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This paper addresses the combined effects of the magnetic field, thermal buoyancy force,
viscous dissipation, Joule heating and temperature-dependent viscosity on the Couette flow
of an incompressible conducting fluid between two concentric vertical pipes. It is assumed
that convective cooling occurs at the surface of the outer moving pipe while the surface of
the inner fixed pipe is maintained at a constant temperature. The nonlinear equations for
momentum and energy are obtained and solved numerically using a shooting method coupled
with the Runge-Kutta-Fehlberg integration procedure. Relevant results depicting the effects of
embedded thermophysical parameters on the velocity and temperature profiles, skin friction,
the Nusselt number, entropy generation rate and the Bejan number are presented graphically
and discussed. It is found that an increase in the magnetic field intensity boosts the entropy
generation rate while an increase in convective cooling lessens it.
Key words: MHD; variable viscosity; Couette flow; concentric pipes; buoyancy force; heat
transfer.
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Grashof number,
acceleration due to gravity,
heat transfer coefficient,
fluid thermal conductivity,
annulus gap parameter,
material property,
magnetic field parameter,
irreversibility due to heat transfer,
entropy generation due to viscous dissipation,
dimensionless entropy generation rate,
Nusselt number,
fluid pressure,
Prandtl number,
inner and outer pipes radii,
radial distance,
fluid temperature,
temperature at the inner pipe surface,
ambient temperature,
dimensional axial velocity,
outer pipe velocity,
dimensionless axial velocity,
axial distance.

Greek Symbols
µ0 – fluid dynamic viscosity at the ambient temperature,
µ – fluid dynamic viscosity,
ρ – fluid density,
β – volumetric thermal expansion coefficient,
σ – fluid electrical conductivity,
γ – rate of decrease in fluid viscosity due to temperature difference,
η – dimensionless gap between two cylinders,
β – volumetric thermal expansion coefficient,
ε – dimensionless axial pressure gradient,
θ – dimensionless temperature.

