Al2O3-
water, and NEPCM diluted in water as NEPCM-water suspension in a hot en-
closure were examined by Hashemi-Tilehnoee et al. [21]. The enclosure was
a square porous cavity heated from below, and the remaining walls were ther-
mally insulated. The cavity was cooled by four cooling channels with three differ-
ent configurations. Seyyedi [22] used the CVFEM to examine the heat transfer
behavior of a cardioid-shaped porous enclosure. In addition, the flow and heat
transport were studied in four modes of the cardioid called in the investigation
cases A, B, C, and D.

Sun and Pop [23] investigated numerically the steady-state free convection
heat transfer behavior of nanofluids inside a right-angle triangular enclosure
filled with a porous medium. The governing equations were obtained based
on Darcy’s law and the nanofluid model proposed by Tiwari and Das [38].
Liu et al. [24] studied free convection and entropy generation of water-Al2O3

nanofluid inside an inclined enclosure formed by connecting two inclined trian-
gular cavities under a horizontal magnetic field. In this enclosure, half of the
right walls of the cavity were hot and the remaining walls were adiabatic. As
a result, entropy generation decreased and Bejan number increased for a high
inclination angle.

The present study is motivated by the need to determine the detailed flow
and temperature characteristics as well as the local and average Nusselt num-
bers. To the best knowledge of the authors, no study which considers this prob-
lem has yet been reported in the literature. As such, the focus of this paper is
to examine the effects of pertinent parameters such as the Rayleigh number for
a porous medium, and the solid volume fraction parameter of nanofluids.

2. Mathematical modeling

Consider the steady free convection flow and heat transfer in a porous semi-
trapezoidal enclosure filled with a Cu-water-based nanofluid. A schematic dia-
gram of the problem under investigation is shown in Fig. 1. It is assumed that
nanoparticles are suspended in the nanofluid using either surfactant or surface
charge technology. This prevents nanoparticles from agglomeration and depo-
sition on the porous matrix [11–14]. Here x and y are the coordinates of the
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Fig. 1. Schematic diagram of the domain.

Cartesian geometry, and L is the length of the semi-trapezoidal enclosure. It is
assumed that the right side is heated and kept at a high temperature Th. The
Darcy–Boussinesq approximation is employed. Under these assumptions and us-
ing the model of the nanofluid proposed by Tiwari and Das [38], the equations
governing this problem are

continuity:

(2.1) ∇V = 0,

momentum [23, 39]:

(2.2) ∇p = −
µmnf
K

V− (ρβ)nf (T − Tc) g,

energy:

(2.3) (V · ∇)T =
kmnf

(ρCp)nf

(
∇2T

)
− 1

(ρCp)nf
(∇ · qr) ,

where V denotes the Darcian velocity vector, K denotes porous medium per-
meability, g denotes the gravitation acceleration vector, µ denotes the dynamic
viscocity, p denotes density, k denotes thermal conductivity, Cp represents spe-
cific heat at a fixed pressure, and β denotes thermal expansion coefficient.

The nanofluid physical properties: viscosity (µnf ), heat capacitance (ρCp)nf ,
buoyancy coefficient (ρβ)nf , and thermal conductivity (knf ) are:

(2.4)

µnf =
µf

(1− φ)2.5 ,

(ρCp)nf = (1− φ) (ρCp)f + φ (ρCp)s ,

(ρβ)nf = (1− φ) (ρβ)f + φ (ρβ)s ,

knf
kf

=
ks + 2kf − 2φ(kf − ks)
ks + 2kf + φ(kf − ks)

,
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where φ denotes the uniform concentration of the nanoparticles in the enclosure
and indices nf, f , and s indicate nanofluid, fluid, and nanoparticle, respectively.
The nanofluid dynamic viscosity (µnf ) can be approximated in terms of the vis-
cosity of the base fluid (µf ) consisting of a dilute suspension of the fine spherical
particles stated in [25]. It is worth mentioning that expression (2.4) is restricted
to spherical nanoparticles, as it does not account for other shapes of nanopar-
ticles. The thermophysical properties of the nanofluid and solid structure of
the porous medium are given in Table 1. These thermophysical properties of the
nanofluids were also used by Khanafer et al. [26], Oztop and Abu-Nada [27],
Abu-Nada and Oztop [28], and Muthtamilselvan et al. [29]. Further, it
should be noted that for ks � kf it results in the following limitation:

(2.5) knf ≈ kf
1 + 2φ

1− φ
which limits the present study to the value of knf given by this relation.