1. Introduction
Heat transfer within two concentric cylindrical pipes under Couette or Poiseuille flow scenarios can be found in many engineering and industrial processes
that involve heating and cooling with the applications of heat exchangers. For instance, heat exchangers formed by concentric cylindrical pipes are widely used
in space heating, refrigeration, air conditioning, power plant cooling, chemical
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plants, petrochemical plants, petroleum refineries, natural gas processing, and
sewage treatment. The continuous flow of heat-absorbing chilled liquid coolant
within the concentric pipes prevents the heat accumulation within the inner
pipe during operation. The fluid dynamics of a viscous liquid confined to the
gap between two rotating cylinders have been theoretically and experimentally
studied by many researchers [1, 2]. The exposure of the (electrically conductive)
liquid to magnetic fields leads to a further improvement of flow process, which
then relies on the geometry and strength of the magnetic field as well as the
fluid’s viscosity and resistivity ratio. The effect of aspect ratio on heat transfer
flow through an annulus was researched by Fénot et al. [3]. Numerical study on
thermal decomposition in a non-Newtonian reactive fluid flow within the annulus
of a concentric cylindrical pipe under a generalized Couette flow was conducted
by Makinde [4]. He obtained the critical values of exothermal reaction parameter for thermal stability in the flow systems were obtained. Attia [5] studied
the effect of variable viscosity, magnetohydrodynamic (MHD), Joule and viscous dissipation of dusty fluid and heat transfer through parallel porous plates.
He identified that the change in viscosity variation parameter leads to asymmetric velocity profiles about the central plane. Makinde and Onyejekwe [6]
numerically studied the impact of variable viscosity and electrical conductivity on MHD generalized Couette flow with heat transfer characteristics. Seth
et al. [7] studied the impacts of rotation and magnetic field on Couette flow
of a viscous incompressible electrically conducting liquid in a rotating medium
between two horizontal parallel porous plates. The magnetic field was found
to have a tendency to retard fluid flow in both the main and secondary flow
directions. Ali et al. [8] examined the effects of convective cooling on hydromagnetic unsteady Couette flow of nanofluids and heat transfer in a rotating
system. In the annular region between two coaxial circular tubes, Samaland
Biswal [9] researched the fluctuating flow of a second-order fluid. In the form
of the Fourier series, they developed velocity components. The analytical and
numerical solution for suddenly stopped axial Couette flow was researched by
Thirumaran et al. [10]. They also took the stability flow into account when
introducing a relatively small disturbance to the flow. The combined effects of
Hall current, wall suction/injection and variable viscosity on Couette–Poiseuille
flow of magnetic nanofluid through a rotating porous channel was investigated
by Makinde et al. [11].
The present trend in optimizing the flow heat transfer is to evaluate the
entropy generation rate in order to decrease its damaging impact on system efficiency. Thermodynamic irreversibility is expounded to entropy generation and
occurs in all flow and heat transfer processes. In the flow and thermal systems,
Bejan [12] launched the theoretical assessment of the entropy generation rate.
He showed that thermal system efficiency could be enhanced if the entropy gen-
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eration could be minimized in the system. After his work, many researchers have
conductedrelated analyses on completely different issues to examine the result
of entropy generation on the thermal system and recommended means for minimizing the result. Yurusoy et al. [13] studied second law analysis in third-grade
fluid flowing through a circular pipe with body dependent temperature. They
identified that temperature within the rounded pipe decreased with the nonNewtonian parameter. The heat transfer and entropy generation within the flow
of a variable consistency fluid through a cylindrical pipe with convective cooling
was considered by Tshehla et al. [14]. They found that temperature distribution increases with increasing values of Brinkmann number. Eegunjobi and
Makinde [15] numerically examined the entropy generation in Couette flow between two concentrical pipes of variable viscosity fluid. They reported that the
entropy generation rate increased with increasing of viscousness variation parameter. In a parallel composite channel with viscous and Joule heating, Vyas
and Ranjan [16] studied generalized MHD Couette flow. They observed that
the Bejan number rises with an upsurge in the temperature difference parameter.
Jain et al. [17] examined the thermodynamic study in generalized Couette flow
through a porous medium with various heat boundary conditions, and discovered
that the parameter of permeability improves the heat profiles. Eegunjobi and
Makinde [18] considered the model of irreversibility and heat transfer on liquid film with magnetic force, buoyancy-driven variable viscosity and convective
cooling. They noted that the profiles of Bejan numbers increase with increasing
the Biot number. Several other authors [19–22] have considered entropy generation and its effects on various thermal flow configurations under various thermal
boundary conditions.
The main objective of this study is to numerically investigate the combined
effects of thermal buoyancy and variable viscosity on the inherent irreversibility
in hydromagnetic Couette flow between two concentric pipes. In the following
sections, the problem is formulated, analyzed and solved. Obtained results are
presented graphically and discussed.
2. Mathematical model
We consider a steady Couette flow of an incompressible, variable viscosity
and electrically conducting fluid through the gap between two concentric vertical
pipes under the combined action of thermal buoyancy, axial pressure gradient
and radially imposed magnetic field of strength B0 . The inner pipe is fixed while
the outer pipe is subjected to uniform motion with velocity Ub in the axial
direction. The surface of the inner pipe is maintained at uniform temperature T0 ,
while the convective heat exchange with the ambient surrounding takes place at
the surface of the outer pipe, as depicted in Fig. 1.
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Fig. 1. Problem geometry.

The governing equations in the form presented by Egunjobi and Makinde
[15] are given by
∂u
= 0,
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In addition to the concentric pipe flow, we write boundary conditions as follows:
u = 0,

T = T0

(2.5)
u = Ub,

−k

∂T
= h(T − Ta )
∂r

at r = r1 ,
at r = r2 .

The fluid temperature-dependent dynamical viscosity µ(T ) is assumed to be
(2.6)

µ(T ) = µ0 e−m(T −Ta ) ,

where µ0 is the fluid dynamic viscosity at the ambient temperature Ta such that
Ta <T0 , m is material property, z is the axial distance, r is the radial distance,
T is the fluid temperature, u is the axial velocity, r1 , r2 are the inward and
outward radii respectively, ρ is the fluid density, k is fluid thermal conductivity,

322

O.D. MAKINDE, A.S. EEGUNJOBI

P is fluid pressure, β is volumetric thermal expansion coefficient, EG is the
volumetric entropy generation rate, g is the acceleration due to gravity, σ is
the fluid electrical conductivity, and h is the heat transfer coefficient. The flow
parameter b is defined such that b = 0 implies the Poiseuille flow scenario and
b > 0 corresponds to generalized Couette flow. Using dimensionless variables
P =

r1 LP
,
U µ0

w=

u
,
U

η=

r − r1
,
r1 L

Z=

z
,
r1 L

θ=

T − T1
,
T0 − T1

L=

r2 − r1
,
r1

γ = m (T0 − Ta ) ,

M=

σB02 L2 r12
,
µ0

(2.7)
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gβr12 L2 (T0 − Ta )
,
U µ0
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Eg r12 L2
,
k

Pr =

µ0 cp
,
k

Ec =

U2
,
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∂P
,
∂Z

Bi =

hr1 L
,
k

ε=−

the dimensionless governing equations together with the appropriate boundary
conditions can be written as


dw dθ
L
dw
d 2w
(2.8)
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+
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2

+ M Pr Ec w2 = 0,
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with
(2.11)

w(0) = 0,

θ(0) = 1,

w(1) = b,

dθ
(1) = −Bi θ(1),
dη

where γ is the rate of decrease in fluid viscosity due to temperature difference,
M is the magnetic field parameter, ε is the pressure gradient parameter, Gr is the
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Grashof number, Cp is the specific heat at constant pressure, L is the concentric
cylinders gap parameter, Pr is the Prandtl number, Ec is the Eckert number,
Bi is the thermal Biot number, and η is the dimensionless gap between the two
cylinders. Other parameters of interest are the skin friction (Cf) and the Nusselt
number (Nu), and they are defined as
(2.12) Cf =

r1 Lτ
dw(η)
= e−γθ(η)
µ0 U
dη

where
τ = µ(T )

du
dr

,

Nu =

η=0,1

q = −k
r1 ,r2

r1 Lq
dθ(η)
=−
k(T0 − Ta )
dη

dT
dr

,
η=0,1

.
r1 r2

The Bejan number (Be) is defined as
(2.13)

Be =

where N2 = Pr Ec e−γθ

h

N1
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=
,
Ns
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i2

+ M Pr Ec w2 is the entropy generation due to
h i2
dθ
is the irreversibility due
viscous dissipation and magnetic field, N1 = dη
to heat transfer.
dw
dη

3. Numerical procedure
The nonlinear boundary value problem described by model Eqs (2.8)–(2.11)
is numerically tackled using a shooting method coupled with the Runge-KuttaFehlberg integration scheme [23]. Let
(3.1)

w = y1 ,

w0 = y2 ,

θ = y3 ,

θ0 = y4 .

The governing equations are then transformed into a set on nonlinear initial
value problem as
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2
2
y4 = − Lη+1 y4 − Pr Ec e y2 − M Pr Ec y1
with the corresponding initial conditions given as
(3.3)

y1 (0) = 0,

y2 (0) = a1 ,

y3 (0) = 1,

y4 (0) = a2 .
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The unknown initial values of a1 and a2 in Eq. (3.3) are first estimated and after
that determined accurately using a shooting method with the Newton-Raphson’s
iteration technique with a step size of ∆η = 0.01. Numerical solutions obtained
for the velocity and temperature profiles are used to compute the values for the
skin friction, the Nusselt number, the entropy generation rate and the Bejan
number as specified in Eqs (2.12) and (2.13).
4. Results and discussion
The dimensionless fluid velocity, the temperature, the skin friction, the Nusselt number, the entropy generation rate, and the Bejan number are presented
in Figs 2–27 for various essential physical parameters. The variation of the fluid
velocity profiles in the annulus within the concentric pipes is depicted in Figs 2–6.

Fig. 2. Impact of γ and ε on w(η).

Fig. 3. Impact of Gr and L on w(η).

Fig. 4. Impact of b and Bi on w(η).

Fig. 5. Impact of Pr on w(η).
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Fig. 6. Impact of M and Ec on w(η).