Table 1. Thermophysical properties of fluid and copper (Cu) nanoparticles.

Physical properties Base fluid (water) Cu

Cp [J/(kg ·K)] 4179 385

ρ [kg/m3] 997.1 2700

k [W/(m ·K)] 0.613 205

α× 10−7 [m2/s] 1.47 846.4

β × 10−5 [K−1] 21 2.22

On the other hand, we have (see [30]):

(2.6) (ρCp)m = ε (ρCp)f + (1− ε) (ρCp)s , km = εkf + (1− ε)ks,

and using the relations (2.4) and (2.6), the physical properties (heat capacitance,
thermal conductivity and thermal diffusivity) of the nanofluid saturated porous
medium are given by:

(2.7)

(ρCp)mnf = ε(ρCp)nf + (1− ε)(ρCp)s = (ρCp)m

[
1− εφ

(ρCp)f − (ρCp)s
(ρCp)m

]
,

kmnf = εknf + (1− ε)ks = km

{
1−

3εφkf (kf − ks)
km [ks + 2kf + φ(kf − ks)]

}
,

αmnf =
kmnf

(ρCp)nf
,

where ε is the porosity of the porous medium, α is the thermal diffusivity, and
the subscripts mnf , s and m represent the nanofluid saturated porous medium,
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solid matrix of the porous medium and clear fluid saturated porous medium,
respectively. The enhancement of the thermal conductivity given in Eq. (2.7) is
in agreement with the enhancement reported by Yu et al. [31] for a common
porous medium material saturated by a water base nanofluid:

qr = (qrx, qry, 0) , qrx = − 4σ

3k∗
∂T 4

∂x
, qry = − 4σ

3k∗
∂T 4

∂y
.

With the help of the Taylor series, we expand T 4 in terms of the low inclined
wall temperature Tc and ignore higher-order terms, leading to:

T 4 ≈ 4TT 3
c − 3T 4

c .

With the help of the above, the radiative flux components are reduced to:

qrx = −4σT 3
c

3k∗
∂T

∂x
, qry = −4σT 3

c

3k∗
∂T

∂y
.

Equations (2.1)–(2.3) can be written in Cartesian coordinates as:

∂u

∂x
+
∂v

∂y
= 0,(2.8)

µmnf
K

(
∂u

∂y
− ∂v

∂x

)
= −g (ρβ)nf

∂T

∂x
,(2.9)

(2.10) u
∂T

∂x
+ v

∂T

∂y
= αmnf

(
∂2T

∂x2
+
∂2T

∂y2

)
+

1

(ρcp)nf

16σ∗T 3
∞

3k∗

(
∂2T

∂x2
+
∂2T

∂y2

)
,

(2.11)
X =

x

L
, Y =

y

L
, U =

uL

αmnf
,

V = vL/αmnf , θ = (T − Tc) / (Th − Tc) .

The fluid flow field introduced stream function ψ and it is defined as follows:

(2.12) U =
∂ψ

∂y
, V = −∂ψ

∂x
,

so, the governing equations are taken accounting for the stream function as
follows:

∂2ψ

∂x2
+
∂2ψ

∂y2
= −Ra ·H(ϕ)

∂θ

∂x
,(2.13)

∂ψ

∂Y

∂θ

∂X
− ∂ψ

∂X

∂θ

∂Y
=

(
1 +

4

3
Rd
)(

∂2θ

∂X2
+
∂2θ

∂Y 2

)
.(2.14)
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The dimensionless boundary conditions of domain of interest are:

(2.15)

ψ = 0, θ = 0 on slant wall,

ψ = 0, θ = 1 on right wall,

ψ = 0,
∂θ

∂Y
= 0 on Y = 0 and Y = 1.