In general, the fluid velocity is zero at the surface of the inner fixed pipe due
to no-slip condition, while it increases gradually to its maximum value within the
annulus and then slightly declines to the prescribed outer moving pipe velocity.
An increase in axial pressure gradient parameter (ε) and variable viscosity (γ)
parameter increases the fluid velocity, as shown in Fig. 2. A similar trend of
enhanced velocity is noticed in Figs 3–6 with a rise in the Grashof number (Gr),
the Eckert number (Ec), the annulus gap parameter (L), the outer pipe motion
parameter (b) and the Prandtl number (Pr). However, the trend is reversed with
a decline in velocity profiles as the value of the magnetic field parameter (M )
and thermal Biot number (Bi) increases. This may be attributed to the fact
that as parameter values ε, γ, Gr, Ec, L, and Pr increase, the fluid viscosity
decreases due to a rise in temperature while the annulus gap between the two
pipes widens, consequently resulting in an increase in the flow rate. Meanwhile,
the flow rate decreases with a rise in parameter values of Bi and M due to the
combined effects of convective cooling at the surface of the outer moving pipe
and the presence of the Lorentz force that tends to slow down the conducting
fluid motion.
The effects of various thermophysical parameters on the fluid temperature
profiles are displayed in Figs 7–11. Generally, the fluid temperature within the
concentric pipe annulus is greatly influenced by the rate of convective heat loss
to the ambient surrounding at the outer pipe surface. Interestingly, an increase
in the fluid temperature is observed with increasing parameter values of ε, γ,
Gr, b, Ec, M , and Pr. Moreover, as the values of these parameters increase, the
fluid viscosity decreases due to thermal buoyancy while the flow rate increases,
and consequently, the rate of internal heat generation due to viscous dissipation and the Joule heating intensifies and the fluid temperature is enhanced.
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Fig. 7. Impact of ε and γ on θ(η).

Fig. 8. Impact of Gr and L on θ(η).

Fig. 9. Impact of b and Bi on θ(η).

Fig. 10. Impact of M and Ec on θ(η).

Fig. 11. Impact of Pr on θ(η).
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Meanwhile, the trend is opposite with the fluid temperature decreasing as the
parameter values of Bi and L increase. This is expected as an increase in Bi leads
to an increase in the rate of convecting cooling at the outer moving pipe surface. Additionally, an increase in L widens the concentric pipes annulus, which
invariably reduces the frictional heating and the fluid temperature falls.
The effects of various embedded parameters on the skin friction and Nusselt
number are depicted in Figs 12–17. It is noteworthy to mention that the skin
friction at the inner surface of the outer moving pipe grows rapidly with an
increase in the parameter values of ε, γ, Gr, Ec, L, and Pr, as illustrated in
Figs 12–14. This can be attributed to the fact that the fluid becomes lighter
as a result of a decrease in viscosity caused by thermal buoyancy. The flow
rate is enhanced due to a widening gap of the concentric pipes annulus, and
consequently, the velocity gradient at the inner surface of the outer moving pipe

Fig. 12. Impact of ε, Gr and γ on Cf.

Fig. 14. Impact of Bi, Ec and Pr on Cf.

Fig. 13. Impact of b, L and M on Cf.

Fig. 15. Impact of ε, Gr and γ on Nu.
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Fig. 16. Impact of b, L and M on Nu.

Fig. 17. Effects of Bi, Ec and Pr on Nu.

is enhanced. Meanwhile, an increase in the parameter values of M , b, and Bi
reduces the skin friction. This is expected as the rise in magnetic field intensity
tends to slow down the flow rate, which invariably diminishes the shear stress
at the inner surface of the outer moving pipe. Similarly, as the convective heat
loss rises, the fluid viscosity increases and the flow rate drops. Consequently, the
velocity gradient at the outer moving pipe is reduced. It is noteworthy to mention
that the flow separation and flow reversal denoted by zero and the negative
skin friction may occur in the flow field with a decrease in the annulus gap and
a boost in the outer pipe surface motion. In Figs 15–17, we observed that the heat
transfer rate at the outer moving pipe escalates with an increase in the parameter
values of ε, γ, Pr, M , Bi, L, Gr, b, and Ec. The rise in the Nusselt number can
be ascribed to an increase in temperature gradient at the outer moving pipe
due to the combined action of convective cooling, viscous dissipation, thermal
buoyancy and the Joule heating.
Figures 18–22 show the effects of thermophysical parameters on the entropy
generation rate. Generally, the entropy generation rate near the fixed inner pipe
region is higher than that generated near the outer moving pipe. The lowest
entropy production is observed at the core region of the annulus gap. A rise
in parameter values of ε, γ, Gr, L, b, and Ec boosts the entropy production in
the flow system. This increase in the entropy generation rate is caused by the
increased velocity and temperature gradients within the flow system due to combined effects of thermal buoyancy, annulus gap widening coupled with increasing
flow rate and a decrease in fluid viscosity. Notably, the efficiency of the flow system may be adversely affected by the high rate of entropy production under
the scenario of these parameter values. Interestingly, the entropy generation rate
declines with an increase in magnetic field intensity (M ) and convective cooling
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Fig. 18. Impact of γ and ε on Ns.