Here,

Ra = gK (ρβ)f (Th − Tc)L/ (αmµf ) , Rd = −4σT 3
c

kk∗
,

and

H(ϕ) =

[
1− ϕ+ ϕ (ρβ)p /(ρβ)f

][
1− ϕ+ ϕ (ρCp)p /(ρCp)f

]
1− 3εϕkf (kf−kp)

km[kp+2kf+ϕ(kf−kp)]

(1− ϕ)2.5.

3. Numerical method

The partial differential Eqs. (2.13) and (2.14) of the present domain investi-
gation and the corresponding boundary conditions (2.15) are employed with the
help of the finite difference method (see [32–36]) with second-order accuracy.
The stream function Poisson’s Eq. (2.14) is obtained from the Gauss-Seidel
iterative method. The numerical methodology was coded in MATLAB. The de-
veloped computation algorithm is terminated when the stream function residual
reaches below 10−8. The in-house developed computational code is developed
in MATLAB and verified against the work of [23] and [37]. Table 2 depicts
the comparison of the mean Nusselt number Nu obtained for different Rayleigh
numbers and the solid volume fraction from the other two references and it gives
a good agreement.

Table 2. Comparison of the average Nusselt number in a porous triangular enclosure.

Ra ϕ
Nu avg

Sun and Pop [23] Chamkha and Ismael [37] Present

500 0 9.66 9.52 9.63

1000 0 13.9 13.6 13.96

500 0.1 9.42 9.44 9.43

4. Results and discussion

A numerical investigation was performed for the boundary value problems
from (2.13)–(2.15) on the following governing key parameters: Rayleigh number
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(Ra = 10, 100, 500, 1000), porosity parameter (ε = 0.05, 0.5, 0.8, 1.2), the
solid volume fraction parameter of nanoparticles (φ = 0.04, 0.05), and thermal
radiation (Rd = 0, 1.0, 1.2, 1.5, 2). Impact-oriented particular outcomes were
observed in the effects of these governing parameters for both the field of flow
and temperature distribution of the nanofluid.

Rayleigh number is a very important parameter that has effects on heat
transfer within a porous medium. Figure 2 depicts streamlines and isotherms for
water-based Cu-nanofluid for various values of Ra with Rd = 1, φ = 0.05, ε = 0.5
for the solid system of porous medium. Despite distinct values of Rayleigh num-
ber and structure of the porous medium, an anti-clockwise mono circulation of

a)

b)

c)

d)

Fig. 2. Isotherms and streamlines contours for Rd = 1, φ = 0.05, ε = 0.5:
a) Ra = 10; b) Ra = 100; c) Ra = 500; d) Ra = 1000.
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the eddy was formed inside the cavity. When Ra = 10 (see Fig. 2a), a single cir-
cular eddy was generated inside the enclosure and the corresponding isotherms
occupied the enclosure. When Ra values increased, the strength of viscous forces
reduced and this led to the rise of buoyancy forces; accordingly, vortex strength
inside the cavity was also enhanced. So, for Ra = 100, 500, 1000 (Figs. 2b–2d),
the respective eddies inside the cavity were gradually enhanced and the shape
of the eddy shifted from circular to elliptical. At Ra = 1000 (Fig. 2d), the maxi-
mum strength of the vortex was observed. When the Rayleigh number enhanced,
the convective fluid cell was stronger, the convective circulation stretched to-
wards the horizontal axis, and the thermal boundary layer along the cold wall
was stronger. The former can be confirmed by the maximum absolute values of
the stream function as the following:

|ψ|Ra = 10
max = 0.29 < |ψ|Ra = 100

max = 2.16 < |ψ|Ra = 500
max = 6.75 < |ψ|Ra = 1000

max = 10.78.