Fig. 20. Impact of M and Ec on Ns.

Fig. 19. Impact of Gr and L on Ns.

Fig. 21. Impact of b and Bi on Ns.

Fig. 22. Impact of Pr on Ns.
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(Bi) at the outer moving pipe surface, as shown in Figs 20 and 21. This reduction
in entropy production may be attributed to a convective heat loss to the ambient
surrounding and a drop in the flow rate, which invariably lower the velocity and
temperature gradients within the flow system.
Figures 23–27 present the effects of some of the physical parameters on the
Bejan number. In all the figures, the Bejan number attained its maximum value
at the core region of the concentric pipes annulus. This implies that the contribution of heat transfer irreversibility to the overall entropy generation is higher
at this core region, while the irreversibility due to the fluid friction and magnetic field dominates at the pipe’s inner surface. Moreover, the Bejan number
increases with increasing annulus gap (L), viscous heating (Ec) and convective
cooling (Bi) at the outer moving pipe but lessens with a rise in parameter values
of ε, γ, Gr, M , and Pr. The rise in the Bejan number as parameter values of L,

Fig. 23. Impact of Gr and L on Be.

Fig. 25. Impact of b and Bi on Be.

Fig. 24. Impact of γ and ε on Be.

Fig. 26. Impact of M and Ec on Be.
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Fig. 27. Impact of Pr on Be.

Ec, and Bi increase can be attributed to the growing influence of heat transfer
irreversibility on the entropy generation rate. By contrast, a reduction in the
Bejan number as parameter values of ε, γ, Gr, M , and b rise, depicts the prevailing effect of viscous dissipation and Joule heating irreversibility on the total
entropy production in the flow system. Moreover, we observed that for very low
Prandtl number (Pr) fluid, the dominance of heat transfer irreversibility is absolute at the core region of the concentric pipes annulus, while for high Prandtl
fluid, the irreversibility due to fluid friction and magnetic field completely dominates the annulus core region, as shown in Fig. 27. With appropriate regulation
of these parameter values, the entropy generation rate due to heat transfer, viscous dissipation and Joule heating can be minimized for the efficient operation
of the flow system.

5. Conclusions
In this investigation, the magnetohydrodynamics with heat transfer and entropy generation rate in a Couette flow of a conducting variable viscosity fluid
within the annulus between two concentric vertical pipes was analyzed. The governing differential equations were solved numerically using the shooting method
coupled with the Runge-Kutta-Fehlberg integration procedure. The obtained results can be summarized as follows:
• Fluid velocity profiles were enhanced with a rise in parameter values of ε,
γ, Gr, L, Ec, b, and Pr but declined with a rise in M and Bi.
• An increase in parameter values of ε, γ, Gr, b, Ec, M , and Pr increased the
temperature profiles while an increase in Bi and L decreased these profiles.
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• The skin friction at the outer moving pipe increased with an increase in
the parameter values of ε, γ, Gr, Ec, L, and Pr but decreased with a rise
in M , b, and Bi.
• The Nusselt number at the outer moving pipe enhanced with an increase
in the parameter values of ε, γ, Pr, M , Bi, L, Gr, b, and Ec.
• A rise in parameter values of ε, γ, Gr, L, b, and Ec boosted the entropy
generation rate while a rise in Bi and M lessened it.
• The Bejan number lessened with an increase in parameter values of ε, γ,
Gr, M , and b; however it amplified with a rise in parameter values of L,
Ec, and Bi. The dominant effects of viscous dissipation and Joule heating
irreversibility were more pronounced near the walls of the concentric pipes
walls while the heat transfer irreversibility effects prevailed at the annulus
core region.
Finally, it is anticipated that with the appropriate adjustment of the emerging
thermophysical parameters, both the flow and heat transfer rate can be further
enhanced while the entropy generation rate is minimized. This may invariably
enhance the optimum design and performance of concentric pipe heat exchangers.
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