It is obvious that changes in free convective flows are directly related to the
respective variations in the temperature field. At Ra = 10 (Fig. 2a), a weak
heat transformation from the right hot wall to the left inclined cold wall was
observed, and a considerable distribution of isotherms towards the cold wall
was noticed. An increase in Rayleigh number (Ra) led to the rising strength
of heat transformation along the inclined cold wall. At Ra = 1000 (Fig. 2d),
the flow particles were boosted towards the cold wall and the thermal contours
were steeper and more clustered near the cold wall. The thermal boundary layer
formation was observed for greater values of the buoyancy forces. The ther-
mal flume was stronger at the thermal Rayleigh number Ra = 1000, which is
observed in Fig. 2d.

The porosity of the porous medium is another key factor that shows an
impact on heat expansion inside the cavity. Figure 3 depicts streamlines and
isotherms for distinct values of the porosity parameter ε at φ = 0.05, with
Rd = 1, Ra = 1000 for the solid system of porous field. Increasing values
of ε led to insignificant changes in streamlines and isotherms. Such behavior can
be confirmed by the maximum absolute values of the stream function:

|ψ|ε= 0.8
max = 10.7789 < |ψ|ε= 0.5

max = 10.7840 < |ψ|ε= 0.05
max = 10.7856.

The solid volume fraction parameter (φ) is also another key parameter that
helps us to analyze how nanoparticles show an impact in the heat transfor-
mation of nanofluids. Figure 4 depicts streamlines and isotherms for distinct
values of φ, at ε = 0.05, Ra = 1000 for the solid system of porous field. When
φ values were increased, attenuation in fluid flow was observed inside the ca-
vity and did not show any impact on thermal expansion. When the concentra-
tion of nanoparticles inside the cavity increased the fluid flowed upward along
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a)

b)

c)

Fig. 3. Isotherms and streamlines contours for Rd = 1, φ = 0.05, Ra = 1000:
a) ε = 0.05; b) ε = 0.5; c) ε = 0.8.

a)

b)

Fig. 4. Isotherms and streamlines contours for Rd = 1, ε = 0.05, Ra = 1000:
a) φ = 0.04; b) φ = 0.05.
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the right hot wall and downward along the left inclined cold wall. Such beha-
vior can be confirmed by the maximum absolute values of the stream function
|ψ|φ= 0.04

max = 11.00 > |ψ|φ= 0.05
max = 10.78. Figures 4 and 5 present the influence of

thermal Rayleigh number, porosity and nanofluid volume fraction on the local
Nusselt number, respectively. The heat transfer along the hot wall increased
with Rayleigh number. In addition, insignificant heat distribution along the hot
wall was observed for the impact of the porosity and nanofluid volume frac-
tion. Figures 6 and 7 present the influence of the nanofluid volume fraction and
thermal radiation parameter on the local Nusselt number of the isothermal hot
wall, respectively. Significant changes are observed in heat transfer for the var-
ious values of Rd. In addition, it was observed that a more essential increment

Y

Fig. 5. Local Nusselt number variation of the hot wall with Ra for φ = 0.05, ε = 0.5, Rd = 1.

Y

Fig. 6. Local Nusselt number variation of the hot wall with φ for Rd = 2, ε = 0.05, Ra = 1000.
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Y

Fig. 7. Local Nusselt number variation of the hot wall with Rd for φ = 0.05, ε = 0.5, Ra = 100.

of the Nusselt number with increase in φ and Rd occurred for the high thermal
conductivity material of the solid matrix.

5. Conclusions

Natural convection in a semi-trapezoidal porous cavity with isothermal ver-
tical and inclined walls, with adiabatic horizontal ones filled with a water-based
nanofluid, was studied. Particular efforts focused on the effects of the thermal
radiation, Rayleigh number, solid volume fraction parameter of nanoparticles,
the porosity of the porous medium and solid matrix of the porous medium on
temperature distribution, flow field, and Nusselt number. An insignificant heat
distribution (local Nusselt number) was observed for the impact of the porosity
parameter and nanofluid volume fraction. It was found that the local Nusselt
number is an increasing function of the thermal Rayleigh number and thermal
radiation parameter, and the thermal Rayleigh number (Ra) can be a control
key parameter for heat and convective flow. In addition, thermal dispersion ef-
fects were examined in this study. An increase in the Rayleigh number led to
an increase in heat transfer, where one can find a reduction of convective heat
transfer with φ.
